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Common Fixed Point Theorems for
Generalized Cyclic Contraction Pair in
Partial B-Metric Spaces

A. Jennie Sebasty Pritha, U.Karuppiah

Abstract: In this paper, we introduce the notion of generalized
cyclic contraction pair with transitive mapping in partial
b-metric spaces. Also, we establish some fixed point theorems for
this contraction pair. Our results generalize and improve the
result of Oratai Yamaod, Wutiphol Sintunavarat and Yeol Je
Cho (Fixed Point Theory App. 2015:164) in partial-b-metric
spaces.

Index Terms: altering distance function, common fixed point,
b-metric spaces, partial b-metric spaces, cyclic generalized
contraction, transitive mapping.

I. INTRODUCTION

One of the recently popular topics in fixed point theory is to
show the existence of fixed points of cyclic contraction
mappings in several spaces. In 2013, Shukla [1] introduced
the concept of partial b-metric spaces. There are number of
generalizations of metric spaces and Banach contraction
principle. In the sequel, Bakhtin [2] and Czerwik [3]
introduced b-metric spaces as a generalization of metric
spaces. On the other hand, Mathews [4] introduced the
notion of partial metric spaces. Here, he replaced usual
metric as partial metric space with the property that the self
distance need not to be zero. In this paper, we generalize
some fixed point results for cyclic contraction pair in partial
b-metric space by using the condition of transitive mapping.
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1.
Definition 2.1. [5]
Let A and B be non-empty subsets of a metric space (X,
d). A mapping f:A—B—>AUB js called a cyclic
contraction if there exists < < [0.1) such that
d(fx, fy)=kd(X.¥) forall X€Aang YEB
Definition 2.2. [1]
A partial b-metric on a hon-empty set X is a function
XxX > * IX,y,ZeX:

PRELIMINARIES

R such that for al
) X= Y ifand only if B ) =R (xy)=R(v.y);
(i) P (6 x) =R (% ¥);
(iv) there exists a real number s>1 such that
R (x y)gs[Pb(x, 7)+R(z y)]f R(z 2).
A partial b-metric space is a pair (><- %) such that X isa
non-empty set and Pb is a partial b-metric on X. The number

s is called the coefficient of (><> P)-
Definition 2.3.[8]
The function ¥ [0:-°) —>1[0.°) s called an
altering distance function if the following properties hold:
0] Y is continuous and non-decreasing;
(i) ¥ () =0 ifand onlyif t = 0.
Definition 2.4. [6] and [7]
Let X be a non-empty The mapping

a i X <X —>[0.%) s said to be transitive if for all
xy.zeX, a(xy)2la(y.z)21=a(x )21

set.

The authors of the accepted manuscripts will be given a
copyright form and the form should accompany your final
submission.

I, MAINRESULTS

Let (X-R) pea partial b-metric space with coefficient s

> 1 and /97X =X pe two self mappings. For all
X,yeX

' we have
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M, (1) =mas { (3R, 50.R,(5.0)

If s=1, we have

M (1) = { (). (6 5.8, (1)

&Wwﬁﬂwﬂﬁ

2s

R(x9)+R(y, fX)}

2
Definition 3.1
Let (>-B) be a partial b-metric space. Let A, B be
two non-empty closed subsets of X = with

SZl,a:XxX—>[0,oo),1//,¢:[0,oo)—>[0,oo) and f.g:X — X

be four mappings. The pair (f, g) is called an cyclic
generalized & —(¥+ % A B).. = contraction if

(i) v and ¢ are an altering distance function.

(i) Aw B has a cyclic representation with respect to the
pair (fg) that fF(M=Bg(B)=A
X =AUB.

(iii) there exists 0<O0 <1 sych that the following
condition holds:

is, and

a(xy)zlora(y,x)=1

5[1//(M

is a real constant.

xe AyeB with
This implies that
y/(SEPb(fx, gy))s

s (X' y))} (1)

where €~ 1
Theorem 3.1

Let (>R be a Pb-complete partial b-metric space.

Let A, B be the non-empty closed subsets of X. Suppose that

a: X xX —>[0,0), w,$:[0,00) —>[0,0)

and
f,9:X =X gych that the pair (f, g) is (A B)—
weakly increasing and the following condition hold:
the pair (f, 9) is cyclic  generalized
=¥ AB)._— contraction
f or g is continuous,
o is a transitive mapping,
X, X 1
If {xn} is sequence is X such that ( n’ ”*1) and

a(z,z)=1.

Then fand g have a common fixed point in ANB.
Proof. It is clear that from (1),

R (fx,0y) <M (xy) )
| X Y€ X.

X0 7> 2 36 N—> 0 then

for al
Now it follows immediately from (2) that z € X is a fixed
point of f if and only if z is a fixed point of g. Choose

X €A, let %= f(XO) and since f (A)g B, we have
X, € B.

= B)c A

Let X =05 and since g( )_ we have %A
Continuing this process, we can construct a sequence {xn}
fX € B X = gX2n+l € A for

2n+l 2n+2

in X such that

Al ne¥ U{O}.

Retrieval Number: J101508810519/2019©BEIESP

DOI: 10.35940/ijitee.J1015.08810519 86

(A’ B) weakly increasing, we have

a(gx, fgx ) >1.

> >
This implies that a(xl’ XZ)_l and a(xz, XS)_l'
Continuing this process, we obtain

Since fand g are =
a( X, 0f%, ) =1 and

a (%, Xy, ) =1 for all ne ¥ U{0}.
From (1)
(S P( n+1? n+2)) (S (f)( gxm—l)) §W( s( n? n+1)) (3)
for all ne¥ U{O}. If Xon = Xonu for some n or
Xons1 = X

2n+2 for some n, then obviously fand g have atleast
one common fixed point. Now we complete the proof by three
steps:

mF~, 0.
Step 1: We prove that * (X X1 ) =

For each K =¥ “ {0} we define P = B (X Xcua)-

B, =0, k,e¥ u{0

Now assume that for some " ° { } This
. . X, =X
implies that % kot

If ko =2n for some M E¥ 1 then Xen = Xena

X =X . .

Next to prove that 2nH P22 Since

& (X1 Xen) 21 we have

(S Pb( 241 2n+2)):'//

where
M; (inv X2n+1) = max{Pb (XZn’ X2n+1)’ R (XZn’ fxzn)’ R (X2n+1v gx2n+1)l

Pb (in’ gx2n+1)+ Pb (X2n+1' fXZn)
2s

(Sgpb (0, gx2n+1)) < 5‘//(Ms (XZn’X2n+1))

S maX{Pb (XZn 1 X2n+l)’ Pb (X2n+1' X2n+2 )}

=hR (X2n+1’ Xons2 )

From (4), we have
U/(SSPD (X2n+1’ X2n+2)) < 6W( (X2n+1 X2n+2 )) < 5W(S£Pb (X2n+1’ X2n+2 ))

= 1< this contradicts the fact that O <1.
W(S P( 2n+1? 2n+2)):O'

(4)

Therefore Hence
Xoni1 = Xons-
. k= ¥ U404,
Similarly, if ko 2n+1 for some { } then
Xons1 = Xons2 gives Xons2 = Xonsa-

Consequently, the sequence { b“} becomes constant for
0

k>ko, oo lim B, (%, Xr) =
Suppose R, =R (% %.1)>0, rorall KE¥ u{0}.

I::’b (Xk+1’ Xk+2) < Pb (Xk ' Xk+1)

Now to prove for all

ke¥ U{O}.
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Suppose R (Xk+1’ Xk+2) >R, (Xk ' Xk+1)' I'('_TO M (Xk 1 Xk+1) =r ©)
ne¥ u{0 ing N = j i i
Ik is even, then k = 2n, for some € { } then we Letting . in (3), using (5), (6) an3d the properties of
S’r)<oy(r)<ow(s’r).
have vy, we have W( ) l’”( ) V/( ) Since & < 1,
Pb(X2n7X2n+1)> Pb(XZn’X2n+1)' Since Xy, € A, !//(S3I’)=0:> r=0.
B (X X ) 1 we have
Xoni1 € B ang 2nr 72+l we have Thus
V/(Sgpb(xznwxzmz))='//(S£Pb(fxznvgxm+1))SJ’//(MS(inerml)) II(lm P (Xk , Xk+1) = 0
where o )
Ms (inv X2n+l) = maX{Pn (in ' X2n+1)’ Pn (sz fXZn)' Pb (X2n+1’ gX2n+l)’ Step 2:
Py (X Panet ) + B (Koo fxz,‘)} We shall prove that {xn} is a Pb- Cauchy sequence in X.
# That is for any & > 0, there exists Ke¥ such that
—P(2n+1’ 2n+2) mn>k P(X X)
Then we have =R e get bVTm
V(SR (Xonorr Xaniz)) =W (8P (Yot Xans2)) S 0 (S7Py (Xoniss Xan2) Suppose for the contrary assumption, we assume that there

<W(SEPh(X2n+1'XZn+2))
Which is a contradiction. Therefore

X
Pb(X2n+1’ 2n+2) <R ( 2n1 2n+1) =M; (XZn—].'XZn) for all and { ™ } of {xn} such that

ne¥ u{O}. (@) m, is even and nk is odd,

. . X
exists & > 0 for which we can find two sub-sequences { ™ }
n.>m >k

ne¥ U0, P(x ,x |>g,
Ifk is odd, then k = 2n+1 for some ) (b) b( e ) ®)
Therefore, we have (c) nk is the smallest number such that the condition (b)
holds, that i
R (X2n+2’ 2n+3) >R, ( 2n+17 2n+2) olds, that is
PIx ,X ,)<é&
Since Xen+2 € A X, €B and a(xznw X2n+2) >1. b( et 1) 9)
we have From (7), (8), (9) and the triangle inequality, we obtain
(SR s X)) =9 (SR (B, 00 SO0 (M, () £ <R (X, )
<S| R (X o X 1) F R X 0 X ) [ = Rl X a0 %o
where [b(m 1) ( = )} b(w kl)
M, (X2n+zv X2n+1) = maX{Pb (X2n+zv X2n+1)' R (X2n+zr fxzmz)v R (X2n+1v gX2n+1)' < S|:£ + Pb (Xnkfll Xnk )] - Pb (Xnkfp Xnk 71)
P ! 2n+1 Pb 2n+11 f 2n+2 - . . . .
s (arez OX );S (o )} Letting K — 0 in above inequality and using (7)
<Ii
< l!msup R, (xmk X ) <S¢ (10)
=R (X2n+2’ X2"+3) From the triangle inequality, we have
Therefore Pb(xmK nk)<s|:P( 'm 1 nk+l)+P( 0+l nk)J_Ph(Xnkﬂ nwl) (11)
l//(s R ( 2n+37 2n+2 )) < é‘y/(sgpb (X2n+2’ X2n+3)) and
<0y (SR (¥on.z Xnss)) Bl 5o )£5{ B0 )48 O 5] 5 ) 1
. Lettingk —» o in (11) and (12), from (7) and (10), we have
< ‘//(S R (X2n+2’ X2n+3))
Which is a contradiction. So we have €< S(I'm SupR, ( my ’Xnk+1)) and
R (X2n+2’ X2n+3) <R (X2n+1’ Xons2 ) =M; (X2n ' X2n+1) 2
for II(!I}OsupP( m, ,Xnk+1)33 £, i s
" ne¥u{0}. this implies that
£< limsupP, (Xn %) <57
Hence B (Xt X2 ) < B (X Xa) holds. Then _° (13)
Again usmg the above process, we have
(P (%, %1) ke ¥ U{10}] ‘< )
_ _ _ _ —<lim SUP R, (%, Xy 1) < 5%
is bounded below and non-increasing. Then there exists r S (14)
> 0 such that Finally, we have
II(EQP (Xk’Xk+1):r 5)
This implies
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Pb(xmk’xnkﬂ)gs[Pb( my mk+1)+P( mk+1’Xnk+l):|_Pb(ka+1'xmk+1)
Taking the limit supremum as k — o in above inequality,
from (7) and (13), we have

=< II(|m sup B, ( m +l,xnk+1)
Similarly, we have

lim sup R, (x X
k—»o0

m+17 “n+1

) <s’e
(16)
It follows from (15) and (16) that

g . 3
?s Ml sup R, (xmkﬂ, xnkﬂ) <s’s

(17)
a(xmk,xnk)zl.

Since o is transitive, we have
From (1), we have
v (SR (1,

V(SR (Xn X)) =

Where

o I, )) "’(MS(XW w ))(18)

F’b(xmk,gxnk )+

i, (x,2)= lim B,(x,%,)=0=R,(2.2)

limx, =limx,, , =lim x
n—oo

SO, n—oo n—oo

=17.

2n+1 2n

Since {x2n} isasequence in A, A is closed and Xon = Z,
we have z € A.
Also since {x2n+1} is a sequence in B, B is closed and

Xonia ™ 25 we have z € B.

To show that z is a fixed point of f and g. Without loss of
generality, we assume that f is continuous.

Since {x2n} — z, we get Xons1 = Do = 1.
So, we have z = fz. Now to prove that z = gz.
Sincez e A,z e Band a (z, z) > 1, we have

W(Sng(z,gz)):;//(Sng(fz,gz))
<oy (M,(z,2))

Pb(xnk, fx"k)

M (xmk xnk) max{P(xmk xnk) P(xmk,fxmk),&(xnk,gxnk), 2

:maX{Pb(ka,Xnk),Pb(kaIkau) R (% X )

Pb(ka’ n+l)+P( n ! mk+l)
2s

Letting the limit supremum as k — oo in the above
equation and using (8), (7), (13), (14), (17), we have

Letting k — o in (18), we obtain
&
‘”“5):'”(53 —j
<w(s3 lim sup P (x X ))
- K% b\ "m+17 P +1

(x0,)

< 5W(|Im sup M

k—o0

<6y (s¢)

Since 8 < 1, we have v (Sg)
is a contradiction.

Therefore {xn} is a Pb — Cauchy sequence

Step 3: We prove that the existence of a common fixed
point of fand g.

Since (X, Pb) is a Pb complete and {xn} is a then from
definition and lemma of [9], {xn} converges to z € X.
Therefore, we have

and hence € = 0, which
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zaw[max{lbb(z,z) (2, 2),P (zgz)WW}J

=0y (R, (z,92))
<oy (s°R,(z 92))

Since & < 1, it follows that R (Z’ gz) =0. Thus z = gz.
Therefore z is a common fixed point of f and g. This
completes the proof.

The previous theorem can be proved without assuming
the continuity of f or g. For instance, We assume that X
satisfies following properties:

Definition 3.2

Let (X, Pb) be a partial

a1 X xX —[0,0)

b-metric space and

be a mapping. A space X satisfies the

X
property (Qp*’) if { “} is a sequence in X such that

X, X 1
( n’ ”*1) for all ne¥ and 5 7 % asn o o0,
al(x ,x)=>1
then ( n ) forall N€¥.
Theorem 3.2

Let (X, Pb) be a complete partial b-metric with
coefficient s > 1 and A, B be a non-empty closed subsets of

X If a: X xX —)[O,oo),t//:[O,oo)—)[O,oo) and

f, g : X > Xare four mappings such that the pair (f, g) is o -
(A, B)-weakly increasing and the following condition hold:
(i) the par (ff g is a cyclic o -

(W’ A B)S’f B contraction,

(ii) X satisfies the property (Qp" ) ,
(iii) o is a transitive mapping,
(iv) If {xn} is a sequence in X

X, X 1
such that ( n ”*1) for all
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by step to construct a sequence {xn} in X with
(X%, %01 ) 21, Xy € A Xy, €B

2n+ for all N€¥ and _ .
Dr.U.Karuppiah  Department of Mathematics, St.  Joseph’s

X, >Z Xon > Z, X504 12 College(Autonomous), Trichy-620 002. email: u.karuppiah@gmail.com.

for some Z€ X. Since
and A, B are closed in X. This implies Z€ ANB.

By using the property of(Qp*’) , We have a(xn, Z) 21

forall NE¥ Sincex2neA,ZEBanda(X",

z)>1forallN€¥
y/(SEPb(XZM,gz)):y/(SEPb(fx2n,gz))55y/(Ms(x2n,z))
where

Ms(xnz>:max{a<x2n,z>,a<x2n,fxm),a(z,gz),

R, (Xen, 92) + By (2, %)
2s

Pb(x2n’ gZ)+ Pb(z'x2n+1)}

{8 (02,8 1) 2.92), -

Taking the limit supremum as n — o in the above
inequality, we have

v(S°R(2,02))=w (PR (z.92)) < Sy (S°P, (2. 92))

Since < 1ands> 1, we have R (Z’ gz) ~ " Hencez=
gz. Similarly, we can show that fz = z.

Thus z is a common fixed point of f and g. This completes
the proof.

IV. CONCLUSION

In this paper we introduced and discussed about b-metric
spaces and their properties.
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