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Abstract—This paper investigates the ability of a least-squares 

support vector machine (LS-SVM) model to improve the accuracy 

of streamflow forecasting. Cross-validation and grid-search 

methods are used to automatically determine the LS-SVM 

parameters in the forecasting process. To assess the effectiveness 

of this model, streamflow records from Geological Survey (USGS) 

gaging station 1652500 on Four Mile Run of the Potomac River, 

were used as case studies. The performance of the LS-SVM model 

is compared with the recurrent neural networks model trained by 

Levenberg-Marquardt backpropagation algorithm. The results of 

the comparison indicate that the LS-SVM model is a useful tool 

and a promising new method for streamflow forecasting. 

 

Index Terms—Water Quantity Prediction, Least Squares Support 

vector Machine. 

I. INTRODUCTION 

In regard to stormwater runoff, how urbanized a watershed is 

or how developed a watershed is can be characterized by the 

degree of imperviousness found in the watershed [1]. A more 

urbanized watershed will have a greater percentage of area 

covered by impervious structures, i.e., roadways, rooftops, 

sidewalks, parking lots, etc. The effects of these impervious 

areas create higher peak flows and lower base flows in the 

watershed tributaries. These effects are most evident in the 

higher frequency rain/flood events, and they diminish as the 

range of magnitudes increases, i.e. the initial abstractions 

(infiltration, interception, and surface storage) become less 

significant when measured against rainfall for a large event, 

e.g. a 100-year rainfall event. Potomac River was determined 

to be one of the most polluted water bodies in the nation 

mainly due to the CSOs and stormwater discharges and 

wastewater treatment plant discharges. This highly urbanized 

Potomac River watershed suffers from serious water quantity 

problems including flooding and stream bank erosion. Of 

approximately 10,000 stream miles assessed in the 

watershed, more than 3,800 miles were deemed “threatened” 

or “impaired”.  
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The middle Potomac sub-watershed, including Washington, 

DC, contains both the greatest percent impervious area and 

the greatest population density, which is home to 3.72 million 

or about 70% of the watershed’s population. In the next 20 

years, the population of the Potomac watershed is expected to 

grow 10% each decade, adding 1 million inhabitants to reach 

a population of 6.25 million. In this regard, it is imperative to 

provide a reliable streamflow forecasting tool at various 

locations on the middle Potomac sub-watershed. Engineers, 

water resources professionals, and regulatory authorities 

need this streamflow information for planning, analysis, 

design, and operation & maintenance of water resources 

systems (e.g., water supply systems, dams, and hydraulic 

structures).  Currently USGS provides the streamflow data at 

various locations in the form of gage height and discharge 

volume at specific locations, and we used this input to design 

a reliable prediction model. Recently a variety of 

computational intelligence has been proposed to address the 

water quantity prediction problem. In [2][3][4], a predictive 

model based on recurrent neural networks with the 

Levenberg-Marquardt backpropagation training algorithm to 

forecast the stormwater runoff. In [5], a recurrent neural 

network based predictive model was trained by a 

combination of particle swarm optimization and evolutionary 

algorithm to forecast the stormwater runoff discharge. Recent 

developments of least squares support vector machine 

(LS-SVM) has attracted an increasing attention in the fields 

of time series prediction [6]-[17]. However the investigation 

of the LS-SVM method on water quantity prediction has been 

very limited. Therefore, this paper will present a promising 

nonlinear autoregressive (NAR) model optimized by the 

LS-SVM using the previous discharge time series. This paper 

is organized as follows. In Section 2, the modeling and 

prediction with NAR Model with time-delay is brifly 

introduced. The Least Squares Support Vector Machines 

(LS-SVM) method is illustrated in detail. The practical 

implementation is introduced. In Section 3, the training data 

and time delays are depicted. The training method is 

designed. The model predicts future values on the testing 

data, as well as the training data. The experimental results of 

LS-SVM predictions on the water data are demonstrated. In 

Section 4, the conclusions are given. 
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II. GENERAL METHODOLOGY 

A. NAR Model with Time-Delay 

In the nonlinear autoregressive model (NAR) time series 

predictive model, the output is feedback to the input and the 

future values of time series y(t) could be predicted from past 

values of that time series, as shown in Fig. 1. Extending 

backward from time t, we have time series (y(t), y(t-1), y(t-2), 

• • •).   

 

 

 

 

 

Fig. 1. The NAR based prediction model. The future 

values of y(t) can be predicted from past values of y(t). 

This form of prediction can be written as follows:  

))(,),1(()( dtytyfsty −−=+   

where s is called the horizon of prediction. If s = 1, then this 

prediction is called one time step ahead prediction; otherwise, 

it is called multi-step ahead prediction. d is the time delay, 

giving the number of past predictions fed into the model. 

B. Least Squares Support Vector Machine Regression 

with Symmetry Constraints 

Least Squares Support Vector Machines (LS-SVM) is a 

powerful nonlinear kernel methods, which use 

positive-definite kernel functions to build a linear model in 

the high-dimensional feature space where the inputs have 

been transformed by means of a nonlinear mapping  [18]. 

This is converted to the dual space by means of the Mercer’s 

theorem and the use of a positive definite kernel, without 

computing explicitly the mapping . The LS-SVM 

formulation solves a linear system in dual space under a 

least-squares cost function [19], where the sparseness 

property can be obtained by sequentially pruning the support 

value spectrum [20] or via a fixed-size subset selection 

approach. The LS-SVM training procedure involves the 

selection of a kernel parameter and the regularization 

parameter of the cost function, which can be done e.g. by 

cross-validation, Bayesian techniques [21] or others. Given 

the sample of N points , with input vectors  

and output values ℝ, the goal is to estimate a model of 

the form: 

 

(i=1,2,…,l)  (1) 

where is the mapping to a high dimensional 

(and possibly infinite dimensional) feature space, and the 

residuals e are assumed to be independent and identically 

distributed with zero mean and constant and finite variance. 

Least squares support vector machine (LS-SVM) formulates 

a regularized cost function and changes its inequation 

restriction to equation restriction. As a result, the solution 

process becomes a solution of a group of equations which 

greatly accelerates the solution speed [19]. The following 

optimization problem with a regularized cost function is 

formulated: 

 

              (2)                     

The solution of LS-SVM regressor will be obtained after we 

construct the Lagrangian function. The extreme point of Q is 

a saddle point, and differentiating Q can provide the formulas 

as follows, using Lagrangian multiplier method to solve the 

formulas. The conditions for optimality are 

 

           (3) 

                           (4) 

      (5) 

             (6) 

where  are the Lagrange multipliers. From formulas 

above, we can obtain: 

 

                                                (7) 

The formula above can be expressed in matrix form: 

 

     (8) 

 

In this equation, 

 
                   (9) 

Formula (7) is a linear equation set corresponding to the 

optimization problem and can provide us with α and b. Thus, 

the prediction output decision function is: 

 

           (10) 

 

where K ( x i , x )  is the core function. 

C. Practical Implementation 

The training process of LS-SVM involves the selection of 

kernel parameter: the squared bandwidth, σ2 (sig2) and the 

regularization constant, γ (gam). The regularization constant, 

γ (gam) determines the trade-off between the training error 

minimization and smoothness A good choice of these 

parameters is crucial for the performance of the estimator. 

The tuning parameters were found by using a combination of 

coupled simulated annealing (CSA) and a standard simplex 

method. The CSA finds good starting values and these values 

were passed to the simplex method in order to fine tune the 

result. We use 10-fold cross-validation for selecting these 

parameters. Another important choice is the selection of 

regressors, i.e., which lags of inputs and outputs are going to 

be included in the regression vector. This selection is done by 

using a large number of initial components and then 

performing a greedy search to prune non-informative lags on 

a cross-validation basis. Therefore an initial model 

containing all regressors is estimated and optimal choices for 

the parameters are made.  
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On each stage of the greedy backwards elimination process, a 

regressor is removed if the cross-validation mean absolute 

error or mean squared error improves. For the purpose of 

model estimation, all series are normalized to zero mean and 

unit variance. Once the parameters are calculated, the final set 

of regressors is then used for the predictions.  By using only a 

subset of the total data available, we can compare the 

predictions against real values to see how accurate the 

prediction is. 

III. EXPERIMENTAL RESULTS 

A. Study Area  

The study area will focus on the Four Mile Run at 

Alexandria, VA, as shown in Fig. 2. The US Geological 

Survey (USGS) gaging station 1652500 on Four Mile Run 

located at the Shirlington Road Bridge has collected stream 

flow data since 1951 [1]. The Four Mile Run is 9.2 miles 

long, and is a direct tributary of the Potomac River. 

Fig. 2. Four Mile Run at Alexandria, VA is a nine-mile 

long stream located in a highly urbanized area in 

Northern Virginia. It is a direct tributary of the Potomac 

River, which ultimately carries the water flowing from 

Four Mile Run to the Chesapeake Bay.  

 

The entire watershed can be classified as highly urbanized, 

which ultimately flows through some of Northern Virginia’s 

most densely populated areas to the Chesapeake Bay. In 

addition, because of the highly urbanized nature of the Four 

Mile Run watershed, the neighborhoods and businesses 

adjacent to this portion of the run were subjected to repeated 

flooding, beginning in the 1940s. Therefore, the 

flood-control solutions are the major concern. Runoff 

prediction would provide a promising solution for 

flood-control. 

B. Time Series Data from USGS 

The real-time USGS data for the Four Mile Run station 

include the discharge data, which is useful for investigating 

its impact to the long-run discharge forecast. The discharge is 

the volume of water flowing past a certain point in a 

water-flow. For example, the amount of cubic feet passing 

through a drain per second is a measure of discharge. The 

discharge data was retrieved for 120 days between August 

28, 2010 and December 4, 2010. Because the real-time data 

typically are recorded at 15-minute intervals, the runoff 

discharge (cubic feet per second) data plots 34721 data 

during the 120 days, as shown in Fig. 8. The discharge will be 

presented to the system as an input. It is a 34721x1 vector, 

representing dynamic data, i.e. 34721 time steps. It is 

challenging that these discharge values vary significantly 

over time. As shown in Fig. 3, the baseline is at around 4 on 

the Y-axis, with peaks reaching 8, with very little repetition 

to the pattern, making it more difficult to predict future 

values. 

C. Training Data and Time Delays 

The first 500 time series data from the original sample of 

about 34,721 were used for our analysis. To determine an 

appropriate time delay or lag, we increase the number of 

delays lags until the network performed well. After a number 

of experiments, 80 is determined to be the smallest lag 

number that ensures a good performance. That means the 

model will use the past 80 input data to predict a future data. 

Before parameter tuning and network training, we should use 

the function windowize to convert the time-series into a 

Hankel matrix useful for training a nonlinear function 

approximation [22]. For example, assume there is a matrix X 

which is defined below. 
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Now we want to convert matrix X to a new matrix Xu by 

running the Matlab command:  

Xu = windowize(X, [1 2 3]) 

This command will select 3 rows of data (i.e. circled by the 

blue dashed line) from matrix X to make a window, and pout 

this window in a row of matrix Xu. For example, row 1 to 3 

from matrix X will be selected to make the 1st window, and 

put in the 1st row of matrix Xu. Similarly, row 2 to 4 from 

matrix X will be selected to make the 2nd window, and put in 

the 2nd row of matrix Xu. Thus, the matrix Xu will look as 

follows. 
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In our case, Xu = windowize(X, 1:lag+1) will convert the 

discharge data set into a new input vector including the past 

measurements and the future output by windowize. The size 

of the discharge data set contains 500 data points, which 

consists of 500 rows. With the 80 lags, it will generate 420 

rows and 81 columns. The last column of the resulting matrix 

Xu contains the future values of the time-series, and the 

previous 80 columns contain the past inputs. The first 340 

data points (i.e. 70%) will be used as training data, and the 

remaining 160 data (i.e. 30%) will be used as test data. Xtra = 

Xu(1:end-lag,1:lag) will generate 80 past inputs, i.e. x(t-1), 

x(t-2), … x(t-80), while Ytra = Xu(1:end-lag,end) contains 

their actual future value, x(t). Ytra will be used as the target 

for those past inputs. 

D. Tuning the Parameters  

In order to build an LS-SVM model, we need to tune the 

regularization constant, gam and the kernel parameter, sig2. γ 

(gam) determines the trade-off between the training error 

minimization and smoothness. In the common case of the 

Gaussian RBF kernel, the kernel parameter, sig2 is the 

squared bandwidth. We use the following statement to tune 

these parameters: 

 

[gam,sig2] = tunelssvm({Xtra,Ytra,'f',[],[],'RBF_kernel'},... 

'simplex','crossvalidatelssvm',{10,'mae'})  

 

Where f stands for function estimation. The Kernel type is 

chosen to be the default RBF kernel. The optimization 

function is specified as simplex. The simplex is a 

multidimensional unconstrained non-linear optimization 

method. Simplex finds a local minimum of a function starting 

from an initial point X. The local minimum is located via the 

Nelder-Mead simplex algorithm [23]. The model adopts 

crossvalidatelssvm as the cost function. It estimates the 

generalization performance of the model. It is based upon 

feedforward simulation on the validation set using the 

feedforwardly trained model. In addition, 10 means 10-fold. 

We use 10-fold cross-validation because the input size is 

greater than 300 points. Otherwise, leave-one-out 

cross-validation will be used when the input size is less or 

equal than 300 points. The 10-fold cross-validation method 

will break data (the size of the data is assumed to be n) into 10 

sets of size n/10, then train on 9 datasets and test on 1, and 

then repeat 10 times and take a mean accuracy. mae is the 

mean absolute error and is used in combination with the 

10-fold cross-validation method. It is the absolute value of 

the difference between the forecasted value and the actual 

value. It tells us how big of an error we can expect from the 

forecast on average. The tuning of the parameters is 

conducted in two steps. First, a state-of-the-art global 

optimization technique, Coupled Simulated Annealing 

(CSA) [24], determines suitable parameters according to 

some criterion. Second, these parameters are then given to a 

second optimization procedure simplex to perform a 

fine-tuning step. The parameter tuning results are shown in 

Fig. 3. Coupled Simulated Annealing chosen the initial gam 

to be 1364.706, and sig2 to be 13.989. They serve as the 

starting values for the simplex optimization routine. After 11 

iterations, the gam and sig2 are optimized to be 83.2188 and 

15.298, respectively. 

E. Network Training  and Prediction 

Once the gam and sig2 parameters were tuned, we should 

train the network. It will train the support values and the bias 

term of an LS-SVM for function approximation. The Matlab 

command is 

 

[alpha,b] = 

trainlssvm({Xtra,Ytra,'f',gam,sig2,'RBF_kernel'}) 

 

Xtra and Ytra are the training data we defined before. f stands 

for function estimation. The Kernel type is chosen to be the 

default RBF kernel. Because the network has 80 lags, it helps 

generate 80 past inputs. For each iteration, the past 80 Xtra 

data points will be used to predict the 81th data point. Ytra is 

the desired target. The 340 samples in the Xtra and Ytra will 

be used to train the network.  After the network has been well 

trained, we can test the prediction performance by testing on 

the new data, which have never been seen by the network. We 

will use the remaining 160 data points as the testing data. The 

Matlab command is  

 

prediction = predict({Xtra,Ytra,'f',gam,sig2,… 

'RBF_kernel'},Xs,500) 

Xtra and Ytra are the training data we used before. ‘f’ stands 

for function estimation. The Kernel type is chosen to be the 

default RBF kernel. Xs is the starting point for iterative 

prediction. Since we want to check both the training 

performance and prediction performance, we set 

Xs=X(1:end-lag,1). The model will start predicting from the 

1st data point, and will predict the next 500 points from the 

start point. The predicted discharge value and the actual 

discharge value were shown in Fig. 3.  
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Fig. 3 Performance comparison of the LS-SVM model 

and the recurrent neural networks model trained by the 

Levenberg-Marquardt backpropagation algorithm. The 

actual USGS discharge is shown in blue line, the LS-SVM 

prediction is shown in red dashdot, and the recurrent 

neural networks model is shown in green dashed line. The 

first 340 samples are training data, and the remaining 

160 samples are test data.  
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The actual USGS discharge is shown in blue line, the 

LS-SVM prediction is shown in red dashdot, and the 

recurrent neural networks model is shown in green dashed 

line.  The first 340 samples are training data, and the 

remaining 160 samples are testing data. As shown in Fig. 3, 

the prediction on the training data matches the actual values 

perfectly. This makes sense because these training samples 

have been seen by the network during training. The 

prediction on these data should have already been trained to 

be very close to the actual value. In addition, when we test the 

new data from time step 341 to 500, we find the predicted 

values match very well with the actual values. This 

demonstrated that the LS-SVM model has excellent 

prediction ability. In order to further evaluate the 

performance of the proposed LS-SVM method, we compare 

the results with the recurrent neural networks model trained 

by Levenberg-Marquardt backpropagation algorithm [4]. The 

simulation result is shown in Fig. 3. The USGS discharge is 

shown in blue line, the LS-SVM prediction is shown in red 

dashdot, and the recurrent neural networks model trained by 

Levenberg-Marquardt backpropagation algorithm is shown 

in green dash colon. The first 340 samples are training data, 

and the remaining 160 samples are test data. 

 

 

 

IV. CONCLUSIONS 

In this paper, the least squares support vector machine 

(LS-SVM) based algorithm is developed to forecast the 

future streamflow based on the previous streamflow. The first 

340 data points are used as training data, and the remaining 

160 data are testing data. First we convert the time-series into 

a Hankel matrix useful for training a nonlinear function 

approximation. Next we build an LS-SVM model by tuning 

the regularization constant, gam and the kernel parameter, 

sig2. A Gaussian Radial Basis Function (RBF) kernel 

framework was built on the data set to optimize the tuning 

parameters. The 10-fold cross-validation method is used to 

estimate the generalization performance of the model. Then 

we train the LS-SVM network. It trains the support values 

and the bias term of an LS-SVM for function approximation. 

We developed an effective training scheme. After the 

network has been well trained, we test the prediction 

performance by predicting new values on the testing samples, 

as well as the training samples. The performance of the 

LS-SVM model is compared with the recurrent neural 

networks model trained by Levenberg-Marquardt 

backpropagation algorithm. The excellent experimental 

results of the comparison indicate that the LS-SVM model is 

a useful tool and a promising new method for streamflow 

forecasting. The excellent experimental results demonstrated 

that the proposed LS-SVM based predictive model has 

superior prediction performance on not only the training 

samples, but also the testing samples. In addition, the 

proposed parameter tuning method and the training scheme 

worked effectively, which ensure an accurate prediction of 

streamflow. 
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