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Fekete — Szego Problem for Sakaguchi kind of
Functions Related to Shell — like Curves
Connected with Fibonacci Numbers

P.Lokesh, B.Srutha keerthi

Abstract: In this paper, it is attempted to introduce and
investigate new subclasses of Sakaguchi kind of functions
related to shell — likes curves connected with Fibonacci numbers.
Furthermore, the estimates of first two coefficients of functions
in these classes are obtained. Fekete — Szego inequalities for
these function classes are also determined.
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I. INTRODUCTION

Q=2:z/<1
Let { | | } denote the unit disc on the
complex plane. The class of all analytic functions of the form

f(z)=2+>a,z"

n=1 (1)
in the open unit

f(O): f’(O)—l: 0'is denoted by Aand class S < A

is the class which consists of univalent functions in €2.
The koebe one quarter theorem [3] ensures that the

image of Q under every univalent function feA
contains a disk of radius ¥4. Thus every univalent function

-1
feA has an inverse f satisfying

f2(f (zeQ)

(2)=2
f(f 1(W))=W(|W| < ro(f), ro(f)zlj

4

disc €2 with normalization

and

A function feA is said to be bi — univalent on €2 if

-1
both f and f
class of bi univalent functions as defined in the unit disk €2 .

are univalent in €. Let 2 denote the

Since f ez:has the Maclaurian Series given by (1) , a

g
computation shows that its inverse g="f has the
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expansion
gw)= 1 (w)=w-a,w + (222 -a )+ ... @
One can see a short history and examples of function in

the class  in [13]. Several authors have introduced and

investigated subclasses of bi — univalent functions and

obtained bounds for the initial coefficients (see [1,

2,8,13,14,15]).

f

An analytic function  is subordinate to an analytic

fr F(ZEQ)

function F in €2, written as , provided

there is an analytic function wdefined on €2 with W(O) =0

and |W(Z)| < 1satisfying f(z) - F(W(Z)). It follows from
Schwarz Lemma that

f(z)n F(z) = £(0)= F(0)
HQ)F@Q) zco

(for details see [3,7]. The important subclasses of S in
feA

and

geometric function theory such that if are recalled

and

f(z) and
p(z)— 1+z f

where 1-z , then it is said that " is star like
and convex, respectively. These functions form known

classes denoted by S’ and C, respectively. Recently, in

[12], Sokol introduced the class SL of Shell — like functions

feA

on the set of functions which is described in the

following definitions:

Definition 1.1. The function feA belongs to the class

SL if it satisfies the condition that
f'lz) -
()np&)

f(2)

with
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r= 1_2‘/§ ~-0.618

It should be observed SL is a subclass of the star like

functions S’ .

Later, Dziok etal. in [4] and [5] and Ozlem Guney et al.
[9] defined and introduced various subclasses of bi-univalent
function related to a shell — like curve connected with
Fibonacci numbers, respectively.

Definition 1.2. The function feA belongs to the class
KSL of convex shell — like functions if it satisfies the
condition that

f"(z) - 252
1+ '( )n p(z): 1+7 z2 :
f (Z) l-z-7°2

r= 15 ~-0.618

with

Tl N

The function is not univalent in €2 , but it is univalent

<£¥)z0.38

in the disc . For example,
_ _ ﬁ(epiarccos(lM)): ﬁ
p(0)= p(—l/ 27)=1 and S andit
may also be noticed that

Gl

Ifl ~[

which shows that the number |T| divides [0,1] such that it
fulfills the golden section. The image of the unit circle

z|=1
| | under P is a curve described by the equation given
by

ox—V5)y? = (V5 - 2xJVBx ~1f

which is translated and revolved trisectrix of Maclaurin.

= it
The curve p(re ) is a closed curve without any loops for
rn<r<l

O<rsr0=£3ﬂ)z0.38
2 . For 0 , it has a

loop and for r=1 it has a vertical asymptote. Since
2
7 satisfies the equation 7 :1+T, this expression can be

n
used to obtain higher powers 7 as a linear function of lower
powers, which in turn can be decomposed all the way down to
a linear combination of 7 and 1. The resulting recurrence

. . . . . u
relationships yield Fibonacci numbers " " :
"=u.+U

In [11], taking % =1 Raina and Sokol showed that

1+7222 ( 1) 1
=t |——
t)1-t—t

= 2,2
p(z)=1-z-7%z
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- (t + fjni - TJ"E .

= (t +%j§:untn =1+§:(un—l +un+l)1-nzn
n=1 n=1
where

1-45
2

1-7) 7"
o= RS CYNPE
¥ 4)

This shows that the relevant connection of p with the

sequence of Fibonacci numbers Un , such that

Upy=0,u =lu,,=u,+u

™l for n=0,1,2,.... And they got

p(z):l+i B2" =1+ (U +u, )z +(u, +u, 22 Jri(u",3 +U, U, U 2"
n=3

n=1

=+ A AT T L ()

Let p(ﬂ) OSﬁ<l, denote the class of analytic
functions P in Q with p(O):l, and Re{p(z)}>ﬂ_

Especially, P instead of p(O) is used.

- 1+7%2°
pz)=—"—"77
Theorem 1.3. [5] The function l-z-7°2
= ﬁ ~0.2236

IB =
belongs to the class p(ﬁ) with 10 .
Now the following lemma is given to prove the theorem.

Lemma 1.4. [10] Let peP
p(z)=1+cz+c,2% +....

with

then

C0[ <24 n21 6)

In this present work, two subclasses of Sakaguchi kind of

2 associated with shell — like functions connected with
Fibonacci numbers are introduced to obtain the initial Taylor

.. a a .
coefficients | 2| and | 3| for these function classes. Also,

ﬂz‘

for

bounds for the Fekete — Szego functional ‘
each subclass are also given.
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M, .= (B(z))

In this section, a new subclass of Sakaguchi kind of 2 s
associated with shell — like functions connected with
Fibonacci numbers in order to obtain the initial Taylor

SL
Il. B1—UNIVALENT FUNCTION CLASS

.. a a .
coefficients | 2| and | 3| for the function class of
subordination.

_ 2
Firstly, let p(z)_1+ P.Z+ P27 +..... and

PT D Then there exists an analytic functions u such that

u(z) <1 in Q and p(z)=p(u(2)) Therefore the

function
1+ulz
h(z)zl_ugz)=1+clz+czzz+.... o

is in the class p(O). It follows that

3\.3
u(z)=" L +[c3—c1c2 _Cijzf ......
®)

~—

¢ |z
CZ
2 22

1 ). 1 ¢l o |,
P Cs_C1C2+Z p1+Ec1 Cz‘? pz"’gps Tt
)

And similarly, there exists an analytic function V such

that |V(W)| <:I'in Q and p(W)= 5(V(W)) Therefore, the
function

K(w)—1+v(w) 1+dw+d,w +..
(W) (10)
is in the class P( . It shows that
2 3
+[ j [d ~dd, - d4j”; .......
(11)
Alv( 1+p1 {d— Pt pz}‘”"’

3
{ [d -dd, +d ]pﬁ d[d dsz2+d§53 }W3+ ........
(12)

0<A<Lftf<1 t.1

Definition 2.1. For a function
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feA o the form (1) is said to be in the class

SLM “'Z(p(z)) if the following subordination hold:
(1—t)(/123f’”(z)+(1+21)zzf”(z)+zf’(z))n~(Z)_ 1+7%7°
22 £(2) -2 £ "(t2))+ 2(F(2)-tf (1)) P a7

and
(Lt )+ 1+ 200 () + v (W))nﬁ(w= L+ 2
T-w-7w’

iW(g() g(tW)) w(g'(w)-tg ()
T= 15 ~-0618
where

(13)

(14)

Where z,WeQ)

is given by (2).
In the following theorem, an attempt has been made to

and ¢

. C L .. a a
determine the initial Taylor coefficients | 2| and | 3|for the

M, ((2)

for this subclass is also obtained.
Theorem 2.2. Let f
SLM ALZ ( p(Z)) Then

la,| <

. SL .
function Fekete — Szego functional

‘8.3 _ﬂag‘
be given by (1) be in the class

[

VAL 2P A-tF + B+ 22)2—t—t?)-8+ AF (-3t +t7)fr (15)

and
< e+ 2R (2t -2l2-3t+1))
S 222t Jalr AP At + Bl 22 )2t ) -8+ AF -3t + )]

(16)

Proof. Let fe SLM “'E(p(z)) and 97 - .
Considering (13) and (14), we have
L-t)a2° £ "(2)+ L+ 22)22 £"(2)+ 2 (2)) _ < u

224(F"(2) -2 £ "(t2))+ 2(F (2)tf '(1z))

z))
(17)
and

(L-t)Aw'g"(w)+ L+ 22)wPg (W) +wg(w)) _ ~ v(w))

2w?(g"(w)—t?g"(tw))+ w(g'(w)—tg'(tw)) (18)
r= 4= V5 ~-0618
Where 2 where Z,WeQ and g
is given by (2).
Since
(1-t)22° £"(2)+ (14 22)2 £7(2)+ 2 (2))

2 (F7(2)-t 1 "(t2))+ 2(F/(2) -t (t2))
=14+2(1+ 2)1-t)a,z + 31+ 22—t -t
and
(1—t)(4‘w3g”(w)+(1+Zl)wzg’(w)+wg(w))

(g ()~ o) g )t o)
=1-2fe -t (60 20)2-t-)- a2 2P -0+ 2202-t-C R .. THus e have

14 200+ -tz + (3 22)2-t -t o, ~ah- 2 i Al ...

C. CZ 2
=1+ P121 {Z(szijpfr*pz}z +
1 c,—CC +i ~+lc c G5 +ﬁ~ 2+
23124P12122P28p3 ........

and

—af- Yo A el +
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pdw |1 d2 )~ df -
1+p121+{2[d221jp1+2p2}w2+
2 2 3
{ [d -dd, +d ]p1+ d[d d; jp2+dp3} ........

(20)
It follows from (19) and (20) that
21+ A)1-t)a, = 27
(21)
A+ 22)2-t-t oy — 4t J1+ A)a ;[cz-%}%sﬁy 22)
and
o0+ A)i-t)a, = &7
(23)
(ofot+ 22)2-t-t2)- 2li- 2o+ 2 2)-31+ 22 -t -t gy
oS
207 2) 4 24)
From (21) and (23), we have
G = _d1
(25)
and
8a2 — (Cl2 + dlz)T2
P41+ AV -ty
(26)

Now, by summing (22) and (24), we obtain
(s 22f2-t-t)-8f1+ 27~ tz)}af:%(CZ+dz)r—%(cf+df)r+%(cf+df}rz
By putting (26) in (27) we have

2+ 2F -t + B+ 22 2t -)-81+ AP (23t 4122 = -

Therefore, using Lemmal.4, we obtain

i

VAL AP A-tF + (3 22)2—t-t1) -8+ AF[2-3t+ ) (29)

(27)

c2+d ) (28)

jag|<

a
Now, so as to find the bound on | 3|, let’s subtract from
(22) and (24). So, we find

6(1+22)2—t—t? o, —6(1+ 22 )2 —t —t?JaZ = —dz). (30)
Hence , we get

6L+ 24)2—t—t* Ja,| < 2] + 6L+ 24 )2t —1* )] (1)

Then, in view of (29), we obtain
e o 2F{-tf - 2-3+ )
3 2fo-t-C AP e 21fet-t)- 8(1+i)z(2—3t+t2)}r}(32)

O

If we can take the parameter A =01 the above theorem,

a
we have the following the initial Taylor coefficients | 2| and
KL,.(3(2))

given by (1) be in the class

a
| 3| for the function class
Corollary 2.3. Let f

KSL.(B(2)). then
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|a2| . 2 |T| 2 2
J4-tP +(82-t-t)-s2-3t+)r )
And
jag| < (-t —2-3t+t))

fa-t-t)u @-tf +Bl-t-t')-82-3t+t)r} (34)
Taking t = 0 , we get the following corollary which is
obtained by [9].
Corollary 2.4. Let f given by (1) be

class KSLZ(ﬁ(Z)) Then

in the

I1l. FEKETE- SZEGO INEQUALITIES FOR THE FUNCTION

SLM,, > (P(2))

and Szego [6] introduced the generalized

CLASS
Fekete

onal 1%~ 13 M
functional ,where " is some real number. Due to
Zaprawa [15], in the following theorem we determine the

f LM p
Fekete — Szego functional for €S “Z(p( ))
Theorem 3.1. let f given by (1) be in the class

SLM “2(5(2)) and # € SR. Then we have

7 <A
2, - pa| < 3L+24)2-t- tz)"” HSAQ
? a ( ﬂ)TZ |,u :q>
2A A,
Where

A =81+ APt + 61+ 22)2-t-t)-16(0+ 2f 2-3t+ )

and

A, =6(1+22)2 -t —t*)¢]

Proof .
obtained

From (28) and (30) the following equation is

\ (czf + dz)fz X (Cz - dz)[
VoL Af (-] + Bl 2o t-12)- 160+ A3+ ) 1201+ 22)2-t-€)

a-@; :(1’/‘

( s o }
2B(L+ AF(L-t) + ol 20)2-t-t0)-16(0+ AFf2-3+ ) 121+ 22)2-t-17))
(L-py! r
+[2(8(1+1)z(1—t)2+{6(1+21)(2f‘t—t2]—16(1+i)2(2—3t+t2)}r) 12(1+21)(2112)Jd2(37)
Therefore

— @l =|h ‘ h(u)- 4 d
B ( (”)+12(1+2/1 2-t-t? JCZ{ (x) 120+ 22)2—t-t7)) 2

(38)
where
(u)- e
28+ AV @-t) +6+22) 2t -t2)-160+ AV (2 -3t +t?)fr) (39)
Then, by taking modulus of
(38), we conclude that
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i < i
o, - | < 3+24)2-t _tz)’o R TIEET) pRrw
4h(ue), () o 21)?2 )

Taking H :1, the following corollary is obtained.
Corollary 3.2. If feSLM “'Z(p(z)), then

a2 |T|
s Mgmﬁﬂﬁ—bﬁ)m)

If we take the parameter A=0in the above
theorem, we have the following the Fekete — Szego inequality

for the function class KSLZ(p(Z)).
Corollary 3.3. Let f given by (1) be in the class

KSL, (B(2) g 1%

Then we have
3(2-‘1‘42
Y- ul?

|2Ba-t) +(6l2-t-t)-26l2-3 7))

Taking t = 0 we get the following corollary which is
obtained by [9].
Corollary 3.4. Let f given by (1) be in the class

KSL.(p(z)) and # €M Then we have

8-tF + 6l2-t-t)-162-3t+ )
8-t
et 81-tf +(e(z6 (fzt:lti)l;]ls(zfst )

"“!"1‘5

-] <

H 3 <2—51

‘a _ﬂa2‘< 6 ’|Iu 1|_ 3|z'|
: z1= (@ p)r? | _:q>2—5r
22-57)"" 7 T

IV. CONCLUSION

It is attempted to introduce and investigate new subclasses
of Sakaguchi kind of functions related to shell — likes curves
connected with Fibonacci numbers. Furthermore, the
estimates of first two coefficients of functions in these classes
are obtained. Fekete — Szego inequalities for these function
classes are also determined.
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