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Elliptic Curves on Finite Fields

Kumar Harsha, Anupam Saikia

Abstract—This paper explores the algebraic properties of
elliptic curves over finite fields. Elliptic curves are being widely
used in modern cryptographic techniques. The rational points on
an elliptic curve obey group theoretic laws. As such, computing
the order of these groups forms the basis of more complex
computations. The first section of this paper deals with the basic
group properties of rational points on elliptic curves and an
introduction to projective geometry. In the second, algorithms for
computing multiplication maps are explained. The later section
has point counting algorithms followed by code snippets in SAGE.
Also included, is a section on some unsolved problems in the
domain.

Index Terms—Elliptic curves, SAGE.

I. ELLIPTIC CURVES

T his section presents the basic theory of elliptic curves.
Let
ax® + bx%y + cxy?® + dy® + ex? +
fxy+gy*+hx+iy+j=0
(Equation 1)

be the equation for a general cubic. The cubic is rational if
the coefficients of its equation are rational numbers.

One of the basic theorems in the geometry of plane curves
is the Bezout's theorem, stated below.

Bezout's Theorem: A curve of degree m and a curve of
degree n meet in mn points.

In the case of cubic curves, we can state the following.
Theorem: Let C, C, andC,be three cubic curves. Suppose C
goes through eight of the nine intersection points of C, and
C,,then Cgoes through the ninth intersection point.

A. Group law on a cubic

In order to define group operations on a cubic curve, we
need a rational point on the cubic to begin with, the zero
element. Let the zero element be 0. It is worth mentioning
that the choice of O is not special. We may easily choose a
different point to be the zero element of the group without
changing the group structure.

If we have any two points on a rational cubic, say P and Q,
and the zero element O exists as defined above, we may state
the rule for the group operation as follows:

Definition: To add P and Q, take the third intersection point
P % Q, join it to O, and then take the third intersection point to
be P+ Q. Thus,P+Q =0 = (P Q).
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The commutatively, associatively and existence of
negatives, with respect to the group operation defined, can be
easily proved geometrically.

Mordell's Theorem: Let C be a nonsingular cubic curve
with rational coefficients. Then the group T of rational points
on C is finitely generated.

In light of the group operation defined earlier using the
chord and tangent laws, we can outline a way to get all
rational points starting from an initial set of rational points.
We draw lines through the points in the set to get new points
and then draw lines again through the new points obtained to
get more points, and so on.

B. Projective geometry

An overview of projective geometry is required to express

cubic curves in a normal form, discussed in the following
section.
Definition: The projective plane is defined to be a set of
triples [a, b, c], with a, b, ¢ not all zero, such that two triples
[a,b,c] and [a’, b', c'] are considered to be the same point if
there is a non-zero t such thata = ta’,b = tb’,c = tc'. The
numbersa, b, care called homogeneous coordinates for the
point[a, b, c]. The projective plane is denoted by P2,

The projective plane can also be defined in purely
geometric terms.

Definition: Let the Euclidean (or affine) plane be denoted
byA? = {(x,y) : x and y any numbers }. Then we define
the projective plane to be

P? = A? U{setofdirectionsinAXz}
(Equation 2)

where direction is a non-oriented notion.

From an aesthetic and a practical viewpoint, a direction is
an equivalence class of parallel lines and the points
corresponding to directions are those points in P? that are not
in A2, These points are often called points at infinity and
maybe viewed as the common intersection point of the
parallel lines it is associated to. These points are good
candidates for the zero element, as will be seen in the next
section.

An algebraic curve in the affine plane A? is defined to be
the set of solutions to a polynomial equation in two variables
f(x,y) = 0. For curves in the projective plane, we will need
to use polynomials in three variables. We have seen that
[a, b, c] and [ta,tb, tc] are the same point in a projective
plane. It is worthwhile, then, to look only at polynomials

F(X,Y,Z) for which F(a,b,c)=0 implies that
F(ta,tb,tc) = 0 forall ¢.
Definition: A polynomial F(X,Y,Z) is called a

homogeneous polynomial of degree d if it satisfies the
identity F(tX,tY,tZ) = t*F(X,Y, Z).

In other words, we may say that F is a linear combination
of monomials of the form X'Y/Z* where i + j + k = d.
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Definition: A projective curve C in the projective plane PZis
defined as the set of solutions to a polynomial equation
C: FX,Y,Z2) =0
(Equation 3)

where F is a non-constant homogeneous polynomial. The
degree of the curve C is the degree of the polynomial F.

C. Weierstrass Normal Form

We think of the cubic curve defined in Equation 1 as being in
the projective plane. By a suitable projective transformation
(x=X/Z,y =Y/Z), we can write the cubic equation in the
form of y2 = cubic in x.
Definition: A cubic curve in normal form looks like
y2=f(x)= x>+ ax?’+ bx + ¢
(Equation 4)

Assuming that the (complex) roots of f(x) are distinct,
such a curve is called an elliptic curve.

D. Explicit formulas for the Group Law

In order to allow easy computation of P + Q, we set the
zero element O as the point at infinity. The point O is counted
as a rational point and follows the following conventions:

1. The line at infinity intersects the cubic thrice at the

point O.
2. A vertical line intersects the cubic at two points in the
xy plane and also at O.

3. All other lines intersect the cubic at three points,

including complex points, in the xy plane.

Let Py = (x,y1), P, = (x2,¥2), Py * P, = (x3,¥3), Py +
P, = (x3,—y3), Where P; and P, are known and we need an
expression for (x3,ys).

The line joining P; and P, has the equation

y=Ax+v
(Equation 5)

where A = (y; —y1)/(x; —x;) andv = y; — Ax; =
vy, — Ax,}. Using Equation 4 and Equation 5, we may write
y2=Ax—v¥) =x3+ax®*+bx+c
(Equation 6)

0=x3+(a—2)x%+ (b —2AvV)x + (c —Vv?)
(Equation 7)

The line cuts the curve at three points. Let x;, x,, x5 be the
x-coordinates of these points. Then,
x3+ (a—22)x2+ (b —2Av)x + (c — v?)
= (x —x)(x — x3)(x — x3)
(Equation 8)

Equating the coefficients of x? on either side of the above
equation, we get
X3 =A% —a—x;—x,y3 = Axz + v
(Equation 9)

Il. GROUP PROPERTIES OF POINTS

In this section, we look at some important theorems and
lemmas describing points on elliptic curves that have finite
order.

A. Points of order Two and Three

Let C be the non-singular cubic curve
C:y?> = f(x) = x> + ax®> + bx + ¢
(Equation 10)
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This means that f(x) and f'(x) have no common roots.

1. A point P # O on the curve has order two if and
onlyify = 0.

2. Thecurve C has only four points of order dividing 2.
The points form a group that is a product of two
cyclic groups of order two.

3. Anpoint P # O on C has order three if and only if x
is a root of the polynomial

P(x) = 3x* + 4ax® + 6bx? + 12cx + (4ac — b?)

(Equation 11)

4. C has exactly nine points of order dividing 3. These
points form a group which is the product of two
cyclic groups of order three.

The prrof of these properties is simple and is elaborated in
Reference [1].

B. Points of finite order

The Nagell-Lutz theorem is an important result on points
of finite order. It helps in computing such points efficiently in
a finite number of steps. Before stating the theorem, the
determinant of a cubic curve needs to be defined.
Definition: The discriminant of f(x) is the quantity

D = —4a3c + a?b? + 18abc — 4b3 — 27c?
(Equation 12)

where the curve C is expressed in its normal form and the
coefficients hold their meaning.

Nagell-Lutz Theorem: Let y? = f(x) = x> + ax? +
bx + ¢ be a non-singular cubic curve with integer
coefficients a, b, ¢; and let D be the discriminant of the cubic
polynomial f(x) as in ((Equation 12).

Let P = (x,y) be a rational point of finite order. Then x
and y are integers; and either y = 0, in which case P has
order two, or else y divides D.

A stronger form of the Nagell-Lutz theorem says that if P =
(x,y) is a rational point of finite order with y # 0, then y?
divides D.

To compute subgroups using this theorem, we solve the
cubic equation for y = 0 and each square divisor y? of D.
The major disadvantages of this approach are

1. It requires factorization of D, which may be large
and difficult to factor.

2. For every square divisor, a cubic equation has to be
solved which is computationally slow.

An interesting thing to be noted here is that the
Nagell-Lutz theorem is not an "if and only if" statement. This
is important because the algorithm described above computes
a set of points which includes all points of finite order. The
Nagell-Lutz theorem cannot, however, be used to prove that a
particular point has finite order. A point P can be proved to
have finite order if we can find an integer n > 1 such that
nP = 0. The theorem, on the other hand, can often be used
to prove that a point has infinite order. We compute P, 2P, ...
until we have a multiple nP that is not an integer. A faster
method would be to compute only the x coordinates of P, 2P,
4P, ... until some x has a non-integral value.
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Darrin Doud has given a better procedure to compute
subgroups of rational points on elliptic curves in his 1997
paper [3]. At this point it suffies to mention that the procedure
depends on an analytic parameterization of the reduced
normal form, y*2 = x*3 4+ Ax + B, by the Weierstrass
g function. We get a map given explicitly by z —
($(2), 2'(2)), which is in fact an isomorphism of groups.

Also noteworthy in the present context is Mazur’s theorem.
Mazur’s Theorem: Let C be a non-singular rational cubic
curve, and suppose that € (Q) contains a point of finite order
m. Theneitherl < m < 10orm = 12 [1].

More precisely, the set of all points of finite order in C(Q)
forms a subgroup which has one of the following two forms:

1. Acyclic group of order Nwith1 < N <10orN =
12.
2. The product of a cyclic group of order two and a

cyclic group of order 2N with1 < N < 4.

I11. ISOGENIES

Elliptic curves have both an algebraic structure as an
abelian group and a geometric structure as an algebraic curve.
Homomorphism of abelian varieties are called isogenies, and
they respect both the agebraic and geometric structures.
Definition: Let E; and E, be elliptic curves over a field k.
An isogeny is a rational map a : E; — E, that induces a
group homomorphism from E; (k) to E, (k) [5].

Definition: Let C; and C, be projective curves over k. A
rational map¢ : C; —» C, has the form (¢, : ¢, : ¢p,)
with ¢y, ¢y, ¢, € k(C,), such that for every point P € C, (k)
where ¢,, ¢, ¢, are defined, the point (¢, (P) : ¢, (P) :
¢,(P)) liesin C,(k) [5].

Definition:A rational map is defined (or regular) at a point
P € C_1(k) if there exists a function g € k(C,) such that
9Px, by, g, are all defined at P and at least one is nonzero
at P. The map is denoted by g¢ [5].

Definition:A rational map that is defined everywhere is
called a morphism [5].

In the case of elliptic curves, every rational map is also a
morphism. More generally, we have the following.
Theorem: If C; is a smooth projective curve then every
rational map from C, to a projective curve C, is a morphism
[1].

Definition: An isomorphism of elliptic curves is an invertible
isogeny.

The special case of an isogeny « : E — E from an elliptic
curve to itself is called an endomorphism.

Two important examples of isogenies are the
multiplication-by-n map and the Frobenius endomorphism.

A. The multiplication-by-2 map

Let E/k be the elliptic curve defined by y? = x% +
Ax + B and let a be the map that sends P to 2P. The
formulae for doubling an affine point are

9x* + 6Ax% + A*x — 8xy?

ax(x,y) = 42
(3x% + A)12xy? — (3x% + A)® — 8y*
ay(x,y) = 8y7

(Equation 13)
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The functions a,(x, y) and a,, (x, y) are defined at all
affine points P = (x,y) except those with y = 0. When we
switch to projective coordinates, we have

9x* + 6Ax%z? + A%xz3® — 8xy’z

a(x,y,2z) = 4y272
ay(x,y,z)
3x% + Az¥)12xy?%z — (3x% + Az?)® — 8y*z?
( y y
h 8y3z3
a,(x,y,z) =1

(Equation 14)

The points where a, and a,, are undefined are the
2-torsion points of E (k); three affine points (x; : 0: 1)
corresponding to the three distinct roots x; of the cubic x +
Ax + B and the point at infinity (0 : 1 : 0).

B. The Frobenius endomorphism

Let [F,, be a finite field of prime order p. The Frobenius
automorphismr : [F, » [, isthe map n(x) = xP. If
f(x1,..., %) is any rational function with coefficients in IF,,,
then

P
Xy)

fQxy,ox )P = f(xP,...,
(Equation 15)

Definition: Let E be an elliptic curve over a finite field [F,.
The Frobenius endomorphism of E sends the point (x,y, z)
to (x9,y4,z9).

If E is defined by y? = x® + Ax + B, then for any point
P = (x0,¥0,20) € E(F,) we have

0 = (V620 — x5 — Axoz§ — Bzg)?

= ()@ - (=) - Axd(zd)’

- B (zq)3
’ (Equation 16)

thus m(P) € E(F).
Even though Frobenius endomorphism is bijective on Fq,
it is not an isomorphism; there is no inverse map.

C. A standard form for isogenies

Lemma: Let E; and E, be elliptic curves over k in short
Weirstrass form, and let @ be a nonzero isogeny from E; to
E,. Then a can be defined by an affine map of the form
B u(x) s(x)
“C) = Gyt

(Equation 17)

where u, v, s, t € k[x] are polynomials in x withu L v
ands L t.

The notation f 1L g means that f and g are relatively
prime which is equivalent to saying that they have no
common roots.

u(x) s(x)

Lemma: Let a(x,y) = @'@” be an isogeny from

E_1to E_2 in standard form. Then v(x) and t(x) have the
same set of roots. Moreover, v3 divides t2.

We will see later that these properties are crucial for
computing  multiplication-by-n  maps using division
polynomials.
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Definition: Let a(x,y) = %,%y) be an isogeny from
E; toE, in standard form. The degree of a is deg a =

max{ deg u,deg v }.

IV. COMPUTING nP

Besides the projective coordinates, we can also represent
elliptic curves in Jacobian coordinates. They give a speed
benefit when the cost for field inversions are higher than field
multiplications. Let (x:y:z) represent the affine point

212,5—3). The elliptic curve y> = x3 + Ax + B becomes
y? = x3 + Axz* + Bz®
(Equation 18)

The point at infinity then has the coordinates co =
(1:1:0).

A. The group law in Jacobian coordinates
Let P; = (x;: y;: z;),i = 1,2 be points on the elliptic curve
Equation 21. Then

(11 y1:21) + (X1 Y20 25) = (X3:Y3:23)
(Equation 19)

where x3, y3, z; are computed as follows:
I When P, # + P,,
T = x,2%,5 = x,z2,t = y, 23
u=y,zZ3,v=s—-rw=u—t
(Equation 20)

X3 = —v3 = 2rv? + w?
(Equation 21)
— 3 2
y; = —tv> + (rv — x3)w
(Equation 22)
Z3 = Ulez
(Equation 23)
M. When P, = P,,

v = 4x,y7,w = 3x¥ + Az}
(Equation 24)

X3 = —2v + w?
(Equation 25)

y3 = =8yt + (v — x3)w
(Equation 26)

z3 = 2y174
(Equation 27)

The elliptic curves in NIST's list of curves over[F, have
A = —3 because it decreases the number of computations
involved. When 4 = -3, wehavew = 3(x? — z}) =
30 + z0)(xy — 27).

B. Division polynomials

Division polynomials help describe the map on an elliptic
curve given by multiplication by an integer. This is an
endomorphism and can be described by rational functions.
The division polynomialsy,, € Z[x,y, A, B] are defined as
[2]:

Yo =0
(Equation 28)
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Y, =1
(Equation 29)

Y, = 2y
(Equation 30)

P; = 3x* + 64Ax? + 12Bx — A?
(Equation 31)

Y, = 4y(x® + 54x* + 20Bx3 — 5A4%x? — 4ABx
— 8B — A%)
(Equation 32)

Vome1 = Umaa¥m — Um—1Pmeaform = 2
(Equation 33)

1
lpZm = E(lpm)(lpm+2¢rzn—1 - l/Jm—2lp?n+1)for7’n =3
(Equation 34)

We now define ¢,, and w,, via

¢n = xwrzl _lpn—llpn+1
(Equation 35)

1
Wy = 4__y (¢n+2¢121—1 - ¢n—2¢121+1)
(Equation 36)

Lemma: For every integer n,
W, lies in { Z[x,A,B],n odd

n 2yZ[x, A, B],n even
¢, liesin Z[x, A, B] for all n,
Z[x, A, B],n even
yZ[x, A, B],n odd

We now have sufficient tools to define the
multiplication-by-n map.
Theorem: Let E /k be an elliptic curve defined by the
equation y> = x3 + Ax + B and let n be a nonzero
integer. The rational map

[n]Cey) = (

wy, lies in{

() w,(x, y))
PY2(x) Pi(x, y)

(Equation 37)
sends each point P € E (k) tonP [2].

V. POINT COUNTING

In this section are outlined algorithms for computing order
of points and groups.
Definition: Let G be an additive abelian group. The n-torsion
subgroupG [n] is the kernel of the multiplication-by-n
homomorphism [n], theset{g € G : ng = 0}.
Theorem: Let E be an elliptic curve defined over a field of
characteristic p. Then

E[n] = {Z/nZ @ Z/nZifp=0o0rp tn

Z/nZor{0}ifp > 0 ornisapowerofp
(Equation 38)

Published By:

Blue Eyes Intelligence Engineering
and Sciences Publication (BEIESP)
© Copyright: All rights reserved.

Exploring Innovation


http://www.ijitee.org/

OPEN aACCESS

Hasse’s Theorem: Let £/IF, be an elliptic curve over a finite
field. Then
#E(F) = q+1—t
(Equation 39)

where ¢ satisfies [¢| < \/q [5].

The bound specified by the Hasse's theorem is the best
possible and proves to be very valuable for computational
purposes.

The most naive approach we can take to count rational
points on an elliptic curve is to evaluate the curve
equationy? = x3 + Ax + B at every pair of points (x,y) €
FZ. The cardinality would then be one more than the total
number of solutions; the extra 1 for the point at infinity. The
time complexity for this approach is 0(g*M(log q)).

The advantage of the Hasse's theorem is that it tells us the
interval where the quantity #£ (IF,) must lie

H(@) = [q+1-2\/q.q+1+2/q]

= [(Ja-1)",(Ja+1)"]

(Equation 40)

which has width 4,/q.

A. Computing the order of a point
We first consider computing the order of a single point P €
#E (F,). Hasse's theorem tells us that 7 (q) contains at least
one integer M such that MP = 0 and such M is a multiple of
|P|.
Algorithm: Order of a point
2
1. My =(Jqg-1)
2. Compute M,P
3. Generate the sequence of points (M, +
1)P,(My + 2)P,...,MP =0

4. letm=M
5. Compute the prime factorizationm = M =
pfl. W

6. For each prime p;, while p; | m and (m/p;)P =
0, replace m by m/p;
7. Outputm
The time complexity for this approach is dominated by the
time taken to find a multiple of |P| in 7' (q). This involves
0(\/3) operations, leading to a complexity of
0([qM(log ).
We can apply this algorithm and find a combination of
points such that the least common multiple of their orders has
a multiple in 7 (q). Then, we may compute the group order.

B. Computing the group order

Definition: For a finite group G, the exponent of G, denoted
by A(G), is defined by A(G) = lem{|a|:a € G }.

It is worth noting that A(G) is a divisor of |G| and will be
divisible by the order of every element of G. Thus, if we
compute the least common multiple of a sufficiently large
subset of a finite abelian group G, we will eventually obtain
A(G).

Theorem: Let G be a finite abelian group with exponent
A(G). Let a, B be uniformly distributed random elements of
G. Then
Prlem(lal,|B]) = A(6)] > 6/n?
(Equation 41)
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Reference [5] has a beautiful proof of this. The theorem
implies that if we generate random points P € E([F;) and
accumulate the least common multiple N of their orders, we
should expect to obtain the group exponent A(E(F,)) in
0(1) time. If A(E(F,)), however, is smaller than 4\/5, then
it might have more than one multiples in H (gq). To overcome
this problem, we consider the quadratic twist of E.
Definition: An integer q is called a quadratic residue
modulo n if it is congruent to a perfect square modulo n; i.e.,
if there exists an integer x such that x? = q (modn) .
Otherwise, q is called a quadratic no residue modulo n.
Definition: For a quadratic nonresidue d € g, the elliptic
curve E defined by dy? = x3+ Ax + B is called the
quadratic twist of the elliptic curve E defined by y? = x3 +
Ax + B.

Quadratic twists are interesting because of the following
property

#E(F,) + #E(F,) = 2q+2
(Equation 42)

We need to state one more theorem before we design the
algorithm to compute group order.
Mestre’s Theorem: Let p > 229 be a prime, and let E(F,)
be an elliptic curve with quadratic twist £ (F,). Then either
A(E(F,)) or A(E(F,)) has a unique multiple in 3 (p).
Mestre’s theorem comes of use when the group
exponent we are computing is smaller than 4\/6. The Las
Vegas algorithm computes the group order #E(IF,) using
Mestre's theorem, where p is a prime greater than 229.
Algorithm: Las Vegas algorithm to compute group order
1. Compute the quadratic twist £ of E using a
randomly generated non-residue d € [,
2. LetE, = EandE;, = E;letNy=N, =1andi =
0
3. While (neither N, nor N; has a unique multiple in
H(p)

4.  Generate a random point P € E;(IF,)

5. Find M € H(p) suchthat MP = 0

6.  Factor M and compute |P|

7.  Replace N; by lem(N;, |P])and I by 1 —i
8. EndWhile

9. If(N.O|MandM € H(p))

10. Output M

11. Else

12. Output 2p + 2 — M, where N; | M

13. Endif

By the properties of the group exponent discussed earlier,
it is certain that the while loop runs in O(1) time. The time
complexity for this algorithm is dominated by the time to find
M in step 5. We get an expected complexity of
0(/r M(log p)).

The process of finding M can be improved using the
baby-steps giant-steps method. This is a generic group
algorithm introduced by Dan Shanks [5].
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It searches H'(q) = [a, b] for an integer M such that MP =
0. The main idea is to compute multiples of P at intervals,
rather than all of them. It works as outlined.
Algorithm: Baby-steps Giant-steps

1. Pickintegersrand s suchthatrs > b —a

2. Compute the set Sy,qpy = {0, P, 2P,..., (r — 1)P}

3. Compute the set Sgigne = {aP,(a+1)P,(a+

2r)P,...,(a+ (s — 1r)P}

4. ForEach giant step Pyign: = (@ + ir)P € Sgigne

5. Check whether Py;one + Pyapy = 0 for some baby
Step Pbaby = ]P € Sbaby

If so,output M = a +ri+j

End For

~No

VI. OPEN PROBLEMS

In this section, we summarize some unsolved problems in
the domain of elliptic curves.

A. Rank of Elliptic curves

Definition: The rank of an elliptic curve is the measure of the
size of the set of rational points lying on it.
There is no effective algorithm for computing the rank.
The elliptic curve with the biggest exactly known rank, 19, is
yi+xy+y=x3—x*+
31368015812338065133318565
292206590792820353345x +
3020388026985660873356431884295434986245
22041683874493555186062568159847
(Equation 43)

The curve with rank atleast 24 is
y2+xy+y=x3—
120039822036992245303534619191166796374x +
50422499248491067001080179916808272
6759443756222911415116
(Equation 44)

B. The Birch and Swinnerton-Dyer conjecture

The proof of this conjecture is one of Millennium Prize
Problems stated by the Clay Mathematics Institute. The
conjecture, associated with the names of B.J.Birch and H.P.F.
Swinnerton-Dyer, has evolved gradually.

Conjecture: [Birch and Swinnerton-Dyer]
The Taylor expansion of L(C, s) at s = 1 has the form
L(C,s) = c(s—1)" + higher order terms
(Equation 45)

withc # O0andr = rank(C(Q)) [4].

In particular this conjecture asserts that L(C,1) = 0 =
C(Q) isinfinite. L(C, s) stands for the L-series of the cubic
curve C and s denotes the genus of the curve. In layman
terms, the value of a surface's genus is equal to the number of
holes it has.

A crude statement summarizing the conjecture is that an
elliptic curve has infinitely many rational points if and only if
L(E,s) = 0 ats=0.

C. Congruent number problem

Definition: A congruent number is a positive integer that is
the area of a right-angled triangle with rational sides.

The question of determining whether a given integer is a
congruent number is the congruent number problem. This
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problem has not, as of 2012, been successfully resolved.
Tunnell's theorem provides a criterion but his result relies on
the Birch and Swinnerton-Dyer conjecture, which is still
unproven [6].
We shall see how this is related to elliptic curves. Suppose
a, b, ¢ are numbers that satisfy the following conditions:
a’ + b? = ¢?

Eab =n
(Equation 46)

Weset x = n(a+ c)/bandy = 2n*(a + c¢)/b%. Some
simple calculations lead us to the following:
y? = x3 — n?x.
(Equation 47)

We may also express a, b, ¢ in terms of x, y as follows:
a =(@*-n?/y
b =2nx/y
c =x%+n?)/y
(Equation 48)

The correspondence between (a,b,c) and (x,y) is that
they are inverses of each other for cases when y is nonzero.
We can safely say that a, b, c are rational and positive if and
only if x, y are rational and positive.

The congruent number problem then boils down to
checking if the curve

(Equation 49)

has a rational point for y # 0. In other words, a number n
can be said to be congruent if the curve (Equation 49) has
positive rank.
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