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Abstract: Heart rate variability (HRV) is a measure that 

evaluates cardiac autonomic activity according to the complexity 
or irregularity of an HRV dataset. At present, among various 
entropy estimates, the Lyapunov exponent (LE) is not as well 
described as approximate entropy (ApEn) and sample entropy 
(SampEn). Therefore, in this study, we investigated the 
characteristics of the parameters associated with the LE to 
evaluate whether the LE parameters can replace the 
frequency-domain parameters for HRV analysis. For the LE 
analysis in this study, two-dimensional factors were adjusted: 
length, which determines the size of the dimension vectors and is 
known as time delay embedding, varied over a range of 1 to 7, and 
the interval, which determines the distance between two successive 
embedding vectors, varied over a range of 1 to 3. A new parameter 
similar to the LA, the accumulation of the LE, was developed 
along with the LE to characterize the HRV parameters. The high 
frequency (HF) components dominated when the mean value of 
the LA was largest for interval 2, with 2.89 ms2 at the low 
frequency (LF) and 4.32 ms2 at the HF. The root mean square of 
the successive difference (RMSSD) in the LE decreased with 
increasing length in interval 1 from 2.6056 for length 1 to 0.2666 
for length 7, resulting in a low HRV. The results suggest that the 
Lyapunov exponent methodology could be used in characterizing 
HRV analysis and replace power spectral estimates, specifically, 
HF components. 
 

Keywords: Heart rate variability, Lyapunov exponent, 
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I. INTRODUCTION 

Heart rate variability (HRV) analysis is applied in 
various clinical fields to evaluate changes in activity between 
the sympathetic nervous system (SNS) and parasympathetic 
nervous system (PNS), which compose the autonomic 
nervous system (ANS), and cardiac autonomic activities [1, 
2, 3]. In a young person, HRV is characterized by increased 
complexity or irregularity of the HRV dataset, which consists 
of the set of all individual heartbeats measured between two 
successive normal-to-normal (NN) intervals in a time series 
in milliseconds. In contrast, an elderly person shows a regular 
HRV patterns, resulting in decreased HRV relative to that of a 
young person [4]. In calculations of HRV dataset complexity, 
nonlinear parameters have demonstrated a statistically 
significant relationship between a subject with the underlying 
disease and chaotic patterns in a series of NN intervals [5].  
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Approximate entropy (ApEn) has been used as a measure of 

tachogram’ complexity in short-term HRV analysis [6, 7]. 
ApEn measures the predictability of regularity between the 
embedding vector arrays for a given data length and the next 
set of vector arrays for the same data length. Determination of 
regular patterns between two successive embedding vectors 
should be performed according to a threshold value, r, which 
represents the range of 10 to 20 percent of the standard 
deviation of all NN intervals in the time series [8]. Optimal 
selection of both an embedding dimension vector and the 
threshold value plays a critical role in considering the ApEn 
value as an HRV parameter because different threshold 
values can affect the result [9, 10]. Although ApEn can be 
used to evaluate the degree of complexity, it suffers from bias 
due to full data comparison. Therefore, sample entropy 
(SampEn) was introduced to avoid the bias in ApEn by 
removing self-comparison in the embedding vector. SampEn 
has been widely used to predict medical symptoms such as 
sleep apnea or discriminate a healthy body condition from an 
unhealthy body condition [11]. Some studies reported that 
patients without diabetes-induced cardiac autonomic 
neuropathy (CAN) have a higher SampEn value than patients 
with CAN [12]. Among studies employing nonlinear HRV 
analyses, many have employed ApEn and SampEn, whereas 
few have used the Lyapunov exponent method. Therefore, in 
this study, the Lyapunov exponent (LE) variable was 
investigated to perform HRV analysis through the adjustment 
of an embedding vector, i.e., the length, corresponding to the 
time delay, and the distance between two successive 
embedding vectors, i.e., the interval. Furthermore, Lyapunov 
exponent accumulation (LA) was proposed to complement 
the LE variable in cases of an extremely low mean value. In 
addition, we evaluated the extent to which two variables such 
as the LE and LA can determine frequency-domain HRV 
parameters according to changes in length (one to seven) and 
interval (one to three). Three time-domain nonlinear 
parameters for both the LE and LA, i.e., the mean, standard 
deviation (SD), and root mean square of the successive 
difference (RMSSD), were calculated to correspond to the 
frequency-domain parameters. 

II. LYAPUNOV EXPONENTS 

The LE, λ, measures tachogram’ predictability and 

sensitivity to changes in HRV datasets. The LE is calculated 
as the average logarithmic rate of separation of two 
successive data points of two embedding vectors in time 
series Vi and Vj, which are divided by an initial distance as 
follows: 
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where               
 
, and             

 
. 

 
Accumulation of the LE, λa, which is called the LA, is 

given by the following (2): 
 

   
 

 
   

 
                               (2) 

 
Fig. 1 demonstrates the exact locations of two embedding 

vectors and data points including the length and interval in a 
specific timeframe of the HRV dataset. The interval 
represents the time delay length between the Vi and Vj 
vectors.  

The longer the interval delay, the greater the distance 
between the two vectors to be compared. An important 
characteristic of the Lyapunov calculation is its sensitivity to 
initial conditions with     , leading to a result of large 
magnitude when using an extremely low     .  

To overcome this shortcoming, equation (1) was modified 
in this study as follows: 
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where                   
 

,             
 

, 
and NNi, is the NN interval in the time series in milliseconds. 

 
The distance in the demonstrator changes as every 

heartbeat enters a calculation algorithm for the LE. 
Consequently, an extremely low mean LE is avoided. A short 
length produces a high growth or decline rate of small 
fluctuation in the HRV dataset, whereas a long length is 
expected to produce the slow patterns that reflect the LF 
components.  

The RMSSD and SD for the LE are calculated by 
equations (4) and (5): 

 

RMSSD (LE)= 
 

   
          

    
                     (4) 

 

SD (LE) =        
    

   

   
                                (5) 

 
In a similar way, the RMSSD and SD for the LA are given 

by equations (6) and (7): 
 

RMSSD (LA)= 
 

   
            

    
                     (6) 

 

SD (LA) =          
    

   

   
                                (7) 

The RMSSD provides an estimate of the average time over 
which the predictability of a chaotic signal can be assessed. 
However, the performance of predictability can be worsened 
if a short length is chosen.  

In this study, to calculate chaotic information from the LE 
and LA, lengths ranging from 1 to 7 and intervals ranging 
from 1 to 3 were employed. Fig. 2 shows a magnitude-time 
graph of the LE and LA according to three different lengths (2, 
4, and 6) for an interval of 1. Figs. 3 and 4 show 
corresponding graphs for intervals of 2 and 3, the interval 2 
and interval 3, respectively. 

 

 
 
Fig. 1. A schematic showing how the method is applied in 
HRV analysis in the case of a length of 3 and an interval 

of 2. 

III. FREQUENCY-DOMAIN HRV PARAMETERS 

For frequency-domain HRV analysis, four main parameters 
are calculated with equations (8) to (11) through the power 
spectral densities: the total power (TP), very low frequency 
(VLF), low frequency (LF), and high frequency (HF). The 
power estimates of the VLF components increase during 
sleep, and peak shortly before an individual awakens, but 
their clinical application is less defined than that of the LF 
and HF components. However, VLF power has been reported 
to be causally linked to thermoregulation, the 
renin-angiotensin system, and other hormonal factors. 
Meanwhile, the LF components reflect the PNS and SNS 
activities simultaneously, although the SNS branch 
dominates over the PNS [13]. The degree to which the PNS 
and SNS overlap is currently unknown. The HF components 
or time-domain indices reflect mainly the PNS activities, 
which are used to evaluate immune function status [14]. The 
values of Ln HF, Ln LF and Ln VLF are calculated every 
heartbeat. Ln TP is obtained from (11), calculated as the sum 
of Ln VLF, Ln LF, and Ln HF. 
 

Ln HF=            
 

 
                                 (8) 

Ln LF=            
 

 
                                 (9) 

Ln VLF=            
 

 
                              (10) 

Ln TP = Ln VLF + Ln LF + Ln HF             (11) 
 

where the frequency range of the LF band is between a=0.04 
and b=0.15 Hz, that of the HF band is between c=0.15 and 
d=0.1 Hz, and that of the VLF band is between e=0.0033 and 
f=0.04 Hz. The complex power spectral density, X[k] was 
calculated as follows. 
 

                
      

    
                   (12) 

where w[n] is a Hanning window used to minimize the 
spectral leakage. A Hanning window was applied in the 
CANOPY9 RSA (or TAS9VIEW, IEMBIO Co., Ltd., 
Chuncheon-si, South Korea) that we developed for HRV 
analysis and used to evaluate vascular status by analyzing a 
photoplethysmogram (PPG) waveform [15]. The four 
frequency-domain parameters are described in Table- I. 
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Table- I: Frequency-domain HRV parameters. 
 

Parameter Un
it 

Description 

TP ms
2 

Area under the entire power spectral 
curve, Ln VLF + Ln LF + Ln HF 

Ln VLF ms
2 

Natural logarithmic value of very 
low frequency power 
(0.0033-0.04 Hz) 

Ln LF ms
2 

Natural logarithmic value of low 
frequency power 
(0.04-0.15 Hz) 

Ln HF ms
2 

Natural logarithmic value of high 
frequency power 
(0.15-0.40 Hz) 

 
 

 

 

 
 

Fig. 2. Plots of the LE (black) and LA (red) against 
different lengths for an interval of 1; (top) a length of 2, 

(middle) a length of 4, and (bottom) a length of 6. 
 

 
 

 
 

 
 

Fig. 3. Plots of the LE (black) and LA (red) against 
different lengths for an interval of 2; (top) a length of 2, 

(middle) a length of 4, and (bottom) a length of 6. 
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Fig. 4. Plots of the LE (black) and LA (red) against 
different lengths for an interval of 3; (top) a length of 2, 

(middle) a length of 4, and (bottom) a length of 6. 

IV. RESULTS AND DISCUSSION 

Table- II shows the results for the LE and LA in terms of 
the mean, SD, and RMSSD. The RMSSD of the LE was 
slightly higher than that of the LA as length increased 
regardless of the interval, while the SD of the LA was 
approximately three times that of the LE. The SD of the LA 
increased proportionally with increasing in length. Although 
the increase depended on the patterns of the tachogram, the 
SD of the LA is considered an index that can discriminate one 
pattern from another in an HRV dataset when the interval is 
fixed. The RMSSD for both the LE and LA decreased with 
increasing in interval, being 0.853 and 0.672 for an interval of 
1, 0.757 and 0.634 for an interval of 2, and 0.643 and 0.609 
for an interval of 3, respectively. However, for a given 
interval, the RMSSD of the LE significantly decreased with 
increasing length, being 2.6056 for a length of 1 and 0.2720 
for a length of 7 with an interval of 1, 2.2915 (length of 1) and 
0.2666 (length of 7) for an interval of 2, and 1.7708 (length of 
1) and 0.2858 (length of 7) for an interval of 3. Likewise, for 
a given interval, the RMSSD of LA slightly decreased with 
increasing length, being 1.3568 for a length of 1 and 0.3112 
for a length of 7 with an interval of 1, 1.2885 for a length of 1 
and 0.4567 for a length of 7 with an interval of 2, and 1.0829 
for a length of 1 and 0.5529 for a length of 7 with an interval 
of 3. The rate of change in the RMSSD with increasing length 
can reflect the degree of regularity of an HRV dataset for a 
specific data segment. Whether the magnitude of the rate of 
change in the RMSSD continues decrease or increase is 
important information obtained from the derivatives for the 
LE and LA. The magnitude of the slope of the RMSSD 
according to a change in length for a given interval can 
indicate the extent to which autonomic cardiac activity 
responds to an external stimulus. The mean values of the LE 
with a length of 1 to 7 were smallest for an interval of 1, but 
those within a given interval tended to differ according to 
length. The mean values of LA showed large fluctuations 
relative to those in the mean values of the LE, with the latter 
being insufficient to discriminate different HRV patterns for 
use in clinical applications. Fig. 6 shows the mean, RMSSD, 
and SD of the LE for each of the three intervals. The RMSSD 
decreased more rapidly than the SD as the interval increased. 
These results suggest that determining both an appropriate 
interval and an appropriate length can be especially important 
when using the RMSSD and SD as indices for HRV analysis. 
Fig. 7 plots the accumulated data of the LE against the mean, 
RMSSD, and SD according to interval. In contrast to those of 
the LE, the mean values of LA were sufficiently large to be 
considered meaningful. For instance, the mean value for an 

interval of 2 indicated that the HRV dataset contained large 
HF components, which represent the PNS. Given that the 
largest mean was obtained for an interval of 3, there is a 
strong possibility that the HRV dataset includes large LF 
components, which represent the SNS. For a 5 min HRV 
dataset, among the frequency-domain HRV parameters, the 
VLF components cannot be easily determined due to the 
shortage of the total bin number that corresponds to the 
frequency band. Using the LE accumulation data, the VLF 
components can be found even in a shorter period than 5 min 
in an HRV dataset when the mean value for an interval of 3 is 
very large relative to that of other two intervals. For the 
frequency-domain parameters, detailed clinical information 
about the VLF, including both the PNS and SNS, or a 
possible rise at night is not clear because the power spectral 
estimates require enough bin numbers to calculate an 
accurate VLF component. Fig. 8 shows the power spectral 
estimates of the frequency bands in terms of Ln TP, Ln VLF, 
Ln LF, and Ln HF, which were 5.18, 4.43, 2.89, and 4.32 ms2, 
respectively. The LF/HF ratio was 0.67 ms2, which could 
reflect high cardiac autonomic activity.  

Table- II Results for the Lyapunov exponent and its 
accumulation according to changes in the length (L) and 

interval (Int) for HRV. 

Int L 
Lyapunov Accumulation 

Mean SD RMSSD Mean SD RMSSD 

1 

1 -0.0015 1.3575 2.6056 -0.5099 0.8033 1.3568 

2 0.0071 0.9626 1.1531 1.7545 1.3680 0.9581 

3 0.0033 0.4647 0.6789 0.7350 0.6137 0.4645 

4 0.0148 0.6582 0.5026 1.4848 2.1127 0.6581 

5 0.0065 0.3082 0.3987 1.7487 0.8397 0.3079 

6 0.0217 0.6468 0.3629 1.9914 3.3800 0.6468 

7 0.0103 0.3111 0.2720 0.9943 1.3698 0.3112 

2 

1 0.0029 1.2891 2.2915 1.2462 1.0976 1.2885 

2 -0.0041 0.7876 1.0183 0.7496 0.8346 0.7866 

3 0.0092 0.6945 0.7525 1.9937 1.3054 0.6946 

4 0.0107 0.3803 0.3436 2.4494 1.1932 0.3803 

5 0.0102 0.4643 0.3665 1.7882 1.8010 0.4636 

6 0.0156 0.3686 0.2633 2.1318 2.0027 0.3689 

7 0.0147 0.4604 0.2666 0.2589 2.5754 0.4567 

3 

1 0.0139 1.0843 1.7708 -1.2088 2.5787 1.0829 

2 -0.0024 0.6630 0.8878 0.0073 0.6240 0.6628 

3 0.0102 0.7306 0.6499 0.9050 1.7467 0.7307 

4 0.0060 0.2788 0.2586 1.9212 0.7236 0.2785 

5 0.0190 0.6514 0.4123 1.8967 2.9629 0.6514 

6 0.0091 0.3047 0.2348 0.7241 1.2344 0.3048 

7 0.0281 0.5587 0.2858 2.2595 3.8075 0.5529 

 
Fig. 6. Lyapunov exponent parameters according to 

interval. 
 

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

Mean RMSSD SD

Interval
Int-1
Int-2
Int-3



International Journal of Innovative Technology and Exploring Engineering (IJITEE) 
ISSN: 2278-3075 (Online), Volume-9 Issue-8, June 2020 

728 

Published By: 
Blue Eyes Intelligence Engineering 
& Sciences Publication  

Retrieval Number: H6751069820/2020©BEIESP 
DOI: 10.35940/ijitee.H6751.069820 
Journal Website: www.ijitee.org 

 

 
Fig. 7. Accumulation parameters according to interval. 

 

 
Fig. 8. Power spectral density of all frequency-domain 

parameters. 

V. CONCLUSION 

HRV analysis using the Lyapunov exponent and its 
accumulation was performed by comparing chaos and 
frequency parameters. We employed the LE and LA 
parameters to perform HRV analysis as both the length and 
interval changed independently. The mean value of LA 
corresponded to the frequency-domain parameters, of which 
HF or LF dominance relied on the magnitude of the mean 
value between intervals of 2 and 3. We found that the 
complexity of an HRV dataset from a possibly healthy person 
could be characterized by the RMSSD of the LE. For all 
examined lengths and intervals, the RMSSD had a much 
higher value than the SD and mean for the LE and LA. Based 
on the RMSSD of the LE for a given length, it can be 
concluded that normal HRV is larger than other HRVs. 
However, the mean of the LE was uninformative because no 
distinction among the interval groups was evident even when 
different lengths were applied. The obscure threshold for 
determining the different frequency bands by using the LE 
and LA methods suggests that HRV datasets are strongly 
coupled with a highly complex mechanism underlying a 
healthy cardiovascular system. Thus, more Lyapunov 
variables are needed to fully understand the HRV parameters. 
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