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Derivation of Fundamental Solution of Heat 
Equation by using Symmetry Reduction 

Kahsay Godifey Wubneh, Teklay Hailay Tsegay 

Abstract: The objective of this article is to present the 
fundamental solution of heat equation using symmetry of 
reduction which is associated with partial derivatives of heat 
equations through its initial conditions (ICs). To emphasize our 
main results, we also consider some important way of solving of 
partial differential equation. The main results of our paper are 
quite general in nature and yield a very large interesting 
fundamental solution of heat equation and it is used for problems 
of differential mathematics and mathematical physics special in 
the area of thermodynamics. 
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I.INTRODUCTION AND PRELIMINARY 

Heat equation is superposition of solutions and therefore 
from a stock of simple solutions it is possible to build 
solutions to complex problems. Thus, the temperature 
distribution in a body can be considered to be due to the 
additive influence of the various external and boundary 
agents affecting the heat flow. There are in fact special 
solutions to the heat equation which are sufficiently 
fundamental that solutions to very broad categories of heat 
conduction problems can be written immediately in terms of 
these fundamental solutions to the differential equation. 
Even in cases where this is not possible, these solutions 
generally play an essential role in determining the solution. 
These basic solutions correspond to the temperature 
distribution due to an external "pulse" (i.e. an concentrated 
instant source) of heat as we increase its heat pressure. 

We recall, an equation containing the derivatives or 
differentials of one or more dependent variables in relation to 
one or more independent variables is called a differential 
equation (abbreviated to DE). If the unknown function is a 
function of a variable, the differential equation is ordinary, 
otherwise it is partial. Note that the order of a partial 
differential equation is the degree of the highest order 
derivatives in the equation. For instance, if there are two 
independent variables (𝑥, 𝑦), a partial differential equation 
of second order has the general form 

𝐹(𝑢𝑥𝑥, 𝑢𝑦𝑦 , 𝑢𝑥𝑦 , 𝑢𝑥, 𝑢𝑦 , 𝑢, 𝑥, 𝑦) = 0                (1) 
In Multi direction notation, these can be written as 

𝐹(𝐷2𝑢, 𝐷𝑢, 𝑢, 𝑥, 𝑦) = 0 𝑜𝑟 𝐹(𝐷𝑢, 𝑢, 𝑥, 𝑦) = 0        (2) 
When solving a partial differential equation, we will need 

value problems to get the particular solution. But what 
conditions do we need? 
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If we look at the heat equation, there is only a first time 
derivative of 𝑢. So it needs only one initial condition (i.e. an 
initial condition is a condition at 𝑡 = 0 ) usually such a 
condition takes the form 𝑢 (𝑥, 0) = 𝑓 (𝑥). 
However; the heat equation contains a second derived from 
X and so we used two boundary conditions (i.e. boundary 
condition is a condition at two different values of 𝑡).  

II.HEAT EQUATION 

Heat Equation is generally defined as 
𝑢𝑡 = ∆𝑢                                       (3) 

and the corresponding non homogeneous equation is 
 𝑢𝑡 = ∆𝑢 − 𝑓                                 (4) 

Subject to appropriate initial and boundary conditions 
hence  𝑡 > 0 𝑎𝑛𝑑 𝑥 ∈ 𝑈, 𝑤ℎ𝑒𝑟𝑒 𝑈 ∈ 𝐼𝑅𝑛  is open. The 
unknown is 𝑢 = 𝑢(𝑥, 𝑡)  and the Laplachian delta or 
symbolically ∆ is taken with respect to the spatial variable, 

𝑥 = (𝑥1, 𝑥2, 𝑥3, … … … … … … … … … … . . 𝑥𝑛)          (5) 
∆𝑢 = ∆𝑥𝑢 = ∑ 𝑢𝑥𝑖𝑥𝑖

𝑛
𝑖=1  (𝑖𝑛 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓: 𝑢 ×

[0, ∞) → ℝ 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛) (6) 
A guiding principle is any assertion about harmonic 

functions yields an analogues (but more complicated) 
statement about solution of the heat equation. Accordingly 
our development will largely parallel with the corresponding 
theory for Laplace’s equation. 

III. INTERPRETATION OF HEAT EQUATION 

The heat equation also known as the diffusion equation 
describes in typical application the evolution in time of the 
density U of some quantity such as heat chemical 
concentration etc. 𝜕𝑣 is any smooth sub region the rate of 
change of the total energy within v equals the negative of 
the net flux through 𝜕𝑣. 

𝑑

𝑑𝑡
∫

𝑢
𝑢𝑑𝑥 = −∫

𝜕𝑣
𝐹. 𝑣𝑑𝑠 (𝑤ℎ𝑒𝑟𝑒 𝑓 is the flux density)  (7) 

𝑢𝑡 = −𝑑𝑖𝑣𝐹 (Where 𝑑𝑖𝑣 is the divergence of F)      (8) 
As 𝑉  was arbitrary function in many situations 𝐹  is 

proportional to the gradient of 𝑢 but points in the opposite 
direction (since the flow is from the region of higher to 
lower concentration) 

𝐹 = −𝜔𝐷𝑢                               (9) 
Substituting equation (3) in to (9), we obtain the partial 

differential equations 
𝑢𝑡 = 𝜔𝑑𝑖𝑣(𝐷𝑢) = 𝜔𝐷𝑢                  (10) 

Which for 𝜔 = 1,  equation (3) is the heat equation and 
heat equation appears as well in the Brownian equation. 

IV. FUNDAMENTAL SOLUTIONS OF HEAT 
EQUATION 

The Fundamental Solution is the heart of the theory of 
infinite domain problems of a solution of partial derivatives 
of a differential equation.  
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The fundamental solution also has to do with bounded 
domains of the equations. 
Observe that the heat equation is a linear equation. 
Therefore, if u and v are both solutions to the heat equation, 
then so is any linear combination of u and v. This fact will 
be used frequently in our analysis. Here we define a very 
special solution which allows us to construct solutions to 
initial value problems. The fundamental solution for the heat 
equation is the function 

𝜑(𝑥, 𝑡) =
1

 (4𝜋𝑡)
𝑛

2⁄
𝑒

−|𝓍|2

4𝑡
                     (11) 

Defined by 𝑡 > 0. We have already observed this function in 
our derivation of the relation. Now we take this function as 
the starting point and show how it can be used to solve the 
heat equation. This function is also called the heat kernel. 

IV. 1 Derivation of Fundamental Solution of Heat 
Equation using symmetry reduction 

Theorem 1: Let 𝑢(𝑥, 𝑡) be any solution of  𝑢𝑡 = ∆𝑢.  then 
given a parameter𝜆 ≠ 0,  𝑢(𝜆𝑥, 𝜆2𝑡) is also a solution (just 
plug in the latter function in the equation and see that it 
satisfies it, regardless of the value of 𝜆!). This suggests we 
might attempt to find solutions that depend on the ratio 
𝑟2

𝑡⁄ (𝑟 = |x|) instead of on the pair(𝑥, 𝑡). Therefore, we let 
𝑢(𝑥, 𝑡) be of the flowing form: 

𝑢(𝑥, 𝑡) = 𝑣 (
𝑟2

𝑡
) = 𝑣 (

𝑥2

𝑡
) , (𝑡 > 0, 𝑥 ∈ ℝ𝑛         (12) 

For some function 𝑣 as yet determined 
It is quicker to seek a solution having the special structure 
Although this approach eventually leads to what we went 
(see proposition 1 below) it is quicker to seek a solution 𝑈 
having the special structure. 
Remark 4.1.1: If 𝑈  is a solution, so is 𝜆𝛼𝑈(𝜆𝛽 , 𝜆𝑡) . 
Therefore we search solution of the form 

𝑢(𝑥, 𝑡) =
1

𝑡𝛼 𝑣 (
𝑥

𝑡𝛽) , (𝑥 ∈ ℝ𝑛 , 𝑡 > 0)             (13) 

Where the constant 𝛼 𝑎𝑛𝑑 𝛽  and the function ∨∶ ℝ𝑛 → ℝ 
must be found we come to equation (12) if we look for a 
solution u of the heat equation invariant under the dilation 
scaling 

𝑢(𝑥, 𝑡) ⟼ 𝜆𝛼𝑢(𝜆𝛽𝑥, 𝜆𝑡)                    (14) 
That is we ask 

𝑢(𝑥, 𝑡) = 𝜆𝛼𝑢(𝜆𝛽𝑥, 𝜆𝑡)                   (15) 
For all 𝜆 > 0, 𝑥 ∈ ℝ𝑛 , 𝑡 > 0,  seating 𝜆 =  𝑡−1 we derive 
equation (12) for 𝑣 (𝑦) = 𝑢 (𝑦, 1) 
Let us insert equation (12) in to equation (3) and there after 
compute 

𝛼𝑡− (𝛼+1)𝑣(𝑦) + 𝛽𝑡− (𝛼+1) + 𝑡−(𝛼+2𝛽)∆𝑣(𝑦) = 0      (16) 
For 𝑦 = 𝑡−𝛽𝑥 in order to transform equation (16) in to an 

expression involving the variable y alone we take 𝛽 =
1

2
. 

Then the terms with t are identities and so equation (16) 
reduces to 

𝛼𝑣 +
1

2
𝑦. 𝐷𝑣 + ∆𝑣 = 0                       (17) 

We simplify further by guessing 𝑣 to be radial; i.e. 𝑣(𝑦) =
𝑤 (|𝑦|), for some 𝑤: ℝ → ℝ. there up on equation (17) 
Remark 4.1.2: If 𝑣(𝑦) = 𝑤(𝑟) where 𝑥 ∈ ℝ𝑛 𝑎𝑛𝑑 𝑟 = |𝑥| , 
then 

∆𝑣(𝑦) =
𝑑2𝑤

𝑑𝑟2 +
𝑛−1

𝑟

𝑑𝑤

𝑑𝑟
                    (18) 

Proof: let 
𝜕𝑟

𝜕𝑦𝑗
=

𝑦𝑗

𝑟
                              (19) 

We have 

Δ𝑣(𝑦) = ∑ 𝜕𝑗
∞
𝑛=1 [

𝑦𝑗

𝑟
𝑤´(𝑟)]                (20) 

= ∑ [
𝑦𝑗

2

𝑟2

𝑑𝑤

𝑑𝑟
+

1

𝑟

𝑑𝑤

𝑑𝑟
 −

𝑦𝑗
2

𝑟3

𝑑𝑤

𝑑𝑟
 ]∞

𝑛=1               (21) 

=
𝑑2𝑤

𝑑𝑟2 +
𝑛

𝑟

𝑑𝑤

𝑑𝑟
 −

1

𝑟

𝑑𝑤

𝑑𝑟
                      (22) 

𝛼𝑤 +
1

2
𝑟

𝑑𝑤

𝑑𝑟
 + 𝑤′′ +

𝑛−1

𝑟

𝑑𝑤

𝑑𝑟
 = 0            (23) 

For 𝑟 =  |𝑥|, ′ =
𝑑

𝑑𝑟
. Now we set  𝛼 =

𝑛

2
, this simplifies to 

read 
𝑑 (𝑟𝑛−1𝑑𝑤

𝑑𝑟
)

𝑑𝑟
+

1

2

𝑑 (𝑟𝑛𝑤)

𝑑𝑟
=

0, (𝑖. 𝑒 integrating both sides we get)                                            
(24) 

Thus 

 𝔯𝔫−1 𝑑𝑤

𝑑𝑟
+ 𝑟𝑛𝒲 = 𝛼                                                                            

(25) 

For some constant 𝛼 assuming lim
𝔯→∞

𝒲
𝑑𝑤

𝑑𝑟
, we conclude the 

following result 
𝑑𝑤

𝑑𝑟
= −

1

2
𝑟𝒲                                                                                 

(26) 

  
𝑑𝑤

𝑑𝑟

´

𝑊
=

−
1

2
𝑟, (𝑤ℎ𝑒𝑟𝑒 𝑡ℎ𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑠𝑒𝑝𝑎𝑟𝑎𝑏𝑙𝑒 )                                  

(27) 
Taking integration both sides 

∫
𝑑𝑤

𝑑𝑟

𝑊
𝑑𝑟 = − ∫

1

2
𝑟 𝑑𝑟                                                                           

(28) 

ln 𝑊 = −
1

4
𝑟2 + ln 𝑏 , (where b is any constant (𝑏 ∈ ℝ))                                               

(29) 

ln 𝑤 − ln 𝑏 = −
1

4
𝑟2                                                                           

(30) 

ln (
𝑤

𝑏
) = −

1

4
𝑟2                                                                                

(31) 
𝑤

𝑏
= 𝑒−

1

4
𝑟2

, (𝑤ℎ𝑒𝑟𝑒 𝑏 ≠ 0)                                                                        

(32) 

𝒲(𝑟) = 𝑏𝑒
−𝑟2

4                                                                                   
(33) 

Combining equation (12) and equation (33) and our 

choice 𝛼 𝑎𝑛𝑑 𝛽 , we conclude that 
𝑏

𝑡
𝑛
2

𝑒
−|𝑥|2

4𝑡  solves the heat 

equation (16). This computation motivates the following. 
Theorem 2: The function 

𝜑(𝑥, 𝑡) = {
1

(4𝜋𝑡)
𝑛

2⁄
𝑒

−|𝓍|2

4𝑡
  𝓍 ∈ ℝ𝑛, 𝑡 > 0

0 𝓍 ∈ ℝ𝑛 , 𝑡 < 0

             (34) 

is the required fundamental solution of the heat equation. 
Proposition 1: For t > 0, 𝜙(x, t) > 0  is an infinitely 
differentiable function of x and t. 
Proposition 2: ϕt = ∆ϕ for all xϵℝn and t > 0 
Proposition 3: We choose c1=1

 (4π)
n
2

⁄
 then we have 
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∫ 𝜙 (𝑥, 𝑡) =
1

 (4𝜋𝑡)𝑛 2⁄ ∫ 𝑒
−|𝑥|2

4𝑡 𝑑𝑥
∞

−∞

∞

−∞
=

1

 (4𝜋𝑡)
𝑛
2

∫ 𝑒−|𝑦|2
 (4𝑡)

𝑛

2𝑑𝑦 =
1

𝜋
𝑛
2

∞

−∞
∫ 𝑒−|𝑦|2

𝑑𝑦 = 1
∞

−∞
                             

(35) 
 
Where we have set 𝑦 = 𝑥 2√𝑡⁄  and use that 
Proposition 1 is easy if slightly tediously to verify directly 
by taking derivatives of 𝜙(𝑥, 𝑡). Property proposition 3 says 
that the integral of 𝜙 is invariant in 𝑡 (remember, no heat 
created or destroyed). This is easy to verify by using a 
change of variables and the following basic fact: 

 

∫ 𝑒−𝑥2∞

−∞
𝑑𝑥 = [(∫ 𝑒−𝑥2∞

−∞
𝑑𝑥)

2
]

1

2
                                                                

(36) 
=

(∫ 𝑒−𝑥2−𝑦2
𝑑𝑥𝑑𝑦

∞

−∞
)

1

2, (Where ∫ 𝑒−𝑥2∞

−∞
 𝑖𝑠 𝑛𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑡𝑜 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑒 )      

                       (37) 

= (∫ ∫ 𝑟𝑒−𝑟2
𝑑𝜃𝑑𝑟

2𝜋

0

∞

0
)

1

2
                                                                           

(38) 

= (2𝜋 ∫ 𝑟𝑒−𝑟2
𝑑𝑟

2𝜋

0
)

1

2
= √𝜋                                                                        

(39) 
So that we get 

∫ 𝜙(𝑥, 𝑡)
∞

−∞
𝑑𝑥 =

1

(4𝜋𝑡)
𝑛

2⁄ ∫ 𝑒−
|𝑥|2

4𝑡 𝑑𝑥
∞

−∞
              (40) 

=
1

𝜋
𝑛
2

∫ 𝑒−𝑦2
𝑑𝑦 =

1

𝜋
𝑛
2

∞

−∞
∫ 𝑒−𝑦1

2−𝑦1
2−,……………−𝑦𝑛

2
𝑑𝑦

∞

−∞
      (41) 

=
1

𝜋
𝑛
2

(∫ 𝑒−𝑧2
𝑑𝑧

∞

−∞
)

𝑛
                             (42) 

= 1 

Theorem 3: Assume 𝑛 = 1 𝑎𝑛𝑑 𝑢(𝑥, 𝑡) = (
𝑥2

𝑡
) 

𝑠ℎ𝑜𝑤 𝑢𝑡 = 𝑢𝑥𝑥 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 

4𝑧
𝑑2𝑣 (𝑧)

𝑑𝑧2
(𝑧) + (2 + 𝑧)

𝑑𝑣 (𝑧)

𝑑𝑧
= 0 (𝑧 > 0)           (43) 

show that the general solution 𝑜𝑓 (∗) 
𝑣(𝑧) = 𝑘1 ∫ 𝑒−𝑠 4⁄ 𝑆1 2⁄𝑧

0
𝑑𝑠 + 𝑘2                (44) 

Differentiate 𝑣 (
𝑥2

𝑡
) with respect to 𝑥 and select the constant 

𝐶 properly, so as to obtain the fundamental solution 
𝜙(𝑥), 𝑓𝑜𝑟 𝑛 = 1 
Proof (a): suppose that 

4𝑧
𝑑2𝑣 (𝑧)

𝑑𝑧2
(𝑧) + (2 + 𝑧)

𝑑𝑣 (𝑧)

𝑑𝑧
= 0              (45) 

Let 𝑉 ⊂ 𝑈 is any smooth sub region then the rate of change 
of the total quantity with in 𝑉 equal to the negative of the 
net flux through 𝜕𝑉 

𝑑

𝑑𝑡
∫

𝑉
𝑢𝑑𝑥 = −∫

𝜕𝑉
𝐹. 𝑣𝑑                      (46) 

F being the flux density. Thus 
 𝑢𝑡 = −𝑑𝑖𝑣𝐹, (𝑤ℎ𝑒𝑟𝑒 𝑣 𝑖𝑠 𝑎𝑛𝑦 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 ) (47) 

In many situation 𝐹 ∝ 𝑈  but opposite direction (since the 
flow is from the region of higher to lower) 

𝐹 = −𝑎𝑢𝑋 (𝑎 > 0)                       (48) 
Substituting in to equation (46)  we obtain the partial 
differential equation 

𝑢𝑡 = 𝑎𝑑𝑖𝑣(𝑢𝑥) = 𝑎𝑢𝑥𝑥                    (49) 
Which for 𝑎 = 1, is the heat equation 
Therefore 

𝑢𝑡 = 𝑢𝑥𝑥                              (50) 
Conversely: suppose that the equation 𝑢𝑡 = ∆𝑢, is heat 

equation 
A common technique for finding special solutions of partial 
differential equation is to reduce the equation to an ordinary 
differential equation. In the present case we observe that the 
one-dimensional heat equation 

 𝑢𝑡 = 𝑢𝑥𝑥                                  (51) 
is invariant under the linear transformation, 𝑦 = 𝜆𝑥 Γ =
𝜆2𝑡, 𝜆𝜖ℝ 
And the fact that this transformation leaves invariant the 
ratio (𝑧 = 𝑥2 𝑡⁄ )  suggests to look for a solution u of 
equation (46)in the form 

𝑢(𝑥, 𝑡) = 𝑣 (
𝑥2

𝑡
)                          (52) 

Then we need to show 

4𝑧
𝑑2𝑣 (𝑧)

𝑑𝑧2
(𝑧) + (2 + 𝑧)

𝑑𝑣 (𝑧)

𝑑𝑧
= 0            (53) 

 
 
 
 
Since the solution of (1)𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑢(𝑥, 𝑡) =

𝑣 (
𝑥2

𝑡
) 𝑛𝑜𝑤 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑢𝑡  𝑎𝑛𝑑 𝑢𝑥𝑥 

 
In the fact we the following partial derivatives of 𝑢(𝑥, 𝑡) =

𝑣 (
𝑥2

𝑡
) 

𝑢𝑡 = −
𝑥2

𝑡2

𝑑𝑣(𝑧)

𝑑𝑧
 𝑎𝑛𝑑 𝑢𝑥 =

2𝑥

𝑡

𝑑𝑣 (𝑧)

𝑑𝑧
               (54) 

𝑢𝑥𝑥 =
4𝑥2

𝑡2

𝑑2𝑣 (𝑧)

𝑑𝑧2 +
2

𝑡

𝑑𝑣 (𝑧)

𝑑𝑧
, −∞ < 𝑥 < ∞ 𝑎𝑛𝑑 𝑡 > 0  (55) 

Substituting this in to equation (46) 

−
𝑥2

𝑡2

𝑑𝑣 (𝑧)

𝑑𝑧
=  

4𝑥2

𝑡2

𝑑𝑣 (𝑧)

𝑑𝑧
+

2

𝑡

𝑑𝑣 (𝑧)

𝑑𝑧
                   (56) 

−𝑧
𝑑𝑣(𝑧)

𝑑𝑧
= 4

𝑑2𝑣(𝑧)

𝑑𝑧2 + 2
𝑑𝑣(𝑧)

𝑑𝑧
= 0                  (57) 

𝑑2𝑣 (𝑧)

𝑑𝑧2 + (2 + 𝑧)
𝑑𝑣 (𝑧)

𝑑𝑧
= 0                      (58) 

show that the general solution of equation (43) is 

𝑣(𝑧) = 𝑘1 ∫ 𝑒−
1

4
𝑆𝑆

1

2 
𝑧

0
𝑑𝑠 + 𝑘2                 (59) 

Proof: 

4𝑍
𝑑2𝑣 (𝑧)

𝑑𝑧2 + (2 + 𝑧)
𝑑𝑣 (𝑧)

𝑑𝑧
= 0                  (60) 

4𝑍
𝑑2𝑣 (𝑧)

𝑑𝑧2 = −(2 + 𝑧)
𝑑𝑣(𝑧)

𝑑𝑧
                    (61) 

𝑑2𝑣 (𝑧)

𝑑𝑧2 = −
(2+𝑧)

4𝑧

𝑑𝑣(𝑧)

𝑑𝑧
                         (62) 

 
𝑑2𝑣 (𝑧)

𝑑𝑧2

𝑑𝑣 (𝑧)

𝑑𝑧

=

−
(2+𝑧)

4𝑧
, (𝑤ℎ𝑒𝑟𝑒 𝑡ℎ𝑒 𝑑𝑖𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑠𝑒𝑝𝑎𝑟𝑎𝑏𝑙𝑒 )                                   

(63) 
𝑑2𝑣 (𝑧)

𝑑𝑧2

𝑑𝑣 (𝑧)

𝑑𝑧

= − (
1

4
+

1

2𝑧
) , (𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑟𝑒𝑠𝑢𝑙𝑡 )      

                          (64) 

∫

𝑑2𝑣 (𝑧)

𝑑𝑧2

𝑑𝑣 (𝑧)

𝑑𝑧

𝑑𝑧
𝑧

0
= − ∫ (

1

4
+

1

2𝑧
)

𝑧

0
𝑑𝑧                    (65) 

𝑙𝑛 (
𝑑𝑣 (𝑧)

𝑑𝑧
) = −

1

4
𝑧 − ln 𝑧

1

2 + ln 𝑘1                  (66) 
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𝑙𝑛 (
𝑑𝑣 (𝑧)

𝑑𝑧
) − ln 𝑘1 = −

1

4
𝑧 − ln 𝑧

1

2                   (67) 

ln
𝑑𝑣 (𝑧)

𝑑𝑧

𝑘
= −

1

4
𝑧 − ln 𝑧

1

2                          (68) 

𝑑𝑣 (𝑧)

𝑑𝑧

𝑘
= 𝑒

(−
1

4
𝑧−ln 𝑧

1
2)

                             (69) 

𝑑𝑣 (𝑧)

𝑑𝑧
= 𝑘1𝑒

(−
1

4
𝑧−ln 𝑧

1
2)

                            (70) 

 
𝑑𝑣 (𝑧)

𝑑𝑧
= 𝑘1𝑧

1

2𝑒−
1

4
𝑧                               (71) 

By integrating both sides from with the interval of 
integration 0 𝑡𝑜 𝑧 we get the general solution of the form 

𝑣(𝑧) = 𝑘1 ∫ 𝑧
1

2𝑒−
1

2
𝑧𝑧

0
𝑑𝑧 + 𝑘2                       (72) 

𝑣(𝑧) = 𝑘1 ∫ 𝑒−
1

4
𝑆𝑆

1

2 
𝑧

0
𝑑𝑠 + 𝑘2                       (73) 

case (1) 

Since we have 𝑢(𝑥, 𝑡) = 𝑣 (
𝑥2

𝑡
) 

For some appropriate function 𝑣, yet to be determined. In 
this case, 

𝑢𝑡 = −
𝑥2

𝑡2

𝑑𝑣

𝑑𝑡
(

𝑥2

𝑡
)  𝑎𝑛𝑑 𝑢𝑥 =

2𝑥

𝑡

𝑑𝑣

𝑑𝑡
(

𝑥2

𝑡
)  𝑎𝑛𝑑 𝑢𝑥𝑥 =

2

𝑡

𝑑𝑣

𝑑𝑡
(

𝑥2

𝑡
) +

4𝑥2

𝑡2

𝑑𝑣

𝑑𝑡
(

𝑥2

𝑡
) (74) 

And the function v should satisfy the following ODE: 
4𝑥2

𝑡

𝑑2𝑣

𝑑𝑡2 + (
1

𝑡
+

𝑥2

𝑡2)
𝑑𝑣

𝑑𝑡
= 0                         (75) 

Or write 𝑦 = 𝑥2

𝑡⁄ ;
𝑑2𝑣

𝑑𝑡2 + (
1

2𝑦
+

1

4
)

𝑑𝑣

𝑑𝑡
= 0                 (76) 

Integrating once we find that 
𝑑𝑣 (𝑦)

𝑑𝑡
= 𝑘1𝑒

− ∫(
1

2𝑦
+

1

4
)𝑑𝑦

= 𝑘1𝑦−
1

2𝑒−
𝑦

4               (77) 

And integrating once more that 

𝑣(𝑦) = 𝑘1 ∫ 𝑍−
1

2𝑒−
𝑧

4𝑑𝑧 + 𝑘2
𝑧

0
                     (78) 

Thus, the diffusion equation 𝑢𝑡 = 𝑢𝑥𝑥 has general solution 

𝑈(𝑥, 𝑡) = 𝑣 (
𝑥2

𝑡
) = 𝑘1 ∫ 𝑧−

1

2𝑒−𝑧
4⁄ 𝑑𝑧 + 𝑘2

𝑥2

𝑡
0

         (79) 

With two integration constants 𝑘 and 𝑘. 
We now observe that if u (x; t) is a solution of the diffusion 
equation, then so is 𝑢𝑥(𝑥, 𝑡); by linearity of the equation. 
For the general solution found above this yields another 
solution 𝑈(𝑥, 𝑡) = 𝑢𝑥(𝑥, 𝑡); 

𝑈(𝑥, 𝑡) = 𝑘1
2𝑥

𝑡
(

𝑥2

𝑡
)

−
1

2
𝑒−

𝑥2

4𝑡 = 𝑘1
2

√𝑡
𝑒−

𝑥2

4𝑡             (80) 

The integration constant 𝑘  is chosen such that 𝑈(𝑥, 𝑡) 
satisfies: 

∫ 𝑈(𝑥, 𝑡)
∞

−∞
𝑑𝑥 = 1                             (81) 

For all 𝑡 > 0. 
This constraint is motivated by the fact that it also holds for 
𝑡 = 0: 

∫ 𝑈0(𝑥, 𝑡)
∞

−∞
𝑑𝑥 = ∫ 𝛿0(𝑥)

∞

−∞
𝑑𝑥 = 1           (82) 

and that the diffusion equation models movement of 
individuals (not deaths or births), so that the total population 
should not change over time. 
Thus, to find 𝐶1, we let 

1 = ∫
2𝑘

√𝑡

∞

−∞
𝑒−

𝑥2

4𝑡 𝑑𝑥                             (83) 

=
4𝑘1

√𝑡
∫ 𝑒

−(
𝑥

2√𝑡
)

2
+∞

0
𝑑𝑥                           (84) 

= 8𝑘 ∫ 𝑒−𝑧2+∞

0
𝑑𝑧                             (85) 

= 8𝐶1
√𝜋

2
                                           (86) 

In the first step we used the fact that the integrand is an even 

function (so the integral equals twice the integral of the 
function over the interval [0, +∞]). In the second step we 
used the substitution 𝑧 = 𝑥 (2√𝑡)⁄  and in the last step we 
used the famous integral. 

∫ 𝑒−𝑧2+∞

0
𝑑𝑧 =

√𝜋

2
                             (87) 

Finding the values of 𝑐1 we get 

𝑘1 =
1

4√𝜋
                                     (88) 

 
And plugging this back into the formula of 𝑈(𝑥, 𝑡) , we 
finally arrive at the fundamental solution. 

𝑈(𝑥, 𝑡) = 𝑘
2

√𝑡
𝑒−

𝑥2

4𝑡 , Where 𝑘1 =
1

4√𝜋
𝑈(𝑥, 𝑡) =

1

4√𝜋

2

√𝑡
𝑒−

𝑥2

4𝑡                                              

(89) 
Then the required fundamental solution will be: 

𝜑(𝑥, 𝑡) =
1

2√𝜋𝑡
𝑒−

𝑥2

4𝑡                              (90) 

Case (2); integrating 
𝑑2𝑣 (𝑧)

𝑑𝑧2
(𝑧) + (2 + 𝑧)

𝑑𝑣 (𝑧)

𝑑𝑧
= 0                    (91) 

𝑑𝑣 (𝑧)

𝑑𝑧
= 𝑘1𝑧

1

2𝑒−
1

4
𝑧                             (92) 

𝑣(𝑧) = 𝑘1 ∫ 𝑒−
1

4
𝑆𝑆

1

2 
𝑧

0
𝑑𝑠 + 𝑘                    (93) 

So the function 

𝑈(𝑥, 𝑡) =
1

4√𝜋
∫ 𝑒−

1

4
𝑆𝑆

1

2 
𝑧

0
𝑑𝑠                    (94) 

is a solution of equation (3). Since equation (3)is a linear 
homogeneous equation the derivative of this function with 
respect to 𝑥, becomes that is the function 

𝜑(𝑥, 𝑡) =
1

2√𝜋𝑡
𝑒−

𝑥2

4𝑡                          (95) 

Equation (95) is the required fundamental solution of 
homogenous heat equation by using symmetry of ruction. 

V.CONCLUSION  

This study developed fundamental solutions based 
Symmetry Reduction for a heat equation. A solution of heat 
equation was constructed using superposition principles 
through combining simple solutions of the homogenous 
equation.  Therefore, the fundamental solution of heat 
equation derived based on Symmetry Reduction and to 
derive this we have used different concepts as theorem and 
proposition.  
However, in this study we considered a symmetry reduction 
for homogeneous heat equation and it simple and easy to 
derive. Moreover, this procedure can be applied for non-
homogeneous heat equations.    

Availability of Data and Material 

Not Applicable. 

Competing Interests 

The authors declare to have no competing interests. 

Funding 

No. 
ACKNOWLEDGEMENTS 

The authors are thankful to the referee for his/her valuable 
remarks and comments for the Improvement of the paper. 

 

 

http://www.ijitee.org/


International Journal of Innovative Technology and Exploring Engineering (IJITEE) 
ISSN: 2278-3075 (Online), Volume-9 Issue-5, March 2020 

2243  

Published By: 
Blue Eyes Intelligence Engineering 
& Sciences Publication  

Retrieval Number: E2996039520/2020©BEIESP 
DOI: 10.35940/ijitee.E2996.039520 
Journal Website: www.ijitee.org 
 

REFERENCES 

1. L. C. Evans: Partial differential equations (2006). 
2. W. A. Strauss: Partial differential equations (1992). 
3. Erwin Kreyzing, Advanced engineering mathematics, 10th ed., Wiley, 

2000. 
4. Alan Jeffrey, Advanced Engineering Mathematics, Academic press, 

2002. 
5. Dennis G. Zill and Micheal R. Cullen, Advanced engineering 

mathematics, 2nd ed. 2000, Jones and Bartlett publisher. 
6. Murray R. Spiegel, Schaum’s Outline Series theory and Problems of 

Advanced Mathematics for Engineers & Scientists, SI (metric) 
edition, 1971. 

7. Martin Braun, Differential equations and their applications, 
Springer-Verlag, 1993. 

8. Morris Tenenbaum and Harry pollard, ordinary differential equation, 
Dover, 1963. 

9. Dennis G. Zill, A first course in differential equation with modeling 
application, Ninth ed. 

10. George F. Simmons, Differential Equations with Applications and 
Historical Notes, TataMcGraw-Hill, 1994. 

11. David V. Widder, Advanced Calculus, Prentice-Hall of India P.ltd. 
Edition, 1999. 

12. Robert Ellis and Denny Gulick, Calculus with analytic geometry, 5th 
ed, 1993. 

13. Serg Lang, Calculus of several variables, Addiso-Wesley, 1973. 
14. R. V. Churchill and J. W. Brown, Complex variables and 

applications, Mc Graw-Hill, Inc. 
15. J. N. Sharma, Function of A complex Variable, Krishna Prakashan 

Media (P) Ltd., 1996-97. 

AUTHORS PROFILE 

 
Kahsay Godifey Wubneh, Author  has  completed  
his  post  graduate  study  from University of Gondar   
n  the  year  2013.  Soon After his  post-graduation  
he  joined  in  Wollo University. 
 
 
 
 

 
 
Teklay Hailay Tsegay, Author  has  completed  his  
post  graduate  study  from Addis Ababa University   
in  the  year  2014.  Soon After his post-graduation 
he joined in Wollo University.  

https://www.openaccess.nl/en/open-publications
http://www.ijitee.org/

