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Bounds for the Second Hankel Determinant
of Certain Univalent Functions

Renuka Devi K, Hamid Shamsan, S. Latha

Abstract: We study the estimates for the Second Hankel
determinant of analytic functions. Our class includes
(i,k)-convex, (j,k)-starlike functions and Ma-Minda starlike and
convex functions..

Index Terms: Hankel determinant,,
Ma-Minda starlike and convex functions.

starlike functions,

I. INTRODUCTION

Let A denote the class of functions of form

oo
f(Z) =z+ Zan,g”
n=2 , (11)
which are analytic in the open unit disk U={z:z € C and |¢|
< 1}, and S denote the
subclass of A consisting of all function which are univalent in
u.
We denote by % K, 850 Ks the familiar subclasses
consisting of functions which, respec-
tively, starlike, convex, starlike with respect to symmetric
points and convex with respect to symmetric points in U.
In 1976, Noonan and Thomas [13] stated the g™ Hankel
determinant of f(z) forg>1andn>1 as

Uy, Q41 (l'n+q -1
aqul
s a1 = 1
Un+q—1 (L|1+2q—2

This determinant has also been considered by several
authors. For example Noor in [12] determined the rate of
growth Hqy(k) as k — oo for functions f given by (1.1) with
bounded boundary. Ehrenborg in [2] studied the Hankel
determinant of exponential polynomials. The Hankel
transform of an integer sequence and some of its properties
were discussed by Hayman in [5].

Easily, one can observe that the Fekete and Szeg“o functional
is Hy(1). Fekete and Szeg'o [3]

. . 2 .
then further generalised the estimate |as — pas| where His
real and f € S.

For our discussion in this paper, we consider the Hankel
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determinant tn the case of g = 2 and n = 2, known as second
Hankel determinant:

az ag

HQ(Z) = = ‘{12(1,4 — a%|

asz a4

and obtain an upper bound to H,(2) for f(z) € S*and f(z) €
KJ¥ Janteng et al. [7] have considered the functional |H,(2)|
and found a sharp bound, the subclass of S as <{f°(z)} > 0. In
their work, they have shown that if f € S, then |Hy(2)| < 4/9.
These authors [6, 7] also studied the second Hankel
determinant and sharp bound for the classes of starlike and
convex functions, close-to-starlike and close-to-convex
functions with respect to symmetric points have shown that
[Ha(2)] < 1, [Ha2)] < 1/8, [Ha(2)| < 1, [Ha(2)] < 1/9,
respectively.
Definition 1.1. Let k be a positive integer. A domain D is said
to be k-fold symmetric if a rotation of D about the origin
through an angle 2*carries D onto itself. A function f is said
to be k-fold symmetric in U if for every zin U

1.  2xi 2nxi
fle k2) = e k f(2).
The family of all k-fold symmetric functions is denoted by S*
and for k = 2 we get class of the odd univalent functions.
The notion of (j, k)-symmetrical functions (k = 2,3,... ;j =
0,1,2,....k=1) is a generalization of the notion of even, odd,
k-symmetrical functions and also generalize the well-known
result that each function defined on a symmetrical subset can
be uniquely expressed as the sum of an even function and an
odd function.
The theory of (j, k) symmetrical functions has many
interesting applications, for instance in the investigation of
the set of fixed points of mappings, for the estimation of the
absolute value of some integrals, and for obtaining some
results of the type of Cartan uniqueness theorem for
holomorphic mappings [112].

Definition 1.2. Let£ = (€ ¥ ) andj = 0,1,2,...k — 1 where k
>2 is a natural number. A

function f: U 7— C is called (j,k)-symmetrical if

f(ez) = £f(z), z € U.

We note that the family of starlike functions with respect to
(i,k)-symmetric points is denoted be SU¥. Also, $©?, s
and S®¥ are called even, odd and k-symmetric functions
respectively. We have the following decomposition theorem.
Definition 1.3. A function f(z) € A is in the class S;* if

M)

where fj defined by (1.2).
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Definition 1.4. A function f(z) € Ais in the class K if BD3 + 2a|Ds|+~vDy <0

" (zf(2)) [1(3 ~ 03)2 DDy + 6D + 8DTDa — (4~ ¢4)(2 - o) D3| - (y - A)D} <0
f?’,k_(z) >0 then the second Hankel determinant satisfies
1 , DQ 1)2
where f,, defined by (1.2). lasas — a2 < ﬁ
Theorem 1.5. [11] For every mappingf: D 7— C,and Disa V3)m
k-fold symmetric set, there 3. If D1,D, and Dj; satisfy the conditions
2 ¢
exists exactly the sequence of (j k)- symmetrical functions f,,, ~ #P1 + 2a[Da[ + D1 2 0 ,
k=1 [t4(3 ~ )" DyDs - 654~ u)(2 - o) 05 + 4D + BDIDy| - aDy| Dy -
f(z) = *f,u(2) 18D —4ADY >0
j=0 or the conditions
where D} +2a|Da|++vD1 <0 ,
k-1 i N T, 2 i
[ = 1 Y e -u[,}—uafDngHDHﬁDng—ufH—u)(_Z—L:QJDSI—(«;—MDf20,
! k v=0 then the second Hankel determinant satisfies
) 1 ) _ o
(f c A k= ] 2 . ] = (]1 11 2, oy k- l) (12) a0y — ﬁi‘ < m (3= ) Dy D - lﬁ‘ff—l —g)(2- L}g}D% +()D? +_5fD$Dz|

From (1.2) we can get

e 1“ © | e ol odnn kit o o
fale) = L) = e (Zan(sw)”) bl - L -

v=( I—U n=1
then ooy - 10
f_}k Zonjanz cap=1 ‘. . J\ J,p
D] "(«'|‘l_]_‘lll_l|g_ ]:‘T]DI_TDU
- . ! 1
L ngpe_ J 1 n=lht Ity ———
ooy —! | ‘-,i-u|(\3-e3,|2|2 61Dy - - - - -0
4. 1f D4,D, and Ds satlsfy the
n=_, (1.3)k AD} + 2a|Da| + vDy > 0

v=0 @a0,n 6= Ik + j;
Definition 1.6.[1] Let P denote the class of analytic
functionsp : U— C, p(0) =1,

and <{p(z)} >0, then?(2) < %
The class P can be completely characterized in terms of
subordination.
We need the following lemmas to derive our results.
Lemma 1.7. [1] If the function p € P is given by the series
P@Z) =1+ Ciz+ 2+ c+ ..., (1.4)
then the following sharp estimate holds:
lcnl <2 (n=1.2,..).
Lemma 1.8. [4] If the function p € P is given by the series
(1.4), then
2co = C% +z(4 — C%), (1.5)
dey =+ 24 - c)erz — ey (4 - c)a* + 24 - ) (1 = |22, (1.6)
for some x,z with [x| < 1 and |z| < 1.

Il. MAINRESULTS

Definition 2.1. Let ¢ : U — C be analytic, and let the

Maclaurin series of ¢ is given by
$(2) =1+ Dyz + D22+ D2 + ...

(2.1)

The class $*0¥(¢) of starlike functions with respect to ¢

consists of functions f € A satisfying the subordination

')

firlz) "

Theorem 2.2. Let the function f € S*(¢) be given by (1.1)

2. If D;,D;,and D3 satisfy the conditions

(D1.D;, € R,D; > 0).
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43 - 0 DLy - - ) 2 - D5 + 603 + DDy

34D} — 3ADY >0

- QD[‘DQ‘ -

then the second Hankel determinant satisfies
where

o =n(3— ) — 0T (4 —1g)(2 - ), ‘JZL\Z(M b ]u)é KZJ 2ai4-fa)(E-va)

v =3 —3)? — (4 — a)(2 — ¥2)

5= $T P23 (3—t3)(2—a) —yiva(d—ih)
- (2—12)

A =91 (3—1h3)" — 207 (4—ha) (2—¢2),

2.2)

Proof. Since f € $+0%(¢), there exists an analytic function w
with w(0) = 0 and [w(z)| < 1 in U such that

and

2f'(z) _
fir(z) "O(w(z)). 2.3)
Define the function p, by
1 .
pi(z) = %—14-012%-0222%-...,

or, equivantely

o=t ey
)= m[)+172(("‘+(”72)“+(”7“”+4)‘+“‘) 2.4)

Then pyis analytic in U with p;(0) = 0 and has a positive real
part in U. By using(2.4) together with (2.1), it is evident that

miz)-1 1 | 2) )
(pl( ]-H) 14 D]L] +(2D] ((g Jr‘lD:Ll

By (2.3) we have

' (2.5)
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2f'(2) 1 1 2) ) 2
=1+=-Dciz D -= —D
Fal) T2 +(2 1(“ )T )
S0 that
2422 3032 4 1 | A\ 14\,
— =14=Diz+ | =D |-=|+-D:
('t‘12+1-)za222+i;‘3i1323+>.‘ +2 112+ ) 1) ) +4 he |2+

which implies the equality

! 1 1
:+2a} Higt i | —(iﬁaﬂr Dy ) (L3ﬁ+ quaa——Dw

i\
1—— ——Dw‘

Equating the coefficients on both sides we have
E'mt‘:
)

e

ag-mla‘('(q DLH-D}[JP Dlrlcg).

( -ty 2=ty Dy 8- 2 - Lz\DJrL[LJl'gD - [vw2- u\l—

lf=———
- uy3- w)id-ug)

o o W N i
93 - ) D g2 - ) - ) DD 2w - vl 4 2 1) 3 - g B

-2\:[:L'1l'3|i2-t‘g]+l‘1t \3 3ID |) U\l] ‘D] 1“} \ngliﬁﬂg: _
Therefore where o,5,7,0 and ¢ are given by (2.2).

Let
d1:4[3—1,‘3:]u?D1. = ﬁ(mf—zaﬂz-m),

2 \
_ adiiaw)
=~ -vy) D

. B
= —— ((}Dl 1D - 20Dy 453 - L’;;])D;; - L‘fH- U2~ UID— - ﬂDf + 3D1Dg)
1

(3- L3J
(2.7)
T = Dy
and T6(1— ) (3—P3)(2—Vz),
Then

T‘dlclcg Lt Cz+d3cz +d451‘ (2.8)

Since the function p(e’z)(6 € R) is in the class P for any p €
P, there is no loss of generality in assuming ¢; > 0. Write ¢, =
c,c € [0,2]. Substituting the values of ¢, and cs respectively
from (1.5)”and (1.6) in (2.8), we obtain

|azas — 3| = 1 ‘64 (dy + 2dy + d + 4ds) + 226 (4 = &) (dy + da + d3)

+(d-)a (~di +ds(4 - ) + 24 - )1 - [af*2)|

Replacing |x| by p and substituting the values of d;,d,,d; and
ds from (2. 7) yield

I
[oaay - u}|< [{ D)+ 43 - L3|D1 - v(2- L)\D—HiDDo

ucIJ &)

[ Do +280}
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< 2, it is clear from (2.18) that %, > 0, that is, F(c,) is an
increasing function of W. Hence, for fixed c € [0,2], the
maximum of F(c,u) occurs at p =1, and

maxF(c,p) = F(c,1) = G(c).

Also note that

ﬂt’ L |-ldD1--1 DDG-I'-IH Lj)Dj -1L|H L4}) L)?Dg/[h DQ UO‘D‘- Dl)
i (d=va)2- 1) »

BD% 4+ 2(Dy| + AD 167 D

[3 }( 1 +20[D5] +ADy) + -1 il

where 4= 3- L3)2L% - 2d-u)2- WL% 0,0, and d are given by
(2.2). Let

1ol ‘

-0

Pﬁ(\Mﬂ%mmg-na-ug]m-u%u-u P-4l
di-se-e)

(3-13)

0= i ](391 Do +Dy), R= 162

(2.11)
Since

[R, Q<0,P<=

Dy

_“Lo

' .'!_ i :‘ -
nes(P+ i+ R { P+4+R Q207> S <0pr 3 " (2.12)

4PR—-Q2
ir

Q>0,P<=2

where 0 <t<4.
Then we have

[R. Q<0.P<,

|a;n_;-a§|

]
S—L M{ H-R LD

4PR-Q*
[T

-Q
Q>0,P<=*

where P,Qand R are given by (2.19).
Remark 1
e Asq— 1 Theorem 2.2 reduces to Theorem 1 in
[10].
e Asq— 1landB;=B,=B3z=2, Theorem 2.2
reduces to Theorem 3.1 in [7].
Definition 2.3. Let ¢ : U — C be analytic, and let ¢(z) be
given as in (2.1). The class K¥(¢) of (jk)-convex
symmetrical functions with respect to ¢ consists of functions

y-é) , f satisfying the subordination
+ {\DIH ﬁt]li )2 o) y) 4+ 83 - 3IL|D]EH cu u’]} Zf”( }
(3-1s) : 1+ = =< o(z)
TR P BTN TR R T | R e li-d Fia?)
B4y W 48-4af - - Lq'D 4Dy 8- =) B-4) Theorem 2.4. Let the function f € K¥(¢) be given by (1.1).
H 1 1.1f DD, and D; satisfy the  conditions
(807 + 0Dy 4 ” Ir 13-ty e+ 4t~ 2- e (—6“'53"'?2)'16)D'fw'f’+4|D2|w?f2D1w'f<(} and
= F(c,p), .(2.9) ‘601D3L§+{3[:%[2111—L‘g]—&lﬁft‘g)ﬂfﬂg+\f3tﬁfm \D ity-dhy- 0D - D30k ¢ I
where a./3,,0 and o are given by (2.2). _ then the second Hankel determinant satisfies
Again, differentiating F(c,) in(2.9) partially with respect to D2
W yields lagay — a3 < 3—6}wf
oF ¢ Y-y 5 - ' . .
W =T i ,f {91“\92” =0 (- 2-vfeietdi-v-whi) 21 DD, and Ds satisfy  the  conditions

(2.10)
Then,for0<p<1,0<q<1and foranyfixed cwith0<c
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(SleatBpa=te) D27 + 4 Dol — 201 20 o
?‘fﬂ)lﬂﬂﬂ Hl}}h +)- St‘fvg} D?Dg + BL‘f@L@ - lt"frg}Df + -3y - l]l:%D? - bﬂgt‘f
(Gt -0k

or the cohditions

(SL28) gt - 2Dyt <0
S -l nn’ "

then the second Hankel determinant satisfies

oL 0 - Dy - -y D 08

3.1f Dy,D, and D; satisfy  the

(Les2t) pit 4Dyt - 200t >0
20600yt + (3021 + ) - 8] DD + (Bt — ddua) D1 + 27 - B - oiD} - 003
(“‘”” )D‘ll ADYDR- 60 <0,

19

il

21y
conditions

then the second Hankel determinant satisfies
16601 Dy + 4 D7D + D} + 8D} — D3
—12aD} - 48D | Dy

D22 - 36D% — D} - 8aD?|Dy| - 16D}

asaq — a.§| <

576 ‘BD]Dg + ”Ir‘DfDQ + .‘ng + 6D‘f - 4D%| - EIDLL' -4y ‘Dg‘ - 2Dy

where
o= (w) o A= Bt —dvy)

? = BQy1+ w3) — 8y),
0=2(Ty,3ys—4). (2.13)
Proof. Since f € K'(¢), there exists an analytic function w
with w(0) = 0 and |w(z)| < 1 in U such that

Ll 2
10 =plw(z)) =1+ ‘£D1c1z + (191 ({‘2 - C—') + lDsz) £t
: : )4 (2.14)

()

S0 that
) 1 SRS
‘m):l—iplﬁlﬁ'( D]((ﬂ——J—jp Ei):h‘l'n.

( gz +baz® + 1oy + g +.
Uy + Nz + Jnaga? + dpgay®
which implies the equality
L) 1)
] a0 Cg——l ‘I"DQC’% :3
] 1
) 5\
Eﬁ)ﬁ]):ﬂ“
{8

Jr(%ﬂilﬂlﬂll'j*t‘lﬂf(éﬂl(P; )+ D’fl)ﬂl(&(ﬂs 01 fjw“

Equating the coefficients on both sides we have

1+

Yoy + by qJr

ﬂlg = —D1 ‘:111-‘"’11
as = 2_14 ((Dflgf;‘Q — D+ D-z) c%u')l + 2D162'{f)1)’
g = fng [( —4Dy + 2Dy + Doty — 3DTus + (201 4 43) D1 D + ZD_])
+2 {(@‘33 + '2#‘2)19? - 4D1 + -1D2) c1ee + SDICZ%} )
Therefore
a0y -0 = D'BS [ ( Zpy it +3 +—‘3——[9u3 sm-@,m;-%)
1

+2%[ D1—4D171Dg]+8Dmc_gf?Dlgﬁ}

where

o,y are given by (2.13) By writing
' -16D
h=10t-4D4 Dy, ="

="y

d,= 8Dy,
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( -
-4 2 \ Dty D3
dy = (*Dg +-Di + XDf - (91-)3 - SLfJ) +—=D1Dy +2D3 — 4 )
3 3 3 3 (2.15)
T =2k
we have

. EPIY.
]am -ty =1 ‘dlclcg R +d4€1‘ (2.16)

Since the function p(e’’z)(0 € R) is in the class P for any p €
P, there is no loss of generality in assuming ¢, > 0. Write ¢; =
c,c € [0,2]. Substituting the values of ¢, and c3 respectively
from (1.5) and (1.6) in (2.16), we obtain

T .
=7 |c* (d1 +2d2 + ds + 4da) + 22¢* (4 — ) (dy + d2 + ds)

+Hd =)z (die® +ds(d = ¢)) + 2dre(d - *)(1 - [a]*z)|

Replacing [x| by W and substituting the values of d;,d,,d; and
d, from (2.15) yield

T 2
oo - 05| < % {Cq

|azas — a3

1608 4,

il E]
wp, F "—

i
Ewﬂ-- Dy Dy+8D; - Dl—-|Dz

Hid=dY (ngcz 4 %Dl) +16D;efd- )1 - uz}} ,

2'4 D
) gt + 2

1
=T{% dD;‘+—;D,Dz—aD,g-4{D§/Du+wf|+4D,c(4-ﬁ)—

il Mrlﬂ

=F(c,n), (2.17)
where o,/ ,yand o are given by (2.13).
Again, differentiating F(c,l) in(2.17) partially with respect
to u yields

aF [ ,

T{ (1-c) (aD1 +4Dyf) ((c=2)(c-4))

R (2.18)
Then, for0<pu<1,0<q<1and forany fixed c with0 <c
< 2, it is clear from (2.18) that 61@,, > 0, that is, F(c,l) is an
increasing function of W. Hence, for fixed ¢ € [0,2], the
maximum of F(c,u) occurs at =1, and
maxF(c,u) = F(c,1) = G(c).

Also note that

4
=T E (18D% +¥D1Dy + 6Dy - (D3 /D) 4 4D7| - aD} - 4|Dy| - 2D

(4~ ¢)Dy

2

+% (QD] 4‘D ‘ 291) + E‘);D1
where o, 5,y ando are given by (2.13). Let

= 1 (|8D} +~D1Dy +6Ds - 4(D3/Dy) + 6D} | - aD} - 4|Dy| - 2Dy)
Q= % (@D +4|Do| -2D1), R= %Dl
(2.19)
By using (2.12) we get

[z Q<0,P<

=Q
1

B
fIEfI-l‘ﬂg__ﬁg}l(ﬂ{-J V417, Q>[]X> arQ(U TQ
_n?
lﬁ%i, Q>0P< =,
Where, XY and Z are given
by (2.19).
Remark 2:
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¢ Asq — 1 Theorem 2.4 reduces to Theorem 2 in [10].
e As q — 1 for the choice
p(z) = ((1+2),/(1 = 2)), Theorem 2.4 reduces
to Theorem
3.2in[7].

I1l. CONCLUSION

We study the estimates for the Second Hankel determinant
of analytic functions. Our class includes (j,k)-convex,
(j,k)-starlike functions and Ma-Minda starlike and convex
functions..
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