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Lower-Error Antilogarithmic Converters using
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Abstract— In this paper, lower-error and ROM-free
antilogarithmic  converters  with  multiple  regions of
piecewise-linear approximation are proposed. By employing
Binary Error Searching schemes, the error percent ranges of our
proposed antilogarithmic converters could achieve 1.6808%,
0.5681%, 0.137% and 0.098% for 2-region, 4-region, 8-region
and 16-region approximations respectively, which can outperform
previously proposed methods in the literature. Area comparisons
with previously well-known antilogarithmic converter using
six-region approximation methods in the literature, our proposed
antilogarithmic converter with four-region approximation can
provide 1.7x error reduction with only 30% extra hardware
overhead under the same delay constraints. These antilogarithmic
converters are all designed and synthesized using TSMC 0.18 um
process. Our proposed converters can be applied in the real-time
3-D graphics and DSP computations to ease the tremendous
computation efforts.

Index Terms— Antilogarithm, Logarithm,
arithmetic, very large scale integration (VLSI) design.

Computer

I. INTRODUCTION

Real-time three-dimension (3-D) graphics and Digital
Signal Processing (DSP) technologies are the attractive
applications for smart Information Technology (IT) consumer
electronics products in the amazing smart communication era.
Many complex arithmetic calculations such as multiplication,
division, reciprocal, square-root and power operations are
required in DSP technology. Nowadays, logarithmic number
system (LNS) can be used to simplify these complex
operations using simple shift-and-add operations. LNS-based
computing system contains logarithmic conversion unit,
simple calculation unit and antilogarithmic conversion unit to
the binary values. Many methods [1-17] about logarithmic
conversion to binary system and antilogarithmic converter
have been presented in recent years. Under all the tradeoffs
considering area, delay time and high accuracy, shift-and-add
methods can achieve higher performance instead of
complicated multiplication operation using simple shifters
and  adders/subtractors.  Thus, the  corresponding
antilogarithmic conversions can be easily performed using
simple operations based on piecewise-linear approximations
of the input data. Since many of previous works are related to
logarithmic conversions, it will be useful if the lower error
antilogarithmic converters are also proposed to make the
overall LNS-based computations more efficient.

Therefore, we will focus on the antilogarithmic conversion
in this paper. Mitchell [3] presented a logarithmic and
antilogarithmic converter which is based on one-region linear
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approximation scheme. Mitchell’s method is very simple and
easy to implement, but it can not provide sufficient accuracy.
In order to improve the accuracy of Mitchell’s approximation,
Hall [4] proposed antilogarithmic converters using
two-region and four-region piecewise-linear approximation
schemes to improve the linear errors of antilogarithmic
converters. However, Hall’s approaches could lead to
complex hardware implementation due to full bit-accuracy of
the input which is used for the approximation. Abed in [5]
also proposed two-region, six-region and seven-region linear
approximations to reduce the approximation error and
improve the area-efficiency, and Kim [6] proposed
eight-region piecewise-linear approximation to further reduce
more approximation errors. Although Kim’s method can
reduce effectively the approximation errors, it requires
complex hardware implementation due to many regions of
approximations. To achieve lower errors of antilogarithmic
conversions with tolerable area overheads, in this paper, we
will propose lower-error antilogarithmic converters using 2-,
4-, 8-, 16-region shift-and-add approximations. Our proposed
technique first partitions the exact antilogarithmic curve into
2-, 4-, 8-, 16- symmetric piecewise-linear regions and then to
perform the corresponding conversions. The operations of
conversions are obtained by our proposed Binary Error
Search Schemes, which cold achieve lower error ranges
compared with previous proposed methods in the literature. In
addition, our proposed converters have the lowest error
compared to previous methods with the same regions of
approximations.

The rest of this paper is organized as follows. In Section Il,
we will review previously reported antilogarithmic
conversion methods that are based on 1-, 2-, 4-, 6-, 7- and
8-region approximation schemes. Then our proposed
antilogarithmic converters using Binary Error Searching
scheme are described in Section Ill. In section 1V, we will
give error analysis and comparisons of our methods and
others, VLSI hardware implementations are also given.
Finally, Section V draws the conclusions.

Il. PREVIOUS WORK OF ANTILOGARITHMIC

CONVERTERS

In this section, we will review previous proposed
antilogarithmic converter, all are based on shift-and-add
operations [3-8]. Generally speaking, to perform
antilogarithmic conversion, it is based on 2 power of X, which
contains any integer portion k and its mantissa m. In Eq. (1),
suppose X=k+m is the input for antilogarithmic conversion,
which is obtained by logarithmic converter and simple
calculation units of LNS. Therefore, by taking 2 power of X,
the antilogarithmic value of X is denoted as Y.
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The corresponding conversion is shown in Eq. (2), where k is
an integer part and m is a fraction part, respectively. Mitchell
[3] proposed the antilogarithmic conversion based on
one-region approximation, he approximates 2" in the m
intervals as a straight line (1+m) and its equation is shown in
Eq. (3), denoted as Yiwchen’- The error of Mitchell’s method
denoted as Errorighen is given in Eq. (4). For example, letting
X=3.5=3+0.5, here we take k=3 and m=0.5. Y is equal to
235=2%x2%%= g /2 ~ 8x1.4142=11.3136. In Eq. (3),
Mitchell approximates Y as 2°x(1+0.5), it is equal to 12. Thus
Erroryignen  =12-11.3136=0.6864. Mitchell’s  method
compared with actual values is shown in Fig. 1.

X =k+m, kisanyintegerand 0<m<1 (1)

Y = Anti |ng()():2)< =kom )
Yioitcnenn = 2% =2 (I+m), 0<m<1 (3)

Erron, . =2 x (1+m)-2"), 0<m<l (4

Mitchell Antilog Curve Corpared with Actual

T
Actual ;
=) A PR B AR Mitchell | L. ... Ve
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i i i
3 31 32 33 34 35 36 37 38 39 4
X (K= k +m, k=3, D=<m=<1)

Fig. 1 Mitchell’s approximations compared with the
actual values

In the following, we will compare every error percent
ranges for each method. The bit-width of k and m is 6 bits and
26 bits, respectively, thus Q6.26 format is adopted throughout
the work and the comparisons, as shown in Fig. 2. All error
percent ranges are obtained by Matlab, k is fixed to 3 and the
fractional part m=0to 1, i.e., X=3 to 4. The error percent range
is the summation of the maximum positive and negative error
percents. The maximum positive (negative) error percent is
defined as the maximum absolute values of the positive
(negative) errors which are divided by the actual
corresponding antilogarithmic values x 100%. According to
(4), we can obtain that the maximum positive error percentage
of Mitchell’s method = (((1+m)-2™)/2™) x 100%, and the
maximum negative error percent is zero, thus the error percent
range of Mitchell’s method is equal to (((1+m)-2")/2™) x
100% . The error percentage of Mitchell’s one-region
antilogarithmic converter is shown in Fig. 3, where the error
percent range is 6.1476%.

31 26 25 0

6 bits Integer Part 26 bits Fractional Part

Fig. 2 Q6.26 format adopted in our work and
comparisons
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Fig. 3 Error percents of Mitchell’s method

Hall [4] proposed two-region and four—region schemes for
the  antilogarithmic  conversions,  using  multiple
piecewise-linear approximations with full bit-width (i.e., 26
bits) of the input to improve the approximation error of
antilogarithmic converter, demanding more area cost and
complex hardware. The mathematical modeling of Hall’s
proposed four-region antilogarithmic converter is shown in

Eq. (5).

2k[m+(%)*(1— m)+(§)],0 <m<0.25;
2k[m+(5)*(1—m)+(§)],0.253 m<0.5;
V1 gkom _ 128 64 ()
9 7
2[m+ (@)m+ (g)], 0.5<m<0.75;
35 23
2[m+ (@)m+ (3—2)], 0.75<m <1.00;

The error percent range of Hall’s four-region conversion
method is 0.7768%, which is shown in Fig. 4.

Hall Antilog 4 Region

Error Percentage

31 32 a3 34 aE 36 37 38 S 4
Power Walue

Fig. 4 Error percents of Hall’s four-region method

Abed [5] proposed two-region, six-region and
seven-region of piecewise-linear approximations of
antilogarithmic converter to reduce the linear approximation
error. It should be noted that myysgiis (M o msgits) 1S denoted as
the 7 (9) most significant bits of the fraction m. The
mathematical modeling of Abed’s proposed six-region and
seven-region approximations of antilogarithmic converter is
shown in Eq. (6) and (7) respectively.
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2[m+ (%)ﬁmssm + (%) +(2)+(27°+2™)],0<m < 0.0625;
2X[m+ (i)ﬁmssm + (@)],0.0625 <m<0.375;
16 128 ©)
2[m+ (i)ﬁmssm + (@) +(27),0.375<m<0.5;
Voot 16 128
3 103, .-
2[m+ (o M () 12 N 05<m<0.625;
3 103
2[m+ (s + (gl 0825<m <0875
3 103, .-
2[m+ (E)m7MSBiIS + (@) +(27)], 0875<m<L
where M7wmsgits =1-Mzmsgits-(1/128).
21m+ () mossis + (o) +(2%) + (2 +2°9],0 < m < 0.125;
4 128 T - ™
P e 9. . . 7
2[m+ (Z)mwse.‘s + (ﬁ) +(27°)+(27%)],0.125<m < 0.25;

Hm+ (%)EQMSB.‘S N (%) +(27)+(27)],0.25 < m < 0.375:

Y =2" = zk[m+(%)+(2")+(2’6)+(2"‘)+(2’1°)], 0.375<m<0.5;

Xm+ (%) +2H+@9]  05<m<0.625
1 107
2“[m+ (g)mQMSBn5 + (@)]' 0.625<m <0.75;
" 1 95 s
2 [M+ (S)Myyyepis + (2) +(27)], 0.75<m <1,

4 128

where Mgowmsgits =1-Mgwsits-(1/512).

Simulation result of error percents of Abed’s six-region
antilogarithmic converter is shown in Fig. 5. The maximum
positive error of Abed’s proposed six-region antilogarithmic
converter is 0.9572% and the maximum negative error is
-0.5786%, respectively, that is, the error percentage is
1.5358%.

Abed Antilog 6 Region
q
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Fig. 5 Error percent of Abed’s six-region method

Kim [6] proposed eight-region conversion schemes with
full bit-width (i.e., 26 bits) of the input to further improve the
approximation errors. Although Kim’s method can achieve
lower errors than other methods proposed in [3-5], but it will
lead to complex hardware implementation due to use of full
bit-width of the inputs for approximations.

From above, we can observe that Mitchell’s method is
simple but suffers from higher errors. Hall’s approaches can
improve approximation errors but will lead to complex
hardware implementation. Abed’s methods produces larger
errors compared with Kim’s [6]. However, Kim’s approaches
also require a complex hardware implementation. Under the
tradeoffs of lowering approximation errors and area
efficiency, we expect to propose lower-error antilogarithmic
converters with multiple regions based on shift-and-add
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operations. In Section 111, we will describe our proposed
lower-error antilogarithmic converters using Binary Error
Searching schemes.

I1l. PROPOSED LOWER-ERROR
ANTILOGARITHMIC CONVERTERS USING
BINARY ERROR SEARCHING SCHEMES

Taking X segments of the straight line am+b where X is the
number of the regions. In the straight line, a is the slope of the
line, b is the constant coefficient, and m is divided uniformly
into 2, 4, 8 and 16 regions, respectively, from 0 to 1. Taking
4-region example, mis divided into [0, 0.25), [0.25, 0.5), [0.5,
0.75) and [0.75, 1.00), respectively. The 4-region proposed
antilogarithmic conversion compared with Mitchell’s method
is shown in Fig. 6. It can be shown that our proposed 4-region
antilogarithmic conversion will be more close to the actual
conversion than Mitchell’s methods.

The proposed piecewise-linear approximation is
approximated by the following Eq. (8).
Y'=2%2" =2*(am+Db) (8)
Error Percent = (%)*100%, 0<m<1 ©)

The error percent is represented by Eq. (9). Considering the
feasible implementation on digital circuits and the searching
of optimal coefficients of a and b, our proposed methods for
searching coefficient of linear equation a; m + b; are based on
Eq. (10), i.e.

a1:2"“,bj = 2", 0<m<8,0<n<1l, mnisinteger (10)

The algorithm of obtaining optimal coefficients mina and
minb in the proposed four-region piecewise-linear
antilogarithmic converter is shown in the Fig. 7. In the
algorithm, firstly we set the initial value and range of a; b; and
m. In the mean time, we set the initial optimal coefficients
(mina, minb) to (ag, by), where aq and by is the initial value of
coefficient range of a and b, respectively. We take a; to range
from O to 2 by step 1/256, b; also ranging from 0 to 1 by step
1/2048. The next step is to search the minimum coefficients of
a and b using minimizing error percent calculating (i.e., error
percent () shown in Eqg. (9)). Finally, the optimal coefficients
(mina, minb) can be obtained. The coefficients of the
proposed algorithm can be obtained by Matlab software.

Binary Error Searching Approximation

11}

3.4 3I5 36
® (= k+m, k=3, 0=<m<1)
Fig. 6 Four-Region Binary Error Searching
Approximation
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L:[Input] &;,b;,m, wherei, j=0,1,2,....2048.

2:Decide the numbers of regions X.

3:Decide the range of m in the X-region approximation.
4:Set initial value (mina,minb) = (a,, b,)

5:for b; =0 to 1 step 2"

6: for 3, =0to 2 step 2°®

7:1f percent error(a,,,,b;)< percent error(a;, b;),

i+11 Mj
8: then (mina,minb) = (a,,,,b;).

9: End of g

10: End of b,

11:[Output] (mina,minb).

Fig. 7 Our Proposed Algorithm using Binary Error
Searching Schemes to Obtain the coefficients of am+b

Using our proposed algorithm shown in Fig. 7, the optimal
coefficients of mina and minb for different regions of
antilogarithmic conversion can be easily obtained. Therefore,
2-, 4-, 8-, and 16-region antilogarithmic conversion based on
our proposed algorithmic can be modeled as Eq. (11) to (14),
respectively, where mgysgis IS denoted the first d most
significant bits after the point of m.

45 256
2 ) x Mg+, 0<m<05;
| m 256 56
Y'=2" = i o (11)
2 x[m+(—)xm o +—], 05<m<L
[ () Mgt
1 1024
2 X[m'(z)xm7msaits+@]n 0<m<0.25
2 x[m- (1+ ! =) XM+ 985] 0.25<m<05;
Y _ 2k2m' - 116 32 906 1024 (12)
2 x[m=(=)xm . +—o71 05<m<0.75:
[ (16 ) TMSBits 1024]
11 753
2 x[m- XMy +——]  0.75<m<L
[ (4 16) 7MSBits 1024]
2 ><[m—(£)><mQMSBitS %], 0<m<0.125;
256 2048
2 )Myt 22351 0.125<m < 0.25,
6 2048
2o yxmy g 28 025 <m<0375, (19)
256 2048
2 x[m-(ﬂ)xmwsmg@], 0.375<m<0.5;
Ve phom 256 2048
2" x[m+(2i56)x mQMSB“;%], 0.5<m<0.625;
2 x[m+(%)xmwsms %], 0.625<m<0.75;
2“x[m+ (%)x Mypsaics + ;‘Zig] 0.75<m <0.875;
2k><[m+(%)><mgMSBIts %], 0.875<m<l;
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2 1024], 0<m<0.0625;
28 1024
1022
2“x[m- . 0.0625<m<0.125;
x[l ( ) l9MsBits 1024]
1020
2 x[m- m + 0.125<m<0.1875;
X[l ( ) o MsBits 1024]
2 x[m- ( ) mgMSB“S+101O] 0.1875<m < 0.25;
Vo gkom _ 1024
1004
2 x[m—(==)xm +=—7], 0.25<m<0.3125;
X[l ( )X o MsBits 1024]
989
2Xx[m— Mgy t——1,  0.3125<m < 0.375;
X[l (128) lomsBits 1024]
L 974
2 x[m— ( ) owsons * T0o7 ——1], 0.375<m<0.4375;
960
2“x[M=(—) XMy st ——1, 0.4375<m<0.5;
i (128) ovsets 1024]
1 932
2 XM+ (—=) X Mypee t ——1,  0.5<m <0.5625;
x[ ( ) X My sgits 1024] <
2k><[m+( ) m 914] 0.5625 < m < 0.625;
QMSan 1024 - = . 4 (14)
2kx[m+(7)meB, + 8791 0625<m<06875;
12877 MR 1024
- 2kx[m+(%)xmgmm+%], 0.6875<m <0.75;
Y =2k" =
2 XM+ () gt 8], 0.75<m <0.8125;
12877 Ve 10247 T T
30 772
2 x[m+(@)xmgMSB“S+m], 0.8125<m < 0.875;
40 702
2 x[m+(—)meMSBits+@], 0.875<m < 0.9375;
2 x[m+( 28) mgMSB“S+16042i] 0.9375<m<1;

We will present the simulation results of error percents and
VLSI implementations for our proposed lower-error
antilogarithmic converters in the next section.

1IV. SIMULATION RESULTS AND VLSI
IMPLEMENTATIONS

We simulate proposed two-region, four-region,
eight-region and sixteen-region piecewise-linear
antilogarithmic  converters by Matlab software. The
simulation of our proposed two-region error percentage
which compared with Mitchell antilogarithmic converter
approximation is shown in Fig. 8, where we can find the
maximum  positive error of proposed two-region
antilogarithmic converter is 1.6138%, and the maximum
negative error is -0.067%. The total error percentage is
1.6808%, using the 7 MSBs of the input for approximation.

Antilogarithrmic Converter Error Comparison between Mitchell and Proposed 2 Region
7

Mitchell

Proposed 2 Region [

Error Percentage(%)

3.4 348 36
Power Walue

a7

Fig. 8 Error Percentage of Our Proposed 2-region
antilogarithmic converter
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Propesed 4-region Antilegarithm Curve Compared with Actual and Mitchell
186 T T T T T

Actual antilog curve

Proposed 4-region approximations
Mitchell 1 region

Lty
N

3 31 32 33 34 35 36 37 38 39 4
Power Value(k=3, D<=m<1)

Fig. 9 Proposed 4-region piecewise-linear Antilog curve

Fig. 9 is the approximation curve for our proposed 4-region
antilogarithmic conversion method compared with Mitchell’s
[3] and the actual conversion. We can observe that using our
proposed methods, the antilogarithmic conversion will be
very close to the actual conversion. The error percentage of
proposed four-region antilogarithmic converter is shown in
Fig. 10, where we can find the maximum positive error of
proposed work is 0.4810%, and the maximum negative error
is -0.08710%, respectively. The total error percentage is
0.5681%, using 7 MSBs of the input for approximation.

Proposed 4region 7sbits Antilog
0.6

0.5

0.4 [---

0.3

o2

Error Percent(%)

o1

3 31 3.2 3.3 3.4 3.5 36 3.7 38 3.9 4
Power “alue

Fig. 10 Error Percentage of our proposed 4-region
antilogarithmic converter
The error percentage of proposed eight-region
antilogarithmic converter is shown in Fig. 11, where we can
find the maximum positive error of proposed work is 0.133%,
and the maximum negative error is -0.004%. The total error
percentage is 0.137%, using 9 MSBs of the input for
approximation. It can be observed that according to Table I,
our proposed eight-region piecewise-linear approximation is

ISSN: 2278-3075, Volume-3 Issue-7, December 2013

lower to Kim’s [6] eight-region method. And the hardware
complexity will also be simpler than Kim’s [6] method due to
its full bit accuracy.

Antilogarithmic Converter Using 8 region piecewise-Linear Approximation

Error Percentage(%)

oo N R NN IS N RN N N
| 31 32 3.3 3.4 35 36 37 3.8 39 4
Power YValue

Fig. 11 Error Percentage of our proposed 8-region
antilogarithmic converter

The simulation of error percentage of proposed
sixteen-region antilogarithmic converter is shown in Fig. 12,
where we can find the maximum positive error of proposed
work is 0.058%, and the maximum negative error is -0.04%.
The total error percentage is 0.098%, using the same 9 MSBs
of the input for approximation.

Antilogarithmic Converter Using 16 region Piecewise-Linear Approximation
G

Error Percentage(%)

i i i i i
El 3.1 3.2 53 34 EL 36 37 38 39 4
Power Yalue

Y NS R S N

Fig. 12 Error Percentage of our proposed 16-region
antilogarithmic converter

Table I: Comparisons of our proposed two-region, four-region, eight-region and sixteen-region method with previous

methods
Items Hall[4] Hall[4] Abed[5] | Abed [5] Kim[6] Propose | Propose | Proposed | Proposed
d d
Range of [3:4) [3:4) [3:4) [3:4) [3:4) [3:4) [3:4) [3:4) [3:4)
X
Number of 2 4 6 7 8 2 4 8 16
Regions
Fraction All Bits All Bits 7 Bits 9 Bits All Bits 7 Bits 7 Bits 9 Bits 9 Bits
Bits (26 Bits) | (26Bits) (26 Bits)
Max.
Positive 1.5042% | 0.3032% | 0.9572% | 0.3477% | 0.082% | 1.6138% | 0.4810 0.133% 0.058%
Error (%) %
Max.
Negative | 1.1155% | -0.4736 -0.5786 -0.2232 -0.07% | -0.067% | -0.0871 -0.004% -0.04%
Error (%) % % % %
Total Error | 2.6197% | 0.7768 % | 1.5358 % | 0.5709% | 0.152% | 1.6808% | 0.5681 0.137% 0.098%
Range (%) %
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Comparisons of our proposed two-region, four-region,
eight-region and sixteen-region antilogarithmic converters
with previous methods are shown in Table I. We can obtain
that the proposed two-region antilogarithmic conversion
method attains the lower error percentage compared with
Hall’s 2-region approximation. The proposed four-region
antilogarithmic conversion method also attains the lowest
error percentage compared with Hall’s 4-region and Abed’s
6-region  approximation. Meanwhile, the proposed
eight-region antilogarithmic conversion method also attains
the lowest error percentage compared with Abed’s 7-region
and Kim’s 8-region approximation. And in the last column of
Table I, we can find the total error range for our
sixteen-region antilogarithmic conversion is only 0.098%.

VLSI implementations of our proposed 2-, 4-, 8- and 16-
region antilogarithmic conversion are tabulated in Table II.
All are realized using TSMC 0.18 pum CMOS technology.

Table I1. VLSI Implementation of proposed

antilogarithmic conversion
etho Propose Propose Propose Propose
d d Work d d d
2 region Work Work Work
Items . . .
4 region | 8region | 16region
Area 4993 6639 11819 18811
(um?)
Delay 10 10 10 10
(ns)
Although Hall’s method in four-region linear

approximation produces a lower error than Abed’s six-region
conversion, but it leads to complex hardware due to full
bit-accuracy of input. Therefore, we simply compare our
four-region work with Abed’s six-region using the same 7
MSBs of the input for approximation. The proposed
four-region antilogarithmic converter is realized on silicon
using TSMC 0.18 um CMOS technology, and the comparison
is tabulated in Table IIlI, which shows our proposed
four-region antilogarithmic converter only costs 30%
additional hardware (i.e., 6639 um? vs. 5119 um?) with 1.7x
reduction (i.e., 0.5681% vs. 1.5358% shown in Table II1) in
error percent range under the same delay constraints.

Table III. VLSI Implementation Comparison with Abed’s

6-region conversion

ethods Abed[3] Proposed
Items 6-region Work
Area 5119 6639
(um?)
Delay (ns) 10 10

V. CONCLUSIONS

In this paper, we have proposed lower-error antilogarithmic
converters based on 2-egion, 4-region, 8-region and
16-region piecewise-linear approximations using Binary
Error Searching schemes. The proposed technique provides
lower errors, which can outperform previously proposed
methods in the literature. In error and area comparisons with
Abed’s six-region methods in the literature, our proposed
four-region antilogarithmic converter only cost 30%
additional hardware with 1.7x reduction under the same delay
constraints. The proposed 2-, 4-, 8-, 16- region
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antilogarithmic converters can be used to the overall
LNS-based computation for 3-D computer graphics and
Digital Signal Processing applications.
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