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Abstract: Fuzzy matrix (FM) is a rich topic in modeling
uncertain situation occurred. Every FM can be visualized as a
threedimensional figure, but thisrepresentation isnot possible for
classical matrix without any proper scaling. To overcome this
problem we need a certain special classical fuzzy matrix. In this
paper, the concept of inverse of k-regular fuzzy matrix is
introduced and derived some basic properties of an inverse of
k-regular fuzzy matrix. This leads to the characterization of a
matrix for which the regularity indicator is equal. Further the
connection between regular, k-regular and consistency of powers
of fuzzy matrices are discussed.

Keywords: inverse, k-regular, super fuzzy matrix, Fuzzy matrix,
regular.

I. INTRODUCTION

A Boolean matrix is a matrix with factors, every has
thevalueOor 1. A fuzzy matrix is a matrix with
essentials having values in [0,1]. Theideaof sections of a
fuzzy matrix was delivered by way of kim and Roush. Dubois
and Prade, Horst, Kandasamy et a., Kaufmann, M.M.Gupta,
kim JB, Ragab and Emam and Thomason gave the
superior improvement of fuzzy matrices. Later, Zheng and
Wang discussed the m x n widespread fuzzy linear machine
and the inconsistent fuzzy linear system by using modified
regular inverses of the coefficient matrix. In 2008,
Abbasbhandy et al., investigated the minimum answer of the
overal twin fuzzy linear device by using matrix modified
everyday inverse theory. In this paper, we propose a new
technique to the inverse of terrific fuzzy matrix is modified
everyday ideato be applied.

In section 2 preliminaries and basic concepts of
super fuzzy matrix with an example. Review some
fundamental results and theorems of inverses of k regular
super fuzzy matricesin section 3 and we draw the conclusion
in Section 4.

I1. EXISTING MODELSFUZZY TECHNIQUES

In this section discussthe simple definitions and notations
of super fuzzy matrix. Here, we areinvolved with super
fuzzy matrices (SFM) with support
[0,1], underneath maxmin (min max) operations and the
same old ordering of actual numbers. Let (SF)mxn be the set
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of all super fuzzy matrices of order m x n and (SF)» be the set
of all super fuzzy matrices of order nx n. R(A) or C(A) isthe
space generated by the row (or) column.

2.1 Corners & Edge detection Approach

Definition 2.1: Fuzzy Matrix

A fuzzy matrix is a matrix which has its elements
from [0, 1]. We have a tendency to as just in case of matrix
have a rectangular fuzzy matrix, fuzzy square matrix, fuzzy
row matrix and fuzzy column matrix.
Definition 2.2; super fuzzy matrix

A Aps Ays
Let usconsider afuzzy matrix A = |, ¥ 1']

21 j—‘j:: ,-'-‘j:!

where A11, A1z, A1z, A1, Axpand Ay be fuzzy sub-matrices
and number of columnsin the fuzzy sub-matrices A11 and Az
are equa. Similarly the columnsin fuzzy sub-matrices of the
A1 and Az are equal and columns of fuzzy matrices A3 and
Az are equal. This is evident from the second index of the
fuzzy sub-matrices. One can also see, the number of rowsin
fuzzy sub-matrices A11,A12 and Az are equal.

Similarly for fuzzy sub-matrices of Az, Az and Ags the
numbers of rows are equal. Thus a general super fuzzy
matrix.

"qll "41: "qli'!
A= Ay Ap, Aii’!
ml "d"i"l".:... Ai"l".i’!
where Aij's are fuzzy sub-matrices; i=1,2, ..., mandj =1, 2,

..., n.
Definition 2.3: Modified regular Inverse of Matrix

Modified regular Inverse of Matrix A
modified regular inverse of a non-singular matrix is giving
the specific answer of apositiveset of equations. This
modified regular inverse exists for any (possibly square)
matrix by any means with complex elements. It is used right
here, for solving linear matrix equations,
and among other programs for locating an expression for the
main idempotent elements of a matrix.

(1. METHODOLOGY

In this section, the k regular super fuzzy matrix is
investigated.

3.1Inverseof k-regular Super Fuzzy Matrix

Definition 3.1

A matrix A e(SF)n, issaid to be aright inverse of k regular if
exists a matrix Xe(SF)n such that AXA=AK for some
positive integer k. So X is called the inverse of K regular
super fuzzy matrix A.

A={ 1} ={ X/AKXA=A}

Definition 3.2

A matrix Ae(SF)n, issaid to be aleft inverse of k regular if
exists a matrix Y e(SF)n such that AKYA=AK for some
positive integer k. So Y is called the inverse of K regular
super fuzzy matrix A.
As={ 1<} ={ Y/AYAk=AK}
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Inverse of K Regular Super Fuzzy Matrix

Where, A{ 1K} =A,{ 1*UAL{ 1K}

Definition 3.3
@33 Gyg . By

LetA=|%t %12 82| pe g Fuzzy matrix that is each
Bm1  Pmz. Cmn

aj satisfies 0< ajj <1, then the k regular super fuzzy matrix
which we denoted as AX.

Here the strength of each element is considered exactly. Itis
the name of the G-inverse.

1 - kaii 1 - kﬂ-iz anr 1 - kﬂ-iﬂ
Ak = 1-kay; 1-kay, 1-—kam
1-kay, 1-kay, . 1-—kag,

Here k isthe smallest positiveinteger (Based on Probability).
The multiplication of two fuzzy matrixes need not be fuzzy. It
is replacing every positive entry is consider as 1 and a
negative entry considers as 0 or negative tends to zero.
Properties 3.4

(4F)F =4

AxAk = A,

(A+B)k= Ak + BX

(AA)K =LAk

(BA)k= AkBK

AA*=0 impliesA=0

Conditions 3.5

AXA=A

XAX=X

(AX)k = AX

(XA)k = XA

XXKAK =X

XAAk=Ak

BAKAAK=AK
X=XXKAK=XXKAKAY=XAY=XAAKYKY=AkYky=Y,

IV. RESULT

The inverse of k super fuzzy matrix satisfied the all
the necessary conditions of convergence.
Lemma 4.1
For A,Be(SF)mxn, R(B)E R(A) =B=XA for some X €(SF)m,
C(B)EC(A)=B=AY for someY <(SF)n.
Theorem 4.2
Let A be an inverse of k regular super fuzzy matrix whose
non zero rows form a standard basis. If for some super fuzzy
matrix S, A satisfying the matrix equation ASA=A under the
max min principles, then A isk regular.
Proof:
Here non zero rows of an inverse of k regular super fuzzy
matrix A form astandard basis. Let SA=X, therows of X are
rearrangements of rows of A.
Then X is an idempotent of k regular super fuzzy, that is
X2=X, having same row space as A with non zero rows of Z
form a standard basis also.
Since the standard basisis unique, therefore A=GX for al S.
Then

ASTA=SXSTSX=SXX=SX=AkK
=ASA=AK,
So, A isk regular.
Theorem 4.3
Let A,Be(SF)wm be two inverse of k regular super fuzzy
matrix. If A isk regular, then we prove that
(i). S(B)SS(A) iff B=BA'A for each AleA(14).
(ii). R(B)SR(A) iff B=A'AB for each A'e A(1¥).
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Proof:

(). let S(B)ES(A), then each row of B isalinear combination
of the A(row). Hence Bi* = X x;; A"

Where XijEF

=B=XAk

=B=XAA'A (since AA'A=AX)

=B=BAIAK

(ii). Let R(B)SR(AX) (since B=AY (Y eF»))

=B=AA'A

=B=AA'AY.

=B=AKA'B.

Theorem 4.4

Let Ae(SF)nmbe aregular inverse of k regular super fuzzy
matrix and k regular be a g-inverse of A. Then G be the
inverse of k regular super fuzzy matrix,

(i) GTeAT{14}.

(i) If Qand R aretheinverse of k regular super fuzzy matrix,
then R"GQ"e QAR{ 1¢}.

(iii) AG and GA are idempotent.

Proof:

Let G beainverse of k regular super fuzzy matrix A.

Then AGA= A holds. Taking transpose on both sides, we get
ATGTAT=AT,

Thisimplies GTe AT{1¢}.

(ii) Since Q and R are the inverse of k regular super fuzzy
matrix, Q and R are invertible and

Q—l = QT, R—l = RT.

Now,

QAR(R'GQ")QAR=QA(RR"G(Q'Q)AR

= QAGAR (asRR™=I, QQ"=l1)

= QAR. (asAGA=A).

Thisimplies RTGQ"e QAR{ 1¥}

(iii) Again, (AG)(AG)=(AGA)G

=AG (assAGA=A).

Also (GA)(GA)=(GAG)A

= GA (asGAG=G).

Thus AG and GA are idempotent.

Theorem 4.5

Let A be an k regular super fuzzy matrix Y,ZeA{1¥} and
P=QAR . Then XeA{1,2}, thatis, Pisasemi inverse of A .
Proof:

Since Q,ReA{1} = AQA=A and ARA=A.

AsP=QAR so0, AXA=A(QAR)A

= (AQA)RA

=ARA

= Aisk regular

Also, PAP=(QAR)A(QAR)

=Q(ARA)(QAR)

=Q(AQA)R

= QAR

=P.

So Pisasemi-inverse of the inverse of k regular super fuzzy
matrix A.

Theorem 4.6

If n, A e(SF)m be the symmetric and the idempotent inverse
of k regular super fuzzy matrix A.

Proof :
Here AT=A and A%=A.
For Q=ln, QA=A.

Then AQA=AA=AZ=A.
That is, AcA{1}.
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Now (XA)"=AT X T=AX T=AAT (Taking X=A, as A itself a
inverse.)

= AA=XA.

Hence AT A{1,4}.

Theorem 4.7

Let m,n Ae(SF)wm be an inverse of k regular super fuzzy
matrix and X e A{ 14}, then X eA{2} iff G(AX)=G(X).
Proof:

XeA{2} implies XAX = A.

That is, AeX{14.

Hence, G(X)=G(AX) (since AX isidempotent).

Conversely, let G(AX)=G(A), then for a pair of matrices A
and X, if the product AX is

defined.

50, G(AX) e G(X).

That is, X=YAX , for somemY e Fn.

So X (AX)=(YAX)AX

=SXAX =Y (AXA)X=YAX=X.

Hence XeA{2}.

Theorem 4.8

If n Ae(SF)n be symmetric and idempotent SF then A is k
regular super fuzzy matrix and itself aleast square inverse.
Proof:

Since A issymmetric, AT=A and A isidempotent, A=A
Now QA=A if nP=l,.

Then AQA=AA=AZ=A,

Thatis, AcA{1}.

Now (AX )T=X TAT=X TA=ATA (Taking X = A, asA itsdlf a
inverse.)

= AA=AX.

Thisimplies, AcA{1,3}.

Theorem 4.9

Let Ae(SF)n and k be a positive integer. The following
statements are true.

(). A isk regular in super fuzzy matrix

(ii). YA is k regular for y£0eF

Proof:

Let A isasuper fuzzy matrix.

Then A=A=(Ay,A9)=((aijn).(aijs))-

Then yA=y (A Ag)=(min(y,aiju),max(y,aijs))=Ay and
Y-Y=Y-

Alisright k-regular = AKXA =AK

= (YA)XyA=(yA)

= MAA is right k-regular.

If LA is right k-regular, then for A=1, A is right k-regular.
Similarly, the result can be proved for left k-regular.

Thus (i) < (ii) hold.

A isright k-regular = AXXA = Ak, X is aright k- inverse of
A.

Theorem 4.10

Let Ae(SF)» and k be a positive integer, then Xe A {14}«
XTeATy{ 1%},

Proof:

XeA {1 AR X A=Ak

(Ak X A)T:(Ak)T

AT XT (AT)K:(AT)K

XT=AT9{ 1k}

Theorem 4.11

Let Ae(SF)n X is {143} inverse of A and G is a
{ 1%,3%Y inverse of then AKXX=AKG.

Proof:

Since X isa{1,X,3"}inverse of A
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We know that, AK X A=Ak and (AX X)T=(AK)X.

Also, we know G isa{143}inverse of A.

We know that AGA*=A¥and (AG)" = AG.
AKG-=(A*XA)G=(AKX)T(AG)=(A*X)T(AG)=XT(ANG)
TAszT(AG—Ak)T:

XT(AKT=(AKX)T=AKX.

Hence the Theorem.

Theorem 4.12

Let Ae(SF)n X is {144} inverse of A and G is a
{1445} inverse of then Ak X=AKG".

Proof:

The Proof is similar to Theorem 3.9 and hence omitted.
Theorem 4.13

For A,BE(SF)n, with R(A)=R(B) and R(AX)=R(B¥)
then, A isright k-regular < B isright k-regular.
Proof:

Let A be a right k-regular matrix, satisfying
R(BY=R(AK) and R(A)<= R(B). Since R(BX)=R(AK)
and B*=BKXA for each k isinverse X of A.

Since R(A)=R(B) and A=Y B for some Y €(SF)n.

Substituting for A in B*=BKXA, we get
Bk=BXA=BXYB=BKZB
where XY =Z.

Hence B isright k-regular.

Conversely, if B is aright k-regular matrix satisfying
R(AYSR(BY) and R(B)=R(A), then A is right
k-regular can be proved in the same manner.

Hence the theorem.

Theorem 4.14

For A,BE(SF)n, with C(A)=C(B) and C(AK)=C(B¥)
then, A areleft k-regular ©B isleft k-regular.

Proof:

Thisissimilar to theorem 4.13. So it’s omitted.

Theorem 4.15

(). If A,BE(SF)mn with R(A)=R(B) (or) C(A)=C(B),
then A isregular < B isregular.

(ii). For Ae€(SF)n with R(A)=R(ATA) and
R(AY=R((ATA)X) then, A isright k- regular AT, A
isright k-regular.

(iii). For Ae€(SF)n with C(A)=C(ATA) and
C(AK)=C((ATA)X) then, A isleft k-regular < AT, Ais
left k-regular.
Theorem 4.16

For A€(SF), if R(A)=R(AX) then the following
statements are equivalent:

A isregular

A isright k-regular

AKis regular

AKisright k-regular

Proof:

If A isregular, then AXA = A for some X in IF,
for k > 1, Pre-multiplying by A% on both sides, we
get AKXA=AK,

Therefore A isright k-regular for all k > 1.

Thus (i) = (ii).
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Since R(A)SR(AY), by Lemma (4.1) A=Y Ak for

some
Y €(SF)n.
4.1
If A isright k-regular, then AKXA = AX for some
X E(SF)n.

4.2)
Premultiplying by Y on both sides in (4.2) and using
(4.1), we get

YAKXA=YAK=AXA=A. Therefore A isregular.
Thus (ii) = (i).
If AXisregular then AXZAk=Ak for some Z in (SF)n.

4.3

'(I'hig can write as AKWA=AX where W=ZAkK!,
Hence A isright k-regular and W isaright k-g inverse
of A.

Thus (iii) = (ii).

By using (4.1) and (4.2), AKXXY Ak =Ak = Aky Ak =
AXwhereV = XY.

Therefore A* isregular. Thus (ii) = (iii). Hence (i) <
(ii) < (iii).

Next, let us prove that (iii) < (iv).

Pre-multiplying by (A%)%! on both sides in (3.3), we
get (AKZAK=(AKK. Thus AK is right k-regular.
Hence (iii) = (iv).

If AKisright k-regular then (AK)*UA* =(AK)* for some
Ue(SF)n.

(4.9)

By using (4.1) and (4.4), we get AKUAK = Ak,

Thus (iv) = (iii).

Hence the Theorem.

Theorem 4.17

For A€(SF), if C(A)=C(A%) then the following
statements are equivalent:

A is regular.

A isleft k-regular.

AXis regular.

AXisleft k-regular.

Proof:

This can be Proved as that of Theorem (4.16) and hence
omitted.

Remarks 4.18

(i). A matrix A€ (SF)y, issaid to havea{3"}, inverseif there
exists a matrix X €(SF)n such that (AX)=AkX, for some
positive integer k. So, X iscalled the{ 3"}, inverse of A.

Let A, { 3 =X/(AKX)T=AkX.

(ii). A matrix AE€(SF),, issaid to have a{4"}, inverseif there
exists a matrix X €(SF)n such thatr(A"X)Tz AXX, for some
positive integer k. So, X iscalled the {4}, inverse of A.

Let A {44 =X/(AKX)T =AkX.

(iii). A matrix A € (SF),, is said to have a {n'}, inverse if
there exists a matrix X € (SF)n such that (AKX)"=AkX, for
some positive integer k. So, X is called the {n*}, inverse of
A.

Let A, { nK}=X/(AKX)T=AKX .

Theorem 4.19
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Lt Ae(SFhand X =Y AZ,

(). if Y, ZeA {1¥} then XEA{14}.

(ii). if Y, ZEAA {1}then XEAA {1}.

(iii). if YEA{1¥} and Z€A {3} then X EA {3.

(iv). if ZEAA {14} and Y €A{4¥} then X EA {44}.

Proof:

Sinceif Y, ZeA{14,

Wkt AKY A=Ak and AKZA=AK. AKXA=AK(YAZ)A=(AKY
A)ZA=AKZA=AX

Hence X eA{ 14
SinceY,Z€AA{14.
=AYAK =AK and AZAK
=AY (AZAK)ZA=AYAk=AK,
Hence X €AA{14,
Since Y €Ar{ 14},

AKY A=AK,
SinceZeA{3"}.

(AKZ)T =AKZ(AKZ)T = (AKY AZ)T = (AkZ)T

= AkZ = AkY AZ = AKX,

Hence X€A{3}.

Since ZEAA{14},

AZAK = Ak Since Y €A{34}.

(YAR)T=Y AK (XAKT=(YAZAKT=(Y AK)T=Y A

=YAZAK =XAKk,

Hence X €A{44}.

Theorem 4.20

For A€(SF)n and for any G €(SF ), if AKX=AKG,
where X is a {1K,3X} inverse of A then, G is a
{1K,3K} inverse of A.

Proof:

Since X isa{1k,3%}

=AKXA=AK and (AX)T=AKX.

The Post is multiplied by A on both sides of
AKX =AKG , AKGA=AKX A=AK,
(AG)T=(AX)T=AKX=AKG".

Hence G isa{1X,3X}inverse of A.

Theorem 4.21

For A€(SF)n and for any G €(SF ), if AKX=AKG,
where X is a {1K,4X} inverse of A then, G is a
{1K,4X} inverse of A.

Proof:

This can be Proved as that of Theorem (4.20) and hence

omitted.

Theorem 4.22

For AE(SF)n, X is a{1K,3X} inverse of A and G is
a{1%,3%} inverse of A then, AKX=AKG".

Proof:

Since X isa{1X,3X} inverseof A

—AKXA=AK and (AKX)T=AKX.

G isa{1X,3X} inverse of A,

—AGAK=AK and (AG )T=AG".

AKG=(AKX A)G'= (AKX)T (AG )=(AKX)T (AG )T
=XT(AT)k(G— )TAT

=XT(AG AN)T=XT(ANT=(AKX)T=AKX.

=AK. AXAK = A(YAZ)AK
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Hence the Theorem.
Theorem 4.23

For Ac(SF)n, if ATA is aright k-regular super fuzzy
matrix and R(AKSR(ATA)¢ then A has a {1X,3%}
inverse. In particular for k=1, U=(ATA) AT isa{1, 3}
inverse of A.

Proof:

Since ATA is right k-regular fuzzy matrix,
(ATA)X(ATA) (ATA) = (ATA)* for some right k
inverse (ATA) of ATA.

Since R(AMSR((ATA)Y),
A=X(ATA)X for some Xe&(SF), and take
U=(ATA) AT

AKUA=(AK)(UA)=(X(ATA))((ATA) ATA)
=X((ATA){ATA) (ATA))

= X(ATA)=(AK).

Take V=(ATA) (ANT.

AKV=(AKV

=(X(ATAY)((ATA) (AT)

= X(ATAATA) (ATA)AT
=X(ATAKATA) (ATA)(ATA) IXT

- X(ATA)k(ATA)kfle
:X(ATA)Zkfle:(X(ATA)Zkfle)T - (Akv)T .
Hence A has a{1X,3K}inverse.

In particular for k=1,Y=(ATA) ATisa{1, 3} inverse
of A.

Theorem 4.24

Let A€(SF), be aright k-regular super fuzzy matrix and
R(ATA)XSR(AK) then ATA hasa{3X}inverse.

Proof:

Since A isright k-regular matrix, AKX A=A for some
right k inverse X e(SF)n of A.

Since R((ATA)Y)SR(AY), (ATA)=ZAX for some
Z&e(SF)n andtake Y=XA.

(ATA)KY =(ZAX)(XA)=Z(A*XXA)=ZAK=(ATA)k=
(ATA)9T

=((ATA)Y)T

Hence ATA has a{3X} inverse.

Theorem 4.25

Let A€(SF)n be a left k-regular super fuzzy matrix and
C(AAT)*cC(A¥) then AAT hasa{4X} inverse.

Proof:

This can be Proved as that of Theorem (4.24) and hence
omitted.

The above al the theorem is satisfied and give
performed better for the other related fuzzy matrices. Some
of the methods are satisfied some conditions (regular &
inverse) but our proposed k regular super fuzzy matrix
satisfied the all the conditions (regular & inverse).

V. CONCLUSIONS

In this paper newly proposed and
derived various theorems based on the inverse of k regular
super fuzzy matrix in diverse aspects. The original machine
with matrix coefficient A is replaced with the two of n x m
crisp matrix equation systems. So it is a conguer FM trouble.
To further verify the relation between every regular,
k-regular and regularity of powers of fuzzy matrices. Our
proposed method satisfiesthe all the situations of inverse of k
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regular super fuzzy matrix. An appropriate theoremis
likewise provided. In the next paper we strive to show some
associated properties and application in computer vision.
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