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Oscillatory Behavior of Solutions of
Fourth-order Mixed Neutral Difference
Equations with Asynchronous Non
Linearities

Shirmila Premkumari. K

Abstract: In this article, oscillation criteria for solutions of
fourth order mixed type neutral difference equation with
asynchronous non linearities of the form

ﬂzta-nﬁz (Xn +baxn - TEnEpip D +an Xy.n—l—m +,Ur:lx§_1_5;= 0

where{an}, {bn}, {cn}, {qn} and {pn} are established.
Examples are provided to illustrate the results.
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I. INTRODUCTION

Neutral difference equations exist in stability theory, exist
theory, network systems and so on. It has applications in
problems dealing with vibrating masses to elastic bar and
variational problems. Consider the fourth-order mixed type
neutral difference equation with asynchronous non
linearities of the form

B

HPuXoilie 0

A, thyx, . tox, Dta § 1 6)}
pLl—o1

where {an}, {bn}, {cn}. {pPn} and {an} are positive real
sequences, o and P are ratios of positive odd integers 11, 12,

o1 and o2 are positive integers and n N where N ={ng, ng
+1,np+2,...}, ng isanon negative integers. The forward
difference operator is defined by Axp = Xp+1 — Xn-
Let 6 = max{t, 61}. By asolution of (1) a real sequence {xn}
which is defined for all n > ng — 6 and satisfies equation (1)
for all n N. A non trivial solution{xn} is said to be non
oscillatory if it is either eventually positive or eventually
negative and it is oscillatory otherwise .
In the past two years there has been an increasing interest in
the study of oscillatory behavior of solution of difference
equations. See [1-10] and reference cited therein. If o = f§ in
(1) then it is a synchronous case. If a = B, then (1) is an
equation with asynchronous non linearities.
In this paper we discuss the oscillatory and asymptotic
behavior of solutions of equations with asynchronous non
linearities.

I. SOME PRELIMINARY LEMMAS
In this section, we present some oscillation criteria for
equation (1). For all suf- ficiently large n, consider a
functional inequality holds and assume the following
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conditions.
(H1) {an} is a positive non-decreasing sequence such
that¥z_, =

I:I!

(H2) {bn} and {cn} are real sequences such that 0 < bp
<band 0 <cp<cwith
b+c<1;
(H3) {Pn} and {Qn} are positive real sequences;
(H4) a.and B are both rations of odd positive integer t1,
12, 61 and 62 are nonnegative integers.
Result:
Here we adopt the following notations:
Yn= Xn *bnXn—11 * CnXn+t2
Qn = min{Qn, On—11  On+12 }
Pn= min{PnBE&rrl » Pntto }
Ws= Qs+t M " "Ps
Lemma 2.1.Assume A>0, B> 0, a> 1 (A + B)%< 2% 1(A®
+ B%) (see [11]).
Lemma 2.2.Let {xn} be a positive solution of equation (1).
Then there are two cases hold for n > n1 €N sufficiently
large:
(1) yn> 0, Ayn >0, A%y > 0, AanAZyn) <0, A2(anA%yn) <
0;
(2) yn> 0, Ayn <0, A%y >0, A(anAZyn) <0, A2(anA%yn) <
0.
(see [11])
Lzmma 2.3.Letyy >0,Ayn >0, Azyn >0, A3yn <0,
A”yp < 0Ofor all
n> N eN. Then for any § €(0, 1) and some integer N1, the
following inequalities
Yl N
b,o 2

£

b2 I.é'lu

L

for n>N1 > N hold.

Lemma 2.4. Suppose that{xpn} be a positive solution of
equation (1) with the upper bound M, and the corresponding
yn satisfies (2) of lemma 2.2. Also if

E;=nn Lien (r:i., ;c=s{f?r +M S_R.Pr}jl =
(33

o0
holds, then limn — = xn =0.

Proof.

Let {xn} be a positive solution of equation (1) satisfying xn
<M.

limyn =X 0 exists. It can be
proved that A= 0. If not, A > 0,
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and for any
n—oo
>0,wehave 4 + e = -eventually. Choose
Al — b — ¢l
D=se=s———
b+ ¢
then we have Xn= Yn — bnXn—t1 — CnXn+t2

> A= (b+c)yn—11
A=(b+c)r+€)

Vv

= gA+¥%)
>gyn,
where
A= (b+c)(h+ )
g=>0.
A+ E
Further,

AMaghya) =708V o —Pagy®i,
=—g%q, ™M B_HPDJEEH -7

Summing the above inequality from n to oo, and using the
relation yy >\, we have

., 1 L
Ay, = t'gﬁil‘"“'( —Z(nﬁ M 3“";!5!] (4)
. '-.E“ r=n - 4

Summing the twogides cgcf (4) from n to o

1
—hy, = (g1)® (Z — (a:+ ﬂf&‘“m))
F=n ° =3

Since, yn > 0, Ayp <0.
Summing fromxnl Eco ) Iegds to

o, 2 (@D ) Z%Z{‘?r + Mg,
r=z

n=mn, &=n -
which is a contradiction to (3). Then A = 0, which together
with the inequality
0 <xn <yn implies that lim xn = 0. The proof is complete.
n

N
[e0]
Let Qn = min{dn, dn—11 , Un+c2 }, Pn = min{Pn,
Pn—t1, Pn+12 }
Theorem 2.1. Suppose that {xn} be a bounded positive
solution of equation (1) with the upper bound M , and the
condition (3) holds, 61 >11 and a1 >p > 1. If there exists a
positive real sequence {nn} and an integer N1 € such that
for some & €(0, 1) and 6 > 0.

@=L

s ((%] i Al ;aﬂ:lg ws)

n-1
. 3
lim su E C e
= L+b%+ 261 X (ﬂs—ﬂu"ﬁsr )

= -
4 Tz

holds, then every such solution {xn} of equation (1)

oscillates or 1Mp—w Xp =

Proof.
Let {xn} be a non oscillatory solution of equation (1), and xp
<M . Let that there exists an integer N > ng such that xp,
Xn—c1 » Xn+02 » Xn—1 » Xn+1t2 €(0, M]foralln>N, we
have,
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24l u ] iyl i
VOl 5™ g,y i 1200 :ﬁ %)

e 2 gtln-g +bup11'ﬂ Xﬂ-l—u-cﬁ :A‘l(a MA;Y&:E)

d

(]

f
- Py o= %ﬁ)

B
+~,ﬁ_-1q11‘[lxn-l-r_-cl+ )

|§2=.

=

By lemma (2.1) and B < o in (6), we have

A2, ATy, +b°A% (2, ATy, )

Sn—l
<FQ M=

+ A Ay ) Hy =661
26—14u—1n—1—c]4 o—lnt+1+G;

By lemma 2.2, there are two cases for ypn to be considered.
Assume that (1)
holds for alln > N1 >N .

It follows from Agn >0, that yn+62 > Yn—o1 -

2 2 o 2 0-11)
Aﬁ (@anA%yn) + b"A%(an-r,A"yn—11
c
+A’(an+1,A%yn+1,) +Qn ya <0 (8)
op-140-1nt1-c1

Define

YA
@m@‘% nn Ay . n>N1. (9)
Then v1(n) > 0 for n > N1.

An ﬂanﬂzﬁ'n) 32}'n

)= T ypelen g vt
T s

-0l

Ay

N A7 )= mxb<0(10)
ntl-oml+ay

and2
an—m‘i:"rn—ﬁ] 2 44 A Vo4

From (9), we have

A
M= Pl 1)+ wAlA’n v = DD
w41 n

Ay o=
)= Ay ay  tnr

"—\Yn-clznZNl (12)

Then v;(n) = 0 for n > Ny, which together with (12) vields

”*?Ea'nﬂl

A A Ay An+
s ™ ey, 2tV en) 0D gy
1l 2l AYl:l-c] U p1dn—o;
Similarly define )
n)=n, Y v p e (14)
vim)=my Ay B2

Yn-a1

Then we have,

Mg Nyar ) ¥t ])

At
() =2, 3
Avin) E _lx1§n+ +my A 1 ,,’?_-— (15)
[ R,
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Ay )+ b Avy() + f_il,_\wn)
Qn,kgn—l—c] AThl M:y(ﬂ"' 1)
M, +t——1n;
4Ly wor Teal N gl
el et
Tl 5&‘131: o
gﬁ Amn+ l) vn+1) (16)
751 Tl Bt

Since {a,} is nondecreasing and Ay, >0, Ay, <0, A*y, <0 forn = N;. Bylemma
(2.3) forany £ £(0, 1),

Yoil-m van o1)
Ay,

n-a]

{n
- 2
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g 0 A
n i"+L—. Mn
'_".'IJL':H) + bn--”: () + mjﬂj! ) = ~n o=l Ay T Mn+1
wiln +1) e (_"..rllﬂv_ n+1) o
L — .
" Mieifnery M+ ",
cf ('_‘wnvg (n+1) . win + 1]) 20)
261 Mn+1 i EIL }
On the other hand, we have for any & €(0, 1)
¥n s .1J"r!+1.—§| J"r!+1.—§| - E{n — o
j‘.‘l’ﬂ—?, j.'-'"r!—f, j‘.‘-'"r!—?, 2
for all n > N2, we obtain
I
g {1 + B+ ‘? ,) ap

Av,(n) + b%v, (n) + SEoT v (n) = —nqe, +

2 4y,
o ... . :
S A A s o gentop, _ Thg proof is similar to theorem 2_.1 Summing the
2y 2 inequality from N2 ton — 1, we obtain
1+p0+€a_ (an) N 5\ i —g,)” i
g . 261 1 F ot
* ; Z s ((4.) ?—[934_&{3 R’P])+(L+bﬁ+:ﬁ-l)ﬂs
4y =N =
Summing the inequality from N2 >Njp ton—1. R cf
“Li(n— g, . {J_ + 5% 48 Jﬂs . (An,)? = v (VL) + 6%, (NL) + ?3 Fo Vs (W)
Z s (4] ?— [QS + M l’P] th sides yields a contradiction to (19).
F=Ny - 5 The tase (2) can be proved 5|m|IarIy The proof is completed.
d Let nn =n, a =P = 1. Then we in the following result.
= 1N, B, (N, g WV .
< vi(2) + b%v, () + ?"5‘ 21 (V) Corollary 2.2. Suppose that xn be a bounded possible
Let n = N, a == 1. Then the following corollary is easily  splution of equation (1)with the upper bound M . Assume
obtained. N that condition (3) holds and 11 > o1. If
Corqllary 2.1..Suppose. that {xn} be a bounded positive n-1 5\EL E(n — g,)° 14b+te
solution of equation (1) with the upper bound M, and a=1. lim sup Z s (_] = W — oz, | = *
Assume that (5) holds and 61 > t1. If there is an integer N7 "7° =% * “ s
€N such that for some é €(0, 1) and 6 > 0. holds for all sufficiently large N , then every such solution
Lin — g, 1+b4+c {xn} of equation (1)oscillates or lim xp =0 where Wg = Qg
ltm sup Z (qs( ] °E W, — . n_g_ﬂ) M *(XPS'
=N n—a0
. ] Theorem 2.3.Assume that condition (3) holds, 61 >11 and 1
h_OIdS then every such solution {xn} of (1) oscillate (or) < a < B. If there exist a positive real sequence {nn} and an
lim,_.%n = 0, where - .
B integer N7 € with
Ws=Qs+M" "Ps. N a-1, .
Theqrem 2.2. suppose .that {Xxn} be a bounded positive |y sup E”_m(?}'s (n) FT" [ —
solution of equation (1) with the upper bound M .  Assume -
that the condition (7) holds, 61 <Tj1,and o > > 1. Ifthere  [i+z= +7-’}'__|:|c_\._,| [Az,)2
exists a positive real sequence np, and an integer N7 € such ar. == (23)
that for some & €(0, 1) and 6 >0 holds, then every solution {xn} of equation (1) oscillates (or)
- . " L » -
= st m—o)te (1- b0+ ) g HampdEE = 0.
lirrj:c sup Z Mg (E:I TR - Py Fheorens 224, Assuii)that condition (3) holds, 61 <711 and 1
" =N - £ < a < B. If there is a positive real sequence {ns} and an
holds, then every solution {xn} of equation (1) oscillates or  integer N1 €M with
“mi"—uxxﬂ = i rH( AN Gt 'L+ba+:-g_flﬂs-"uﬁ]:)_
. im sup ne | — pe W — == (24)
Proof. n-em Z ( J 2 4,
Assume that case 1 of lemma 2.2 holds for all n > N1 >®.  holds, then every solution {xn} of equation (1) oscillates (or)
Then define, limy_n¥n =
Gn j" ¥n )
vy (n) =n, Ay " =Ny, I. EXAMPLE
(n) = ﬂn-r.—"i Yn-r, . We present two examples to illustrate the main results.
V2t = A¥_r, =M Example f .1.Consider the four7tt1 order dlfgerence equation
Ay A3 - - -
vy () :nﬂu n= N, A (‘ri’!-l_EIH—L+3xi"+L]+390xr|__+ xiy=0nz=1
jj’nﬂ: n a=1h =¢ __ E
We have, n On=Cp =7 Gn =
Po :—ﬁ]:-u,fj_ —J. T» = ].
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g, =30, =00a=2=F=3

Take np = 1. It is easy to verity that (3) hold. On the
otherhand, condition (5) is also true.

Therefore by theorem (6), every Solution {xn} of (25)

il’;[n;jc ¥p = 0
Example 3.2.Consider the fourth order difference equation

- - c
A° (ﬂi’!j'- {-rr! + by, +Ci’!xi’!+‘.':}) +;xF!+L—E| + ;xi"!+l.+§: =0 (26)

wherec,d are positive constant, 0 <bp <b,0<cn <candb
+c<1. Let

1 C d .
ap = ﬂ’hu =ty :E: On :;, Pa :;,G: 2 }_E =1 . Take
nn. It is easy to see that theorem (6), (or) theorem (8) is well

satisfied.
Therefore every solution {xn} of equation (26) oscillates (or)

l-l'mr!—cxxﬂ =

Il. CONCLUSION

In this paper we solve non linear differential equation
and inequality of differential equations in our real life
problems. We find new theorem, definition and lemmas of
those inequalities and those non linear differential equations.
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