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Analytical Study of Transient Magneto-
Hydrodynamic Electroosomotic Flow and Heat
Transfer Analysis in a Horizontal Channel

Asibor, Raphael E., Asibor Victor O.

Abstract: The research work focuses on transient
magneto-hydrodynamic electro-osmotic flow and heat transfer
analysis in a horizontal microchannel based on the linearized
Helmholtz-Smoluchowski approximation and the Navier-Stokes
equation. A numerical study of electroosmotic flow through
horizontal channels is developed. The governing partial
differential equations are transformed into a set of nonlinear
coupled ordinary differential equations and solved by perturbation
techniques. The effects of various physical parameters on the
dimensionless velocity, temperature and concentration profiles
are presented graphically, analysed and discussed in detail. The
influences of fluid characteristics such as the skin friction
coefficient, Nusselt and Sherwood numbers are discussed.
Findings indicate that the governing flow parameters have
significant influences on flow, heat and mass transfer
characteristics.

Keywords:  Analytical ~ study, electro-osmotic  flow,

Magneto-hydrodynamic, Microfluidics, Transient.

I. INTRODUCTION

Electro—osmotic flow is the process in which an ionized

liquid moves with respect to a stationary electrically charged
surface under the action of an externally applied electric
field. This phenomenon was first observed by Ruess in 1809
and in mid-19th century. Wiedemann formally proposed the
mathematical theory behind it. In general, liquid motion can
be generated by either applying a pressure gradient or
imposing an electric field, leading to respective
pressure-driven flow or electrokinetically-driven flow.
Electroosmotic flow has an important effect at the microscale
provide a viable alternative to pressure-driven liquid flow at
microscales, with better flow control and no moving parts.
The set of equations that describe MHD are a combination of
the Navier-Stokes equations and Maxwell's equations.

The magneto-hydrodynamic (MHD) flow between two
parallel plates, known as Hartmann flow, is a classical
problem that has many applications in MHD power
generators, MHD pumps, accelerators, aerodynamic heating,
electrostatic precipitation, polymer technology, petroleum
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industry, purification of crude oil and fluid droplets and
sprays. Many engineering problems are susceptible to MHD
analysis. The study of MHD flow problems has achieved
remarkable interest Magneto-drodynamic aspects of
electroosmotic flow in microchannel were analyzed by
Burgreen and Nakache (1964). Rice and Whitehead (1965)
investigated fully developed electroosmotic flow in a narrow
cylindrical capillary for low zeta potentials, using the
Debye—Huckel linearization. Also, an analytical solution for
electroosmotic flow in a cylindrical capillary was derived by
Kang et al. (2002) by solving the complete
Poisson—Boltzmann equation for arbitrary zeta-potentials.

Pressure-driven non-Newtonian flow has long been
studied, the electroosmotic flow flow of a non-Newtonian
fluid was not theoretically investigated until recently.
Motivated to study biofluids in microsystems, Das and
Chakraborty (2006), and Zimmerman et al. (2006) were
among the first to present theoretical work on non-Newtonian
electrokinetic flow and transport in microchannels. The
non-Newtonian model adopted by Das and Chakraborty
(2006) is the power-law model, while that by Zimmerman et
al. (2006) is the Carreau model. The power-law (also known
as Ostwald-de Waele) model is one of the simplest models to
describe nonlinear viscous behaviors. It is a two-parameter
model, where the shear-thinning or shear thickening
behaviors can be conveniently represented by the flow index
being less than or larger than 1, respectively.

Subsequently, this study presents an analytic and numerical
solution of the transient magneto-hydrodynamic
electro-osmotic flow of heat transfer analysis in a horizontal
rectangular microchannel driven by an electric field. The
numerical simulations coupled with perturbation method
were carried out which is the numerical simulations of the
solutions obtained using perturbation method were verified
by the comparison with the available exact solutions for
non-Newtonian fluids and examine effects of fluid rheology
(fluid behavior index) on the transient velocity temperature
and concentration distributions of the electro-osmotic flow of
magneto-hydrodynamic fluids. Results are compared with
the existing results and found good agreement with the results
of Chamkha (2004). We derive expressions for the mean
velocity, mean induced temperature and mean concentration.
To the best knowledge of our knowledge mean velocity,
mean temperate and mean concentration in microchannel
under electro-osmotic flow (EOF) has not yet been studied.
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I1. MATHEMATICAL FORMULATION OF THE
PROBLEM

The formation of electroosmotic flow in a straight
microchannel is shown in figure 1. Here the channel walls
attain net negative charges due to ionization, The length of

the channel is Lo while the width is assumed to much larger

than the height, H, i.e., w >> 2H. The bottom plate is located
aty = -H while the top plate is located at y = +H. A potential
is applied along the axis of the channel which provides the
necessary driving force for the flow.

A. Assumptions and approximations

The main simplifying assumptions and approximations in our
analysis are as follows:

I. The fluid viscosity is independent of the local electric
field strength. This condition is an approximation.
Since the ion concentration and the electric field
strength within the EDL are increased, the viscosity
of the fluid may be affected.

I1. The Poisson—Boltzmann equation is valid when the ion
convection effects are negligible. Hence, our
analysis is valid for Stokes flows, or for
hydraulically fully developed channel flows. The
solvent is continuous, and its permittivity is not
affected by the overall and the local electric field
strength.

I11. No pressure driven component is present in the velocity
distribution and the ions are point charges.

The governing equations of the model based on the
assumptions above are:
Equation of Continuity
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Figure 1. (a) Diagram of the microchannel considered in
this paper; (b) 2D representation of electro osmotic flow
(Dhinakaran et al., 2010).

It is convenient to employ the following dimensionless
variables where, X, y and t are the dimensional distances
along and perpendicular to the plate and dimensional time,
respectively. u and v are the components of dimensional
velocities along x and y directions, p is the fluid density, p is

the viscosity, Cp is the specific heat at constant pressure, ¢ is

the fluid electrical conductivity, Bo is the magnetic
induction, T is the dimensional temperature, Kk is the thermal
conductivity of the fluid. The appropriate and corresponding
initial and boundary condition for velocity, temperature and
concentration fields are given as follows:

u(xht)=0, T(xht)=0 v/(ih,t)=505

u(y,0)=T(y.0)=w(y,0)=0  v(0,t)=v(t) 6

where mean stream velocity, =1+ c™ 7

and at free stream velocity, u =u(t) . It is clear from

equation 7 that the suction velocity at the plate surface is a
function of time only. Integrating the continuity equation 1
and with equation 7 assuming that it takes the exponential
form, we have

Vi=-v, (1+ gAe™ ) 8

Since the suction velocity is normal to the plate and it is a
function of time only, it is convenient to take the following
exponential form where A is a real positive constant, € and eA

are small quantities less than unity, and Vj is a scale of

suction  velocity  which  has  non-zero

constant (Vo > 0) .

positive
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It is convenient to employ the following non- dimensionless
quantities and if we follow Messiha (1966) equations (2 - 4)
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becomes

vor/ Avyl

v(y,t) =v(t) = -V (l+ € Aent) =-Vy|1+¢Ae

where, A is a real positive constant, € and €A are small less

than unity, (e A<<1)and V; is a scale of suction velocity

which has non-zero positive constant. Under these
assumptions, the appropriate boundary conditions for the
velocity, temperature and concentration fields are

g, =1+ee", w=1+e",

0 —0,

u=u,, al y=0

u—0, v —0, as y —> o

It is convenient to employ the following dimensionless
variables
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U,V velocity profile

f temperature

C’ Dimensional concentration of the fluid
/' Constant concentration at the plate

Gm solutal Grashof number

Gr Thermal Grashof number

Pr Prandtl number

Kr  Chemical reaction parameter

SC  Schmidt number

So  Soret number

X modified Durfour number

M magnetic parameter (Hartmann number)
A electroosmotic parameter

Q Dimensional heat generation term
R heat generation term

Retrieval Number: A2466097117/17©BEIESP
Journal Website: www.ijitee.org

v '\ 2

I/
L (1+ chet ) 9

QO heat generation parameter

Ql heat generation parameter
t Dimensionless time
to Characteristic time

t' Dimensional time
U Dimensionless velocity of the fluid

U’ Dimensional velocity of the fluid
Yy Dimensionless co-ordinate perpendicular to the plate

(10)

2,2
. 27%e°n¢
Pe==—""rT 12
kT
Where zthe valence of ions is, £is the fundamental charge,
kB is the Boltzmann constant, T is the absolute temperature.

With the help of the Debye-Huckel approximation

p.E, =k’¢(E, )= ~Kk’efE, 13

22 Zn 2
Here kK =| ———2 | isthe Debye-Huckel parameter and
ekgT

x ' means the thickness of EDL
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If the Debye length is small compared with the channel
width, then the curvature terms can be neglected and Using
the Poisson Boltzmann approximation, equation 13 reduces
to the one-dimensional form appropriate to the
electroosmotic flow past a long plane channel.

2
—2eZn, sinh eZ¢ A(pzwv(p 15
KgT KgT

In summary, equations 14, 3 and 4 form the system of
equations to be solved

2
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with the following dimensionless boundary conditions.

U=t =u,=06=6=1 ¢=1 h=1

aty=o0
u=u-0 6-06-1 ¢ —>0 h->0

S y—->o

I11. METHOD OF SOLUTIONS

To solve for low values of equations (16), (17) and (18)
subject to the boundary conditions (19), we use the following
linear transformations (Kim and Lee, 2003) to split each
equation into harmonic and non-harmonic parts. Equations
(16), (17) and (18) represent a set of partial differential
equations that cannot be solved in closed form. However, it
can be reduced to a set of ordinary differential equations in
dimensionless form that can be solved analytically. This can
be done, by representing the velocity, temperature and
concentration in terms of harmonic and non-harmonic
functions as in (Okoro and Asibor, 2016) as follows:

u(y,t)= fo(y)+ge”tf1(y)+0(52) (20)
O0(y.t)=0,(y)+ze"g,(y)+0(*) (21)
#(y.t)=hy(y)+ee" (y)+0(52) (22)

Substituting equations (20) - (22) into equation (16), equation
(17) and equation (18) equating the harmonic and
non-harmonic terms, and neglecting and higher- order terms

of 0(52) We have

fo (9)+ T (¥) = NEg (¥) = =Gy g (¥) ~ Gy (1)

(23)
00 (Y)+Pr dg(y) ~Prgy(y) = —Pr zhy(y)  (24)
h(I; +Sch(') _ScKrhO =0 (25)
f+ 1 ~(N+n)f =—Afy -Gy, -Gy (26)

g +Pro;—Pr(Q+n)gy =-APrgy—Prh  (27)
h +Sch —(k, +n)S.h, =

To obtain a solution of the Naiver-Stokes equations that suits
a particular problem like equation (23 — 28), it is necessary to
add conditions that need to be satisfied on the boundaries of

—ASh, (28)
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the region of interest in this thesis, we use following
boundary conditions:

f0:f1:up:0’ 9o=0=1 h=h=1 at
y=0

f,=f,->0, 9,-009,-0, h—->h-0
adS y—->o

This singularity is solved with consideration of entrance
effect at the initial stage of filling, as discus$Q in recent
studies (Chakraborty, 2007, Chakraborty and Mittal, 2007,
Huang et al., 2001, Chakraborty, 2005). In this investigation,
as the asymptotic solution is considered, the equations (428,
4.73 and 4.127) is acceptable.

#(y,t)=hy(y)+ee" (y)+0(52)

¢(y, t) = Cle_mzy fee [C3e_m2y + (17 03) e_mly] (29)

6(y.t) =gy (y,t) +ee"g,(y,t) +O(%)

My
f(y.f)=Cee
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CZle
Skin friction

Knowing the velocity field, the skin friction at the wall can be
obtained, which in non-dimensional form is given by

7, [Gu ] (6u0 w OU, j
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Nusselt number

Knowing the temperature field, the heat transfer coefficient
can be obtained which in the non-dimensional form, in terms
of the Nusselt number, is given by

(8T'J
Nu=x~Y ) N,Re, "= [ﬁj
y=0

TWI _Tw'
_ [%+ o %j
v ),

O(y)=Cee ™ +(1-C;)e™ +

34
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u— y m
—gem |:m4C7e 4

—May -myy -my
+m3C9e 3 +m2C10e 2 +m1C11e ml:|

(% + ge™ %j =-m,C;—m, (1-C;)
oy y=0 (35)

—ge™[m,C, +m,Cy +m,Cyy + mC,, |

Sherwood number

The rate of mass transfer at the wall which is the ratio of
length scale to the diffusive boundary layer thickness.
Knowing the concentration field, the mass transfer rate can
be obtained which in the non-dimensional form, in terms of
the Sherwood t number, is given by

Sh = —X ; ; = Sh Rex =
Cw —Co oy o

(ac’)
¥ Jyo g (aco nt acl)
_— — e —
y=0

$(y,t)=Ce™ +ge" [Cge‘mzy +(1-C, )e‘”‘ly]
—ee" [ m,Ce ™ +m (1-C,)e™ |

(aco +ee™ aCl) =mCy - s [m203 M (l_ Cs )] (36)
y=0
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IV. MODEL VERIFICATION

To get a clear insight of the physical problem, the velocity,
temperature and concentration have been discussed by
assigning numerical values to the parameters encountered in
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the problem. To be realistic, the values of the embedded

parameters were chosen following, Okoro and Asibor (2016),
Ibrahim and Makinde (2011), Ibrahim and Makinde (2010);

The values of Schmidt number (Sc) are chosen for hydrogen

(Sc = 0.22), water vapour (Sc = 0.62), ammonia (Sc = 0.78)
and Propyl Benzene (Sc = 2.62) at temperature 25°C and one
atmospheric pressure. The values of Prandtl number is
chosen to be Pr = 0.71 which represents air at temperature
25-C and one atmospheric pressure. Attention is focused on
positive values of the buoyancy parameters i.e. Grashof
number Gr > 0 (which corresponds to the cooling problem)
and solutal Grashof number Gec > 0 (which indicates that the
chemical species concentration in the free stream region is
less than the concentration at the boundary surface).

Velocity profiles

Mean Induced Velocity

o

- T - - - >
0 2 4 6 8 10

Pr=0.7 = =Pr= 1.5 F'r=2.0|
Pr= = - == -

Figure 2: Effects of variation of prandtl numbers on mean
velocity profile for fixed Sc, Kr, Q, Gr and Gm. (Sc=0.26, a =

1.0,Kr=10,n=02,Q=1,t=0.2, ¥ =0.7, £ =0.0001, Gr=7,
Gm=5and N=1.0)

s
L

Mean Induced Velodaty

[——Cm=10 Gm=50 — - Gm=6.0 == Gm=70 -+ Gm=80|
Figure 3: Effects of variation of solutal grasshoff numbers on
mean velocity profile for fixed Sc, Kr, Q, Gr and Gm Sc=0.26, a
=1.0,Kr=10,n=02,Q=1,t=0.2, ¥ =0.7, £ =0.0001, Gr =
7,Prland N=1.0.
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— = Gm=800 -+ Gm=1000

Figure 4: Effects of variation of increasing solutal grasshoff
numbers on mean velocity profile for fixed Sc, Kr, Q, Gr and

GmSc=0.26,a=1.0,Kr=1.0,n=02,Q=1,t=02, ¥ =07, ¢
=0.0001,Gr=7,Pr1and N =1.0.

Mean Induced Velodty

— Gr=10 — — Gr=15

- Gr=20 — - — Gr=30|
..... Gr=50

Figure 5: Effects of variation of grasshoff numbers on mean
induced velocity profile for fixed Sc, Kr, Q, Gr and Gm Sc=

0.26,a=10,Kr=10,n=02,Q=1,t=0.2, ¥ =0.7, &=
0.0001, Gm =10, Pr0.71and N=1.0

w
1

Mean Induced Velocity
w~

-
L

10

S¢=0.28 — — Sc = 0.26 — - Sc=0.24
S

e =020

Figure 6: Effects of variation of Schmidt numbers on mean
velocity profile for fixed Sc, Kr, Q, Gr and Gm a = 1.0, Kr = 1.0,

n=02Q=11t=02, } =0.7, & =0.0001, Gm =5, Gr =10, Pr
0.77and N=1.0
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Figure 7: Effects of variation of modified dufour numbers on
mean velocity profile for fixed Sc, Kr, Q, Grand Gma=1.0,Q
=1.0,n=0.2,Kr=10,t=0.2,Sc =0.26, { =0.0001, Gm =5, Gr

=10,Pr0.71and N=1.0
Temperature Profile

Mean Induced Temperature

T T ™ y Y
0 2 4 6 8 10

= Pr=0.10 —— - Pr=050
== aPr=10
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Figure 8: Effects of variation Prandtl numbers on mean
temperature profile for fixed Sc, Kr, Q, Grand Gm.a=1.0,Q =

1.0,n=0.2,Kr=1.0,t=0.2, Sc=0.26, £ =0.0001, t =0.2. and

X =07.

Oscillatory Temperature

2 4 6 s 10
v
Se = 0.12 “Sc=0.18 Sc = 0.20|
-— i S, = (DD = s s S = N4

Figure 9: Effects of variation Schmidt numbers on temperature
profile for fixed Sc, Kr, Q, GrandGma=1.0,Q=1.0,n=0.2,

Kr=1.0,t=0.2,Sc=0.26, £ =0.0001,t=0.2.and ¥ =0.7.
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Mean Temperature

—— 4=1.00 — -y = 2.00 = 7=4.00

— iy =500+ 1y=7.00

Figure 10: Effects of variation modified dufour numbers on
mean temperature profile for fixed Sc, Kr, Q, Grand Gm a =
1.0,Pr=1.0,n=0.2, Kr=1.0,t=0.2,Sc=0.26, £ =0.0001, t =
0.2.and ¥ =0.7.

Concentration Profile

The concentration profile is shown in Fig. 11 - 13 for various
parameters involved in the solution. Fig. 11 illustrates that
fluid concentration increases with an increase in chemical
reaction parameter Kr number it is because of the reason that
a rise in Krnumber causes a greater chemical thermal
diffusivity. It is also clear from the same figure that with an
increase in Schmidt number concentration

08
£l
B 0.6+ \
g
g
O
z 0.4+
i
=
024
0 r - |
0 2 4 6 $ 10
y
=—Kr=0.1 = *Kr=1.0===Kr=3.0
s e Kr—E N

Figure 11: Effects of variation chemical reaction
parameter on concentration profile for fixed Sc, Kr, Q,
GrandGm.a=1.0,n=0.2,t=0.2,Sc=0.26, £ =0.01,t=
0.2.and ¥ =0.7.
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Mean Concentration

—— Kr=5.0 — “Kr= 3.0 =—Kr= 1.0
-=N1

DRI

Figure 12: Effects of variation reducing chemical reaction
parameter on concentration profile for fixed Sc, Kr, Q, Gr and

Gm.a=1.0,n=0.2,t=0.2, Sc=0.26, 6= 0.01,t=0.2. and X
=0.7.

Mean Concentration

 Se=(0.18 === = Sc= (24 == 5c=(28
s =42

Figure 13: Effects of variation Schmidt number on
concentration profile for fixed Sc, Kr, Q, Grand Gm.a=1.0,n

=0.2,t=0.2,Sc =0.26, ¢ = 0.01,t=0.2.and X - 0.7.

Equation (33), Equation (35) and Equation (36) represents
the Skin friction, the Nusselt number and the Sherwood
number respectively. They are analytically and numerically
computed for different standard values, in estimating the
velocity temperature and concentration impart at the surface
channel our results are presented graphically showing the
appropriate values.
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Taking account of this additional saving in the CPU time, one
can expect that the current solution is far more efficient than
what is already revealed in (Chamkha, 2004). It should be
mentioned that all these calculations are performed on Maple
18.

V.CONCLUSION AND RECOMENDATIONS

Analytically transient magneto-hydrodynamic
electroosmotic flow and heat transfer analysis in a
rectangular horizontal microchannel by using perturbation
technique are studied. For the case of transient electroosmotic
flow, electric field drives the fluid within the double layer.
The momentum of the double layer gradually transfer to the
central region, and finally occupying the entire channel. The
greater fluid behaviour index causes the fluid to respond
more promptly to the influence of the applied electric field.
The model calculation confirms that the velocity given in the
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previous works by Makinde and Chinyoka, 2010; Okedoye
and Asibor, 2014. for a parallel plate is still valid for
microchannels with rectangular/horizontal cross-sections.
The velocity is of practical importance in non-Newtonian
microfluidic manipulations adopting electroosmosis. In
summary, comparison of the present result with the analytical
solution, for the flow of non-Newtonian fluids available in the
literature is found to be consistent and results can be
effectively utilized for optimum design of microfluidic
systems of practical interest.
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