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 

Abstract: In this paper, we introduce the notion of generalized 

cyclic contraction pair with transitive mapping in partial 

b-metric spaces. Also, we establish some fixed point theorems for 

this contraction pair. Our results generalize and improve the 

result of Oratai Yamaod, Wutiphol Sintunavarat and Yeol Je 

Cho (Fixed Point Theory App. 2015:164) in partial-b-metric 

spaces. 

 

Index Terms: altering distance function, common fixed point, 

b-metric spaces, partial b-metric spaces, cyclic generalized 

contraction, transitive mapping.  

.  

I. INTRODUCTION 

  One of the recently popular topics in fixed point theory is to 

show the existence of fixed points of cyclic contraction 

mappings in several spaces. In 2013, Shukla [1] introduced 

the concept of partial b-metric spaces. There are number of 

generalizations of metric spaces and Banach contraction 

principle. In the sequel, Bakhtin [2] and Czerwik [3] 

introduced b-metric spaces as a generalization of metric 

spaces. On the other hand, Mathews [4] introduced the 

notion of partial metric spaces. Here, he replaced usual 

metric as partial metric space with the property that the self 

distance need not to be zero. In this paper, we generalize 

some fixed point results for cyclic contraction pair in partial 

b-metric space by using the condition of transitive mapping.  
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II. PRELIMINARIES 

Definition 2.1. [5]  

 Let A and B be non-empty subsets of a metric space (X, 

d). A mapping :f A B A B    is called a cyclic 

contraction if there exists  0,1k 
 such that  

   , ,d fx fy kd x y
 for all x A  and y B  

Definition 2.2. [1] 

 A partial b-metric on a non-empty set X is a function 

:bP X X   ¡  such that for all 
, , :x y z X

 

 (i) 
x y

 if and only if      , , , ;b b bP x x P x y P y y 
 

 (ii)    , , ;b bP x x P x y
 

 (iii)     , , ;b bP x y P y x
 

 (iv) there exists a real number s1 such that    

                  
       , , , , .b b b bP x y s P x z P z y P z z      

A partial b-metric space is a pair  , bX P  such that X is a 

non-empty set and Pb is a partial b-metric on X. The number 

s is called the coefficient of  , .bX P  

Definition 2.3.[8] 

 The function    : 0, 0,     is called an 

altering distance function if the following properties hold: 

(i) 


 is continuous and non-decreasing; 

(ii)   0t 
 if and only if t = 0. 

Definition 2.4. [6] and [7]   

 Let X be a non-empty set. The mapping 

 : 0,X X   
 is said to be transitive if for all 

     , , , , 1, , 1 , 1.x y z X x y y z x z      
 

 

The authors of the accepted manuscripts will be given a 

copyright form and the form should accompany your final 

submission. 

III. MAIN RESULTS 

Let  , bX P
 be a partial b-metric space with coefficient s 

 1 and , :f g X X  be two self mappings. For all 

, ,x y X
 we have  
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       
   , ,

, max , , , , , ,
2

b b

s b b b

P x gy P y fx
M x y P x y P x fx P y gy

s

 
  

   
If s = 1, we have 

       
   , ,

, max , , , , , ,
2

b b

b b b

P x gy P y fx
M x y P x y P x fx P y gy

 
  

   
Definition 3.1  

 Let  , bX P  be a partial b-metric space. Let A, B be 

two non-empty closed subsets of X with 

     1, : 0, , , : 0, 0,s X X        
 and , :f g X X  

be four mappings. The pair (f, g) is called an cyclic 

generalized  
,

, , ,
s

A B


   
 contraction if  

(i)  and  are an altering distance function.  

(ii) A B  has a cyclic representation with respect to the 

pair (f,g) that is,    ,f A B g B A 
 and 

.X A B   

(iii) there exists 0 1   such that the following 

condition holds:  

 ,x A y B   with 
   , 1 , 1x y or y x  

 

 This implies that  

   
     , ,b sS P fx gy M x y         (1) 

 where 
1 

 is a real constant.  

Theorem 3.1  

 Let  , bX P  be a Pb-complete partial b-metric space. 

Let A, B be the non-empty closed subsets of X. Suppose that 

 : 0, ,X X   
 

   , : 0, 0,    
 and 

, :f g X X  such that the pair (f, g) is  ,A B  
 

weakly increasing and the following condition hold:  

the pair (f, g) is cyclic generalized 

 
,

, , ,
s

A B  


 
contraction  

f or g is continuous,  

 is a transitive mapping,  

If {xn} is sequence is X such that 
 1, 1n nx x  

 and 

nx z
 as n  then 

 , 1.z z 
 

Then f and g have a common fixed point in .A B  

Proof. It is clear that from (1),  

   
   , ,b sS P fx gy M x y 

 (2) 

for all 
, .x y X

 

Now it follows immediately from (2) that z  X is a fixed 

point of f if and only if z is a fixed point of g. Choose 

0 ,x A
let 

 1 0x f x
 and since 

  ,f A B
 we have 

1 .x B
  

Let 2 1x gx
 and since 

  ,g B A
 we have 2 .x A

 

Continuing this process, we can construct a sequence {xn} 

in X such that 2 1 2 2 2 2 1,n n n nx fx B x gx A     
 for 

all 
 0 .n ¥

 

Since f and g are 
 ,A B 

 weakly increasing, we have 

 0 0, 1fx gfx 
 and 

 1 1, 1.gx fgx 
 

This implies that 
 1 2, 1x x 

 and 
 2 3, 1.x x 

 

Continuing this process, we obtain  

   1, 1 0 .n nx x for all n    ¥
 

From (1) 

        1 2 1 1, , ,b n n b n n s n nS P x x S P fx gx M x x       
 (3) 

for all 
 0 .n ¥

 If 2 2 1n nx x 
 for some n or 

2 1 2 2n nx x 
 for some n, then obviously f and g have atleast 

one common fixed point. Now we complete the proof by three 

steps:  

Step 1: We prove that 
 1lim , 0.b k k

k
P x x 




 

For each  0 ,k ¥
 we define  1, .

kb b k kP P x x 
 

Now assume that 0

0,
kbP 

 for some 
 0 0 .k  ¥

 This 

implies that 0 0 1k kx x 
 

If 0 2k n
 for some 

,n¥
 then 2 2 1n nx x 

 

Next to prove that 2 1 2 2.n nx x 
 Since 

 2 2 1, 1,n nx x  
 we have  

        2 1 2 2 2 2 1 2 2 1, , ,b n n b n n s n nS P x x S P fx gx M x x       
 

where  

       

   

2 2 1 2 2 1 2 2 2 1 2 1

2 2 1 2 1 2

, max , , , , , ,

, ,

2

s n n b n n b n n b n n

b n n b n n

M x x P x x P x fx P x gx

P x gx P x fx

s

   

 



 



     

  
    2 2 1 2 1 2 2max , , ,b n n b n nP x x P x x  

 

  
 2 1 2 2,b n nP x x 

  (4) 

From (4), we have  

        2 1 2 2 2 1 2 2 2 1 2 2, , , .b n n b n n b n nS P x x P x x S P x x         
 

1    this contradicts the fact that 1.   

Therefore 
  2 1 2 2, 0.b n nS P x x   

 Hence 

2 1 2 2.n nx x 
 

Similarly, if 0 2 1k n 
 for some 

 0 ,n ¥
 then 

2 1 2 2n nx x 
 gives 2 2 2 3.n nx x 

 

Consequently, the sequence 
 

kbP
 becomes constant for 

0 ,k k
 then 

 1lim , 0b k k
k

P x x 



 

Suppose 
 1, 0,

kb b k kP P x x  
 for all 

 0 .k ¥
 

Now to prove 
   1 2 1, ,b k k b k kP x x P x x  

 for all 

 0 .k ¥
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Suppose 
   1 2 1, , .b k k b k kP x x P x x  

 

If k is even, then k = 2n, for some 
 0 ,n ¥

 then we 

have 

   2 2 1 2 2 1, , .b n n b n nP x x P x x 
 Since 2 ,nx A

 

2 1nx B 
 and 

 2 2 1, 1.n nx x  
 we have  

        2 1 2 2 2 2 1 2 2 1, , ,b n n b n n s n nS P x x S P fx gx M x x         
where  

       

   

2 2 1 2 2 1 2 2 2 1 2 1

2 2 1 2 1 2

, max , , , , , ,

, ,

2

s n n b n n b n n b n n

b n n b n n

M x x P x x P x fx P x gx

P x gx P x fx

s

   

 



 

  

  
 2 1 2 2,b n nP x x 

 
Then we have  

        

  

2 1 2 2 2 1 2 2 2 1 2 2

2 1 2 2

, , ,

,

b n n b n n b n n

b n n

S P x x S P x x S P x x

S P x x

  



  



     

 

 


 

Which is a contradiction. Therefore  

     2 1 2 2 2 2 1 2 1 2, , ,b n n b n n s n nP x x P x x M x x    
 for all 

 0 .n ¥
 

If k is odd, then k = 2n+1 for some 
 0 .n ¥

 

Therefore, we have 

   2 2 2 3 2 1 2 2, ,b n n b n nP x x P x x   
 

Since 2 2 2 1,n nx A x B  
 and 

 2 1 2 2, 1.n nx x   
 

we have  

        2 3 2 2 2 2 1 2 2 2 1, , ,b n n b n n s n nS P x x S P fx gx M x x        

 

where  

       

   

2 2 2 1 2 2 2 1 2 2 2 2 2 1 2 1

2 2 2 1 2 1 2 2

, max , , , , , .

, ,

2

s n n b n n b n n b n n

b n n b n n

M x x P x x P x fx P x gx

P x gx P x fx

s

       

   



 



 

  
 2 2 2 3,b n nP x x 

 
Therefore  

     2 3 2 2 2 2 2 3, ,b n n b n nS P x x S P x x     
 

              

  

  

2 2 2 3

2 2 2 3

,

,

b n n

b n n

S P x x

S P x x









 

 




 

Which is a contradiction. So we have  

     2 2 2 3 2 1 2 2 2 2 1, , ,b n n b n n s n nP x x P x x M x x     
 for 

all 
 0 .n ¥

 

Hence 
   1 2 1, ,b k k b k kP x x P x x  

 holds. Then 

    1, : 10b k kP x x k  ¥
 

is bounded below and non-increasing. Then there exists r 

 0 such that 

  
 1lim ,b k k

k
P x x r




  (5) 

This implies  

  
 1lim ,s k k

k
M x x r




  (6) 

Letting n  in (3), using (5), (6) and the properties of 

, we have 
     3 3 .s r r s r   

 Since  < 1, 

we have 
 3 0 0.s r r   

 

Thus  

  
 1lim , 0b k k

k
P x x 




  (7) 

Step 2:  

We shall prove that {xn} is a Pb- Cauchy sequence in X. 

That is for any ε > 0, there exists k¥  such that 

, ,m n k
 we get 

 , .b m nP x x 
 

Suppose for the contrary assumption, we assume that there 

exists ε > 0 for which we can find two sub-sequences { kmx
} 

and { knx
 } of {xn} such that k kn m k 

 

( ) ka m
 is even and nk is odd, 

(b)   
 , ,

k kb m nP x x 
 (8) 

(c) nk is the smallest number such that the condition (b) 

holds, that is  

  
 1,

k kb m nP x x  
 (9) 

From (7), (8), (9) and the triangle inequality, we obtain  

 
 ,k kb m nP x x 

 

    
     1 1 1 1, , ,

k k k k k kb m n b n n b n ns P x x P x x P x x   
   
   

    
   1 1 1, ,

k k k kb n n b n ns P x x P x x   
   
   

Letting k   in above inequality and using (7) 

 
 lim sup ,

k kb m n
k

P x x s 


 
 (10) 

From the triangle inequality, we have  

       1 1 1 1, , , ,
k k k k k k k kb m n b m n b n n b n nP x x s P x x P x x P x x   

   
   (11) 

and  

       
11, , , ,

k k k k k k k kb m n b m n b n n b n nP x x s P x x P x x P x x


   
  (12) 

Letting k   in (11) and (12), from (7) and (10), we have  

  1lim sup ,
k kb m n

k
s P x x 




 and 

  2

1lim sup , ,
k kb m n

k
P x x s 




 this implies that  

   
  2

1lim sup ,
k kb m n

k
P x x s

s





 

 (13) 

Again using the above process, we have  

   
  2

1lim sup ,
k kb n m

k
P x x s

s





 

 (14) 

Finally, we have  
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       1 1 1 1 1 1, , , ,
k k k k k k k kb m n b m m b m n b m mP x x s P x x P x x P x x     

   
   

Taking the limit supremum as k   in above inequality, 

from (7) and (13), we have  

  
 1 12

lim sup ,
k kb m n

k
P x x

s


 




 (15) 

Similarly, we have  

  
  3

1 1lim sup ,
k kb m n

k
P x x s  




 (16) 

It follows from (15) and (16) that  

  
  3

1 12
lim sup ,

k kb m n
k

P x x s
S


 


 

 (17) 

Since  is transitive, we have 
 , 1.

k km nx x 
 

From (1), we have 

 
        1 1, , ,

k k k k k kb m n b m n s m nS P x x S P fx gx M x x      
(18) 

Where  

       
   , ,

, max , , , , , ,
2

k k k k

k k k k k k k k

b m n b n n

s m n b m n b m m b n n

P x gx P x fx
M x x P x x P x fx P x gx

s

 
 



  
      1 1max , , , , , ,

k k k k k kb m n b m m b n nP x x P x x P x x 
 

  

   1 1, ,

2

k k k kb m n b n mP x x P x x

s

 
 

  

Letting the limit supremum as k   in the above 

equation and using (8), (7), (13), (14), (17), we have  

  

max ,
2

s s

s

 

 

 
 

  
 
   

   lim sup ,
k ks m n

k
M x x




 

  

2 2

max ,
2

s s
s

 


 
  

   

   = s  

Letting k   in (18), we obtain  

  

  3

2
s s

s


  

 
  

   

   
  3

1 1lim sup ,
k kb m n

k
s P x x  




 

   
  lim sup ,

k ks m n
k

M x x



 

   
 s 

 

Since  < 1, we have 
  0s  

 and hence ε = 0, which 

is a contradiction.  

Therefore {xn} is a Pb – Cauchy sequence 

Step 3: We prove that the existence of a common fixed 

point of f and g. 

Since (X, Pb) is a Pb complete and {xn} is a then from 

definition and lemma of [9], {xn} converges to z  X. 

Therefore, we have  

     
,

lim , lim , 0 ,b n b n m b
n n m

P x z P x x P z z
 

  
 and 

so, 
2 1 2lim lim lim .n n n

n n n
x x x z

  
  

 

Since {x2n} is a sequence in A, A is closed and 2 ,nx z
 

we have z  A. 

Also since {x2n+1} is a sequence in B, B is closed and 

2 1 ,nx z 
 we have z  B. 

To show that z is a fixed point of f and g. Without loss of 

generality, we assume that f is continuous.  

Since {x2n}  z, we get 2 1 2 .n n zx fx f  
 

So, we have z = fz. Now to prove that z = gz. 

Since z  A, z  B and  (z, z)  1, we have  

     , ,b bS P z gz S P fz gz  
 

     
  ,sM z z

 
      

     
   , ,

max , , , , , ,
2

b b

b b b

P z gz P z fz
P z z P z fz P z gz

s


  
    

    

      
  ,bP z gz

 

      
  3 ,bs P z gz

 

Since  < 1, it follows that 
 , 0.bP z gz 

 Thus z = gz. 

Therefore z is a common fixed point of f and g. This 

completes the proof.  

 The previous theorem can be proved without assuming 

the continuity of f or g. For instance, We assume that X 

satisfies following properties: 

Definition 3.2 

 Let (X, Pb) be a partial b-metric space and 

 : 0,X X   
 be a mapping. A space X satisfies the 

property 
 

bpQ
 if 

 nx
 is a sequence in X such that 

 1, 1n nx x  
 for all 

n¥
 and nx x

 as n  , 

then 
 , 1nx x 

 for all .n¥  

Theorem 3.2 

 Let (X, Pb) be a complete partial b-metric with 

coefficient s  1 and A, B be a non-empty closed subsets of 

     . : 0, , : 0, 0,X If X X      
 and              

f, g : X  X are four mappings such that the pair (f, g) is  - 

(A, B)-weakly increasing and the following condition hold:  

(i) the pair (f, g) is a cyclic  - 

 
,

, ,
s

A B


 
contraction,  

(ii) X satisfies the property 
 

bpQ
, 

(iii)  is a transitive mapping,  

(iv) If {xn} is a sequence in X 

such that 
 1, 1n nx x  

 for all 
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n¥  and nx z
 as           n  , then 

 , 1.z z 
 

Then f and g have a common fixed point in A  B. 

Proof. Now, we prove the reasoning of Theorem 3.1 step 

by step to construct a sequence {xn} in X with 

 , 1 2 2 11, ,n n n nx x x A x B    
 for all n¥  and 

nx z
 for some .z X  Since 2 2 1,n nx z x z 

 

and A, B are closed in X. This implies .z A B   

By using the property of
 

bpQ
 , we have 

 , 1nx z 
 

for all n¥ .                     Since x2n  A, z  B and  ( nx
, 

z)  1 for all n¥ , 

        2 1 2 2, , ,b n b n s nS P x gz S P fx gz M x z     
 

where  

       
   2 2

2 2 2

, ,
max , , , , , ,

2

b n b n

s n b n b n n b

P x gz P z fx
M x z P x z P x fx P z gz

s

 
  

 

 

     =
     

   2 2 1

2 2 , 2 1

, ,
max , , , , ,

2

b n b n

b n b n n b

P x gz P z x
P x z P x x P z gz





 
 
   

Taking the limit supremum as n   in the above 

inequality, we have  

        , , ,b b bS P z gz P z gz S P z gz      

Since  < 1 and s  1, we have 
 , 0.bP z gz 

 Hence z = 

gz. Similarly, we can show that fz = z. 

Thus z is a common fixed point of f and g. This completes 

the proof.  

IV. CONCLUSION 

In this paper we introduced and discussed about b-metric 

spaces and their properties. 
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