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η-Open Sets in Topological Spaces
D. Subbulakshmi, K. Sumathi, K. Indirani

Abstract: In this paper a new class of open sets in a
topological space called η-open sets is defined and the inclusive
relationship of this set with the other existing sets like semi
open, pre-open, α-open, r-open sets are discussed.In addition to
this the concept of η-interior, η-closure, η-boundary, η-exterior,
η-derived, η-border, η-neighbourhood, η-dense, η-residual are
also introduced.
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I. INTRODUCTION
In recent years a number of generalizations of open sets have
been developed by many mathematicians. In 1963, Levine
[3] introduced the notion of semi-open sets in topological
spaces. In 1984, Andrijevic [1] introduced some properties
of the topology of α-sets. In 2016, Sayed and Mansour
introduced[6] new near open set in Topological Spaces.
Motivated by various open and closed sets discussed in the
previous literature, in this paper η-open sets using the
concept of semi open and α-open set in topological spaces are
introduced. This paper also defines the η-interior, η-closure,
η-boundary,
η-exterior,
η-derived,
η-border,
η-neighborhood, η-dense, η-residual.
II. PRELIMINARIES
Definition :2.1

III. MAIN RESULTS
Definition: 3.1
Let (X,τ) be a topological space. Then a subset A of X is said
to be
(i). an η-open set if A ⊆int(cl(int(A)))∪ cl(int(A)).
(ii).an η-closed set if A ⊇cl(int(cl(A))) ∩ int(cl(A)).
The family of allη-open set (resp. η-closed set) subsets of a
space(X,τ) is denoted by η-o(X) (resp. η-c(X)).
Proposition: 3.1
(i). Every open set is an η-open set.
(ii). Every α-open set is an η-open set.
(iii) Every r-open set is an η-open set.
Remark: 3.1
The converse of the above results need not be true as seen
from the following example.
Example: 3.1
Let X={a, b, c},τ ={X, φ,{a}, {c}, {a, c}}. A = {a, b} is an
η-open set but not open, α-open, r- open set.
Note: 3.1
Every semi-open set is an η-open set.
Lemma: 3.1
Intersection of two η-open sets need not be an η-open set.
Example: 3.2
Let X={a, b, c},τ ={X, φ,{a}, {c}, {a, c}}. Here the sets {a,
b} and {b, c} are η-open sets,
but {a, b} ∩{b, c} = {b} is not an η-open set.

A subset A of topological space(X,τ) is called
(i) α-open [1] if A⊆int(cl(int(A)))
(ii) pre-open [4] if A⊆int(cl(A))
(iii) semi-open [3] if A⊆cl(int(A))
(iv) regular open [5] if A=int(cl(A))
(v) β-open [2] (or semi pre open) if A⊆ (cl(int(cl(A)))

Lemma: 3.2
The finite union of η-open sets is an η-open set.
Proof :

Proposition : 2.1
For any two subsets A,B of a space(X,τ)the following
statements are true :
(i) scl(A)= A∪ int(cl(A)),sint(A)= A∩ cl(int(A))
(ii) αcl(A) = A∪ cl(int(cl(A))), αint(A) = A∩ int( cl(int(A)))
(iii) pcl(A)= A∪ cl(int(A)),pint(A)= A∩int(cl(A))
(iv) spcl(A) = A∪ int(cl(int(A))), spint(A) = A∩cl(int(cl(A)))
(v) X \ (int(A)) = cl(X \ (A)), int(X \A) = X \ cl(A).
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η-OPEN SETS IN TOPOLOGICAL SPACES

Definition: 3.2
Let (X,τ) be topological space. Then:
(1) The union of all η-open sets of X contained in A is
called η-interior of A and is denoted by η-int(A).
(2) The intersection of all η-closed sets of X containing in
A is called η-closure of A and is denoted by η-cl(A).
Theorem: 3.1
Let (X,τ) be a topological space and A⊂X, then the
following statements are equivalent:
(i) A is anη-open set,
(ii) A=αint(A)∪sint(A)
Proof:
(i)→ (ii). Let Α be anη-open set.Then A ⊆int(cl(int(A))) ∪
cl(int(A))[ By proposition 2.1].
αint(A)∪sint(A)=(A∩int(cl(int(A)))∪(A∩cl(int(A)))
=
A∩(int(cl(int(A)))∪cl(int(A)))= A
(ii)→ (i). Suppose that A = αint(A) ∪sint(A).[ By
proposition 2.1]
A
=
(A∩int(cl(int(A)))∪(A∩cl(int(A)))⊂int(cl(int(A)))∪cl(int
(A)). Therefore, Α is anη-open.
Remark: 3.2
Let (X,τ) be topological space and A⊂X, then the
following statement are equivalent:
(i) Α is an η-closed set,
(ii) A=αcl(A)∩scl(A).
Theorem: 3.2
Let A be a subset of a space (X,τ). Then
ηcl(A)=αcl(A)∩scl(A)
Proof:
Let A ⊂ X. Where (X, τ ) is a topological spaces.Since
ηcl(A) is an η-closed set
ηcl(A) ⊃ cl(int(cl(ηcl(A)))) ∩ int(cl(ηcl(A))) ⊃
cl(int(cl(A)) ∩ int(cl(A)) [By definition 3.1]
A∪ηcl(A)
⊃A∪(cl(int(cl(A)))
∩
int(cl(A)))
ηcl(A)⊃(A∪(cl(int(cl(A)))
∩(A∪int(cl(A))))
⊃ αcl(A) ∩ scl(A) ----I [By proposition 2.1] alsoηcl(A) ⊂
αcl(A) and ηcl(A)⊂scl(A) then
ηcl(A)⊂αcl(A)∩ scl(A) ----II. From I and II ηcl(A)= αcl(A)
∩ scl(A).
Remark: 3.3
Let A be a subset
ηint(A)=αint(A)∪sint(A).
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a
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Theorem :3.3
Let A be a subset of a space (X,τ). Then
(i) A is an η-open set if and only if A =η-int(A)
(ii) A is an η-closed set if and only if A=η-cl(A)
Proof:
(i) Let A be an η-open set. Then by theorem (3.1),
A=αint(A)∪sint(A) and by theorem (3.2), we have A
=η-int(A). Conversely, let A =η-int(A) Then by
theorem(3.2),A= αint(A)∪sint(A) and by theorem (3.1),
A is an η-open A= αint(A)∪sint(A).
(ii) Let A be an η-closed set. Then by theorem (3.1 ), A =
αcl(A) ∩ scl(A) and by theorem (3.2), we have A =
η-cl(A). Conversely, let A= η-cl (A) Then by theorem

(3.2), A=αcl(A)∩scl(A) and by theorem (3.1), A is an
η-closed set.
Theorem: 3.4
Let A and B be a subsets of a space(X,τ). Then the
following are true
(i) η-cl(X\ A) = X \η-int(A).
(ii) η-int(X\ A) = X \η-cl(A).
(iii) If A ⊆B, then η-cl (A)⊆η-cl (B)
(iv) x∈η-cl(A)if and only if there exists anη-open set U
and x∈U such that U ∩ A ≠ϕ.
(v) x∈η-int(A) if and only if there exists anη-open set G
and x∈G such that x∈G⊆A
(vi) η-cl(η-cl(A))=η-cl(A)and η-int(η-int(A))=η-int(A).
(vii)
η-cl(A)∪η-cl(B)⊆η-cl(A∪B)and
η-int(A)∪η-int(B)⊆ηint(A∪B)
(viii)
η-int(A∩B)⊆η-int(A)∩η-int(B),
η-cl(A∩B)⊆η-cl(A)∩η-cl(B)
Proof:
(i) Since (X\A) ⊆X, [By theorem 3.3] η-cl (X\A) = αcl (X \
A)∩scl( X\ A) [By proposition 1.1]
η-cl(X \ A) = ( X \ αint(A)) ∩ (X \ sint(A)) = X \ (αint(A)
∪sint(A)) [ By theorem 3.3],
ηcl( X \A) = X \ηint(A).
(ii) Since (X\A)⊆X, [By theorem 3.3] η-int(X\A)= αint(X
\ A) ∪ sint(X\A) [By proposition 1.1]
η-int(X \ A) = (X \ αcl(A)) ∪ ( X \ scl(A)) = X \ (αcl(A) ∩
scl(A)) [By theorem 3.3]
η-int(X \ A)= X \ η-cl(A).
(iii) Since, η-cl(A)= αcl(A)∩scl(A) and A ⊆B, η-cl(A)=
αcl(A)∩scl(A)⊆αcl(B)∩scl(B)=η-cl(B)
(iv) Let x∉η-cl(A)then x∉∩F where F is η-closed with A
⊂F, so x ∉X\∩F and X\∩F is a η-open set containing x
and hence(X\∩F)∩A⊆(X\∩F)∩(∩F)= φ. Conversely,
suppose that exists anη-open set containing x with A ∩
U=ϕ. Then A⊆X\ U and X \ U is an η-closed. Hence
x∉η-cl(A).
(v) Necessity: Let x∈η-int(A). Then x ∈∪{G:G is η-open G
⊆A} and hence there exists an η-open set G such that
x∈G⊆A
Sufficiency: Let G be an η-open set such that x∈G⊆A.
Then A=∪{G: x∈G} which is the union of η-open set.
Therefore, x∉η-cl(A).
(vi) Since η-cl(η-cl(A)) = αcl(ηcl(A))∩scl(ηcl(A)). [ By
theorem 3.3]
αcl(αcl(A)∩
scl(A))∩scl(αcl(A)∩scl(A))⊆(αcl(A)∩
αcl(scl(A)))∩scl(αcl(A)∩scl(A))= αcl(A)∩ scl(A)=ηcl(A).
Hence η-cl(η-cl(A))⊆η-cl(A). But, η-cl(A)⊆η-cl(η-cl(A)).
Therefore, η-cl(η-cl(A))=η-cl(A).
(vii) Since A⊆A∪B and B⊆A∪B.we have η-cl (A)
⊆η-cl(A∪B) and η-cl (B) ⊆η-cl(A∪B). Therefore,η-cl (A)
∪η-cl (B)⊆η-cl(A∪B). A ⊆(A∪B)and B⊆(A∪B).we have
η-int(A) ⊆
η-int(A∪B) and η-int(B) ⊆η-int(A∪B). Therefore,η-int(A)
∪η-int(B) ⊆η-int(A∪B).
(viii) Since A ⊇A∩B and B ⊇A∩B we have η-cl (A)
⊇η-cl(A∩B) and η-cl (B) ⊇η-cl(A∩B),
η-cl(B) ⊇η-cl ((A∩B).Therefore, η-cl (A) ∩ η-cl
(B)⊇ηcl(A∩B) and A⊇(A∩B) and B⊇(A∩B). We have
η-int(A) ⊇η-int(A∩B) and
η-int(B)
⊇η-int(A∩B).Therefore
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η-int(A)∩η-int(B) ⊇η-int(A∩B).
Remark:3.4
The inclusion relation in part (vii),(viii) of the above
theorem cannot be replaced by equality as shown by the
following example.
Example: 3.3
Let X={a,b,c,d} with topology τ={X,Φ, {a}, {b},{a, b},
{a,b,c}}.
(i) If A={a,b},B={d} and (A∪B)={a,b,d}, then η-int(A)= {a,
b},η-int(B)=ϕ
and
η-int(A∪B)={a,b,
d}.
So,
η-int(A∪B) η-int(A) ∪η-int(B)
(ii) If C={a}, D ={b} and (C∪D)= {a, b} then η-cl(C)={a},
η-cl(D)= {b}and η-cl(C∪D)= X, therefore, η-cl (C) ∪η-cl
(D) η-cl(C∪D).
Example: 3.4
Let X={a,b,c,d} with topology τ={X,Φ, {b},{c, d},{b, c, d}}
then
(i) If A={a, b}, B={b, c} and(A∩B)={b}, then η-cl (A)= {a,
b}, η-cl (B)= Xand η-cl(A∩ B)= {b}. So,
η-cl(A∩B) η-cl(A) ∩ η-cl(B)
(ii) If C={a, b}, D={a, c, d} and (C∩D)={a}, then
η-int(C)={a, b}, η-int(D)= {a, c, d}and η-int(C∩D)=ϕ.
η-int(C) ∩ η-int(D)

η-int(C∩D)

IV. SOME TOPOLOGICAL OPERATIONS
Definition: 4.1
Let (X,τ) be a topological space and A⊂X. Then the
η-boundary of A (briefly, η-b(A)) is given by η-b(A))=η-cl
(A)) ∩ η-cl(X/A).
Example :4.1
Let X={a,b,c,d} with topology τ={X,Φ, {a},{b, d},{a, b, d}}.
For the set, A={a, b, d}.
η-b(A))={c}.
Theorem:4.1
If A is a subset of a space (X,τ), then the following
statement are hold:
(i) η-b(A)) =η-b(X \ A)).
(ii) η-b(A)) =η-cl(A)) \η-int(A).
(iii) η-b(A))∩η-int(A)=Φ.
(iv) η-b(A))∪η-int(A)=η-cl(A).
Proof:
(i) Since η-b(A)) = η-cl(A)) ∩ η-cl(X \ A) = η-b(X \ A)) =
η-cl(X \ A))∩ η-cl(A)
(ii) Since η-b(A)) = η-cl(A) \ η-int(A) = η-cl(A))∩ η-cl(X
\ A)= η-cl(A)) ∩ (X \ η-int(A))= (ηcl(A) ∩ X ) \ ( η-cl(A)∩
η-int(A))= η-cl(A)\ η-int(A).
(iii) By using(2)η-b(A)) ∩ η-int(A) = ( η-cl(A) \ η-int(A))
∩
η-int(A)=(
η-cl(A)∩
η-int(A))\(η-int(A)∩
η-int(A))=ηint(A)\ηint(A) = Φ.
(iv) By using(3)η-b(A))∪ η-int(A) = ( η-cl(A)\ η-int(A))∪
η-int(A) = ( η-cl(A)∪ η-int(A))\(η-int(A) ∪
η-int(A))=η-cl(A) \ η-int(A)=ηcl(A).
Theorem : 4.2
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If A is a subset of a space (X,τ), then the
followingstatements are hold:
(i) A is anη-open set if and only if A∩η-b(A)=Φ
(ii) A is anη-closed set if and only if η-b(A) ⊂A
(iii) A is anη-clopenset if and only if η-b(A)=Φ.
Proof:
(i) Let A is anη-open set.Then A= η-int(A).
A∩η-b(A)=η-int(A)∩η-b(A)[ By theorem 4.1]
= η-int(A)∩(η-cl(A) \ η-int(A)) =(η-int(A)∩η-cl(A))
\(η-int(A)∩(η-int(A)) =Φ.
Conversely, let A∩η-b(A) = A∩(η-cl(A) \ η-int(A))[ By
theorem 4.1]= (A∩(η-cl(A)) \ (A∩(η-int(A)) = A \
η-int(A)=Φ. Hence A is anη-open.
(ii) Let A is a η-closed set.Then A = η-cl(A) [ By theorem
4.1] but η-b(A) = ( η-cl(A) \ η-int(A))
= A\ η-int(A)⊂AConversely, Let η-b(A) ⊂A. [ By theorem
4.1] η-cl(A)=η-b(A))∪η-int(A)
⊂A∪η-int(A)=
A.
Thus
η-cl(A)
⊂A
and
A⊂η-cl(A).Therefore, A=η-cl(A).
(iii) Let A is anη-clopenset. Then A = η-int(A), and A =
η-cl(A) [ By theorem 4.1]η-b(A) =
( η-cl(A)\ η-int(A))= A\ A=Φ. Conversely, Suppose that
η-b(A)= Φ. Then η-b(A)=(η-cl(A)\η-int(A))= Φ. HenceAis
anη-clopenset.
Definition: 4.2
Let (X,τ) be a topological space and A⊂X.Then the
setX\(η-cl(A)) is called the η-exterior of A and is denoted
by η-ext(A). Each point p∈X is called anη-exterior point
of A, if it is a η-interior point of X\A.
Example : 4.2
Let X={a,b,c,d} with topology τ={X,Φ, {a},{b, c},{a,b, c}}. If
A={a}, B={a, b}, C={ a, c} then we haveη-ext(A)={ b,c,d},
η-ext(B)=Φ and η-ext(C)=Φ
Theorem : 4.3
If A and B are two subsets of a topological space (X,τ),
then the following statements are true
(i) η-ext(A)=η-int( X \ A).
(ii) η-ext(A) is η-open
(iii) η-ext(A)∩η-int(A)=Φ.
(iv) η-ext(A)∩η-b(A)=Φ.
(v) η-ext(A)∪η-b(A)=η-cl(X \A).
(vi) {η-int(A),η-b(A)and η-ext(A)} from apartition of X.
(vii) If A ⊆B, then η-ext(B)⊆η-ext(A)
(viii) η-ext(A∪B)⊆η-ext(A)∪η-ext(B).
(ix) η-ext(A∩B)⊇η-ext(A)∩η-ext(B).
(x) η-ext(X) =Φand η-ext(φ ) = X.
Proof:
(i) by Definition (4.2) η-ext(A) = X \ η-cl(A) = η-int(X \
A).
(ii) From (1) η-ext(A) = η-int(X \ A).Since η-int(A) is the
union of all η-open sets of X contained in A. Thus
η-ext(A) is anη-open.
(iii) Since η-ext(A) ∩ η-int(A)= X \ η-cl(A)∩ η-int(A)=
η-int(X \ A)∩ η-int(A)=φ
(iv) By theorem (4.1), η-ext(A) ∩ η-b(A) =η-int( X \ A) ∩
η-b(X \ A)= Φ.
(v) By theorem (4.1). η-ext(A)∪η-b(A)=η-int(X
\A)∪η-b(X \A)=η-cl(X \A).
(vi) From (iii), (iv) we have
η-ext(A) ∩ η-int(A) = Φ and
η-ext(A) ∩ η-b(A) = Φ. Then by
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theorem
(4.1)
then
η-b(A))∩
η-int(A)=Φ.η-int(A)∪η-b(A)∪η-ext(A)= X. Hence from(v)
η-ext(A)∪η-b(A)=η-cl(X \ A)then η-int(A)∪η-cl(X \
A)=η-int(A)∪X \η-int(A)= X.
(vii) Let A ⊆B then (η-cl(A))⊆(η-cl(B)) and hence X \
(η-cl(B))⊆X \ (η-cl(A)). So η-ext(B)⊆η-ext(A).
(viii)
η-ext(A∪B)=
X
\(η-cl(A∪B))⊆X
\(η-cl(A)∪(η-cl(B))⊆(X \(η-cl(A)))∪(X\(η-cl(B)))
⊆η-ext(A)∪η-ext(B)⊆η-ext(A)∪η-ext(B).
(ix)
η-ext(A∩B)=
X
\(η-cl(A∩B))⊇X
\(η-cl(A)∩(η-cl(B))⊇(X \(η-cl(A)))∩(X \(η-cl(B)))
⊇η-ext(A)∩η-ext(B)⊇η-ext(A)∩η-ext(B).
(x) η-ext(X ) = X \ (η-cl(X ))= X \ X=φand η-ext(φ) = X \
(η-cl(φ))= X \φ= X.
Remark : 4.1
The inclusion relation in part (v),(vi) of the above
theorem cannot by replaced by equality as is shown by
the following example.
Example : 4.3
Let X={a,b,c,d} with topology τ={X,Φ, {a}, {b}, {a, b}, {a, b,
c}}. A={a,c}andB={c, d} then η-ext(A)={b, d},η-ext(B)= {a,
b} but η-ext(A∪B) = {b}.
Therefore,η-ext(A)∪η-ext(B)
η-ext(A∩B)
={a,b,

η-ext(A∪B).
d},

Also
hence

η-ext(A∩B) η-ext(A)∩η-ext(B).
Definition : 4.3 If A is a subset of a topological space
(X,τ), then a point p∈X is called a η-limit point of a set A
⊂X if every η-open set G⊂X containing p, contains a
point of A other than p. The set of all η-limit point of A is
called an η-derived set of A and is denoted by η-d(A)
Example : 4.4
Let X={a,b, c} with topology τ={X,Φ, {a}}. A={a, c},
thenη-d(A))= {c}.
Theorem : 4.4
If A and B are two subsets of aspace (X,τ), then the
following statements are hold:
(i) IfA⊂B,then η-d(A)⊂η-d(B).
(ii) A is anη-closed set if and only if it contains each of its
η-limit point.
(iii) η-cl(A)= A∪η-d(A).
(iv)η-d(A∪B)⊃η-d(A)∪η-d(B)
(v) η-d(A∩B)⊂η-d(A)∩η-d(B)
Proof:
(i) By definition (4.3), we have p ∈η-d(A) if and only if G
∩ (A\{P}) ≠ ϕ, for every η-open set G containing p. But A
⊂B, then G ∩ (B \{P}) ≠ ϕ, for every η-open set G
containing p. Hence, so p ∈η-d(B). Therefore η-d(A)
⊂η-d(B).
(ii) Let A be an η-closed set and p∉A then p∈(X \ A)
which is an η-open, hence there exists η-open(X\A) such
that(X
\
A)∩A=ϕ.So
p∉η-d(A),
thereforeη-d(A)⊂A.Conversely, suppose that η-d(A)⊂A
and p∉A. Then p∉η-d(A), hence there exists η-open setG
containing p such that G ∩ A=ϕ and hence X \ A =
. Therefore, A is anη-closed.
(iii)Since, η-d(A)⊂ η-cl(A) and A ⊂ η-cl(A). η-d(A)∪A⊂
η-cl(A). Conversely, Suppose that

p∉η-d(A)∪A. Then p∉η-d(A), p∉A and hence there exists
η-open set G containing p such that G ∩ A=ϕ. Thus
p∉η-cl(A) which implies that η-cl(A)⊂η-d(A)∪A ,
therefore, η-cl(A)=η-d(A)∪A.
(iv)Since A

η-d(A∪B)and η-d(B)

A ∪B.We have η-d(A)

η-d(A∪B).

Thereforeη-d(A)∪ η-d(B) η-d(A∪B).
(v)Since A ⊇ A∩ B and B ⊇ A ∩ B. We have η-d(A) ⊇
η-d(A∩B)and η-d(B)⊇ η-d(A∩B).
Thereforeη-d(A)∩ η-d(B)⊇ η-d(A∩B).
Definition : 4.4
Let (X,τ)be a topological space and A⊆X. Then the
η-border of A (briefly, η-Bd(A)) is given by
η-Bd(A))=A\η-int(A).
Example : 4.5
Let X={a,b,c} with topology τ={X,Φ,{a},{b},{a, b}}. If
A={a,c}, B={c} then η-Bd(A)=Φ, η-Bd(B)= {c}.
Theorem : 4.5
For a subset A of a space and X, the following statements
are hold:
(i) A=η-int(A)∪η-Bd(A))
(ii)η-int(A)∩η-Bd(A))=φ
(iii) η-Bd(X )) = η-Bd(φ)) =φ
(iv) η-Bd(η-int(A)) = φ
(v) η-int(η-Bd(A)) =φ
(vi) η-Bd(η-Bd(A)) = η-Bd(A))
(vii) η-Bd(A)) = A∩η-cl(X \ A)
(viii) η-Bd(A)) =η-d(X \A)
Proof:
(i) η-int(A) ∪ η-Bd(A)) =η-int(A) ∪(A\η-int(A)) =
(η-int(A) ∪A) \ (η-int(A) ∪η-int(A))
= A\η-int(A) = A
(ii) η-int(A)∩η-Bd(A)) = η-int(A)∩(A\η-int(A) =
(η-int(A)∩A ) \ (η-int(A)∩η-int(A))
= η-int(A) \η-int(A) = φ
(iii) η-Bd(X)) = X \ η-int(X)=X \X=φand η-Bd(φ))=φ
\η-int(φ) = φ \φ=φ .
(iv) η-Bd(η-int(A))=η-int(A)\η-int(A)=φ .
(v)Since,
η-int(η-Bd(A))=η-int(A\η-int(A))=η-int(A)\η-int(η-int(A
))=η-int(A)\η-int(A)=φ
(vi)
Since,
η-Bd(η-Bd(A))=η-Bd(A)\η-int(η-Bd(A))=η-Bd(A)\φ=ηBd(A)
(vii) η-Bd(A)) = A\η-int(A))= A\ (X \η-cl(A))= A∩η-cl(X
\ A)
(viii) η-Bd(A)) = A\η-int(A))= A\ (A\η-d(A))=η-d(X \A).
Theorem : 4.6
For a subset A of a space(X,τ), the following statements
are equivalent
(i) A is an η-open,
(ii) A=η-int(A),
(iii) η-Bd(A)=ϕ.
Proof:
(i)→(ii)
Obvious
from
Theorem (4.4).
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(ii)→(iii).Suppose that A=η-int(A). Then by Definition
(4.4),η-Bd(A)=η-int(A)\η-int(A)=ϕ
(iii)→(i). Let η-Bd(A)=ϕ. Then by Definition (4.4),
A\η-int(A)=ϕ and hence A=η-int(A).
Definition : 4.5
A subset N of a topological space (X,τ) is called a
η-neighbourhood (briefly, η-nbd.) of a point p∈X if there
exists an η-open set G such thatp∈G ⊆N. The class of all
η-neighbourhood of p∈X is called the η-neighbourhood
system of p and denoted by η-Np.
Example :4.6
Let X={a,b,c,d} with topology τ={X,Φ,{a}, {b, d},{a,b, d}},
then η-Nc={a,c}.
Remark : 4.2
For any topological space (X,τ) and for each x∈X we have
Nx⊆p-Nx⊆η-Nx.
Example : 4.7
Let X={a,b,c,d} with topology τ={X,Φ,{a}, {b, d},{a,b, d}}.
We have {a,c}∈η-Nc but it is not in p-Nc and not in Nc.
Theorem : 4.7
A subset G of a topological space (X,τ) is anη-open if and
only if it is an η-neighbourhood, for every point p∈G.
Proof:
Necessity: Let G be an η-open set. Then G is an
η-neighbourhood for each p∈G.
Sufficiency: Let G be anη-neighbourhood, for each p∈G.
Then there exists anη-open set W containing p such that
p∈W⊆G, so G=∪{p:p∈W}. Therefore, G is an η-open.
Theorem : 4.8
For a topological space (X,τ). If η-Np is an
η-neighbourhood systems of a point p∈X, then the
following statements are hold:
(i) η-Np is not empty and p belongs to each member of
η-Np
(ii) Each superset of the members of η-Np belongs to
η-Np,
(iii) Each member N∈η-Np is a superset of the member
W∈η-Np, where W is anη-neighbourhoodof each point
p∈W.
Proof:
(i) Since X is anη-open set containing p, then X∈η-Np. So,
η-Np≠ϕ. Also, if Nη-Np, then there exists anη-open set G
such that p∈G⊆N.Therefore, p belongs to each member
of η-Np.
(ii) Let Mbe a superset of N∈η-Np, then there exists a
η-open set G such that p∈G⊆N⊆M which implies p∈G⊆M
and hence, M is a η-neighbourhoodof p. Therefore,
M∈η-Np
(iii) Let N be anη-neighbourhoodof p∈X, then there
exists anη-open set W such that p∈W⊆N. Then by
Theorem 3.4.1, W is anη-neighbourhoodof each of its
points.
Definition : 4.6
For a topological space (X,τ), a subset A of X is said to be
η-dense in X if and only if η-cl (A)=X. The family of all
η-dense sets in (X,τ) will be denoted by η-D(X,τ).
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Example : 4.8
Let X={a,b,c} with topology τ={X, Φ, {a}}.If A={a,b}, and
η-cl (A)=X then η-dense in X.
Remark : 4.3
Every η-dense set in a space (X,τ) is dense in (X,τ) by the
fact that η-cl (A) ⊆cl (A), while the converse may not be
true.
Example : 4.9
Let X={a,b,c,d} with topology τ={X,φ, {a},{ b,d},{a, b,d}}.
If A= {d}, then cl(A)=X but η-cl(A)={b,d}. Therefore, A is
dense inX but not η-dense in X.
Theorem : 4.9
For a space (X,τ) and E ⊆X, the following statements are
equivalent:
(i) E is anη-dense in X
(ii) If F is an η-closed set in X containing E, then, F=X
(iii) η-int(X \ E)=ϕ.
Proof:
(i)→(ii). Let Ebe anη-dense set of X. Then η-Cl(E)=X. But
F is an η-closed set contains E, then η-Cl(E)⊆F and
therefore F=X.
(ii)→ (iii). Since η-Cl(E) is an η-closed set contains E, By
(2) we have η-Cl(E)=X.
Hence φ = X \ η-cl(E) = η-int(X \ E) .
(iii)→ (i). Since η-int(X \ E)=ϕ. Then η-Cl(E)=X. Hence E
is anη-dense in X.
Proposition : 4.1
For a topological space (X,τ), if E∈η-D(X,τ), then the
following statements are hold:
(i) η-b(E) = η-cl(X \ E) ,
(ii) η-ext(E) =φ.
Proof:
(i) From Definition (4.1), we have η-b(E)=η-cl(E)∩η-cl(X
\E) and since E∈η-D(X,τ), then η-b(E) = η-cl(X \ E)
(ii) Also, by From Definition (4.2), η-ext(E)= X\η-cl(E)
but E∈η-D(X,τ), then η-ext(E)=ϕ.
Definition : 4.7
For a space (X,τ), A⊆X is called:
(i) η-nowhere dense if int(A)⊆η-int(η-cl(A))=ϕ
(ii) η-residual if η-cl(X\A)=X or η-int (A)=ϕ
η-nowhere dense is η-residual from the fact that
η-int(A)⊆η-int(η-cl(A)) for every A⊆X.
Example : 4.10
Let X={a,b,c}with topology τ={X,Φ,{a}, {b}, {a,b}} and
A={c} than η-int(η-cl(A))=ϕ. and η-int (A)=ϕ so A is
η-nowhere dense andη-residual.
Proposition : 4.2
A subset A of a topological space (X,τ), A⊆X is an
η-nowhere dense of X if A⊆η-Cl(X \ η-cl (A)).
Proof:
Let
A
is
an
η-nowhere
dense
then
η-int(η-cl(A))=ϕ.HenceX \ η-int(η-cl(A))) = η-cl(X \
η-cl(A)) = η-cl(η-int(X \ A)) = X ⊇A.
Theorem : 4.10
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The η-boundary of each η-open (resp. η-closed) set is
η-nowhere dense.
Proof:
Let A∈η-o(X) then
η-int(η-cl(η-b(A)) = η-int(η-cl(η-cl (A)) ∩ η-cl(X \ A)) =
η-int(η-cl(η-cl (A)) ∩ (X \ η-int(A))
⊆η-int(η-cl (A)) ∩η-int(X \ η-int(A)) ⊆η-int(η-cl
(η-int(A))) ∩ (X \ η-cl(η-int(A)))⊆η-cl (η-int(A))∩ (X \
η-cl(η-int(A)) = ϕ.
Also if A∈η-c(X) Then
η-int(η-cl(η-b(A)) = η-int(η-cl(η-cl (A)) ∩ η-cl(X \ A)) =
η-int(η-cl (A)) ∩η-int(X \ η-int(A))
= η-int(η-cl (A)) ∩ (X \η-cl(η-int(A))) ⊆η-int(η-cl (A)) ∩
(X \η-cl(η-int(η-cl(A))))⊆sη-int(η-cl (A)) ∩ (X
\η-int(η-cl(A))) = ϕ.
Proposition : 4.3
For a space (X,τ), A ⊆X, then the sets A∩ η-cl(X\A) and
η-cl(A)∩ (X\A) are η-residual.
Proof:
Sinceη-int(A∩η-cl(X\A)) ⊆η-int(A) ∩η-int(η-cl(X\A)))
⊆η-int(A) ∩η-cl(X\A)
= η-int(A) ∩ ( X \ η-int(A))= ϕ.Then A∩η-cl(X\A) is
residual.Similarly,
η-int(η-cl(A)∩(X
\
A))⊆η-int(η-cl(A))∩η-int(X \ A)=η-cl(A)∩(X \η-cl(A))=
φ,and hence η-cl(A)∩(X\A) is η-residual.

problems. A new meta experiential search algorithm, Firefly
Algorithm is pragmatic to train BPNN to achieve fast
meeting rate and to minimize the training error. FA is
applied to train the NN by exploiting the objective function
definitely. However, the number of exercise data, populace of
fireflies and repetition number must be satisfactorily high to
obtain high correctness. The proposed FA based NN
controller when implemented in a two area interconnected
power system ensures an improved transitory response of the
system than that of the output response obtained with PID
Controller examination on the values of parameters
like attraction and light intensity in better-quality version of
firefly algorithm is to be investigated in the near future.
REFERENCES
8.
9.

10.
11.

Theorem : 4.11
The η-boundary of any set contains the union of two
η-residual sets.
Proof:
Let (X,τ) be a space and A⊆X. Then by Proposition (4.3),
we have
(A∩η-cl(X\A)) ∪ ( η-cl(A) ∩ (X\A)) = (A∩η-cl(X\A)
∪η-cl(A)) ∩ (A∩η-cl(X\A))∪(X\A) = (A∪η-cl(A))∩
(η-cl(X\A)∪η-cl(A))∩ ((A∪(X\A)∩η-cl(X\A) ∪(X\A)
=η-cl(A)∩ (η-cl(A))∩(η-cl(X\A)∩ (η-cl(X\A))) ⊆η-cl(A)
∩ (η-cl(A∩(X\A)))∩ (η-cl(X\A))) =η-cl(A)∩ (η-cl(X\A))
=η-b(A).

12.

V. CONCLUSION

16.

13.

14.

15.

In this paper we found η-open set and η-closed sets in
topological spaces and deals properties of η-open set.
17.

5. REFERENCES:
1.
2.
3.
4.

5.
6.

18.

AndrijevicD. “Some properties of the topology of α-sets”, Mat. Vesnik
36(1984).
AndrijevicD. “Semi-preopen sets”, Mat. Vesnik 38(1) (1986), 24-32.
LevineN., Semi open sets and semi continuity in Topological spaces, Amer.
Math. Monthly,70(1963), 36-41.
MashhourA. S., Abd El Mousef M. E.andEl-DeebS. N., On pre-continuous
and weak pre-continuous mappings, Proc. Math. and Phys. Soc. Egypt,
53(1982), 47-53.
Pious Missier.S. andAnnalakshmi.M., Between Regular Open Sets and
Open Sets, Internat. J. Math. Archive, 7(5) (2016), 128-133.
Sayed MEL and Mansour FHAL, New near open set in Topological
Spaces,J Phys Math, 7(4)(2016).Re

19.

20.

21.

7.

system presentation it is clear that, FA based PID
regulator with stands an assortment of circumstances of the
consignment. Nature inspired meta-heuristic methods
provide plagiaristic free solution to optimize combination

22.

Retrieval Number: J104908810S19/2019©BEIESP
DOI: 10.35940/ijitee.J1049.08810S19

281

Xin-She Yang, “Firefly Algorithm, Stochastic Test Functions
and Design", http://arxiv.org/pdf/1003.1409.pdf.
S. L. Ukasik and S. Zak, "Firefly Algorithm for Continuous Constrained
Optimization Tasks", Computational Collective intelligence, Semantic
Web, Social Networks and Multi-agent Systems Lecture Notes in
Computer Science, Vol. 5796, pp. 97-106, 2009.
S. L. Tilahun and H. C. Ong, "Modified Firefly Algorithm", Hindawi
Publishing Corporation Journal of Applied Mathematics, 2012.
M. J. K. Parsi, "A Modified Firefly Algorithm for Engineering
Design Optimization Problems", IJST, Transactions of
Mechanical
Engineering, Vol. 38, pp. 403-421, 2014.
T. Apostolopoulos and A. Vlachos, “Application of the
Firefly
Algorithm for Solving the Economic Emissions
Load Dispatch
Problem”, Hindawi Publishing Corporation International Journal of
Combinatorics, 2011.
K. Chandrasekaran and P. S. Simon, “Network and reliability
constrained unit commitment problem using binary real coded
firefly algorithm” Elsevier, Electrical Power and Energy Systems, vol. 43,
pp. 921-932, 2012.
M. H. Sulaiman, M. W. Mustafa, A. Azmi, O. Aliman, and S.
R. Abdul Rahim, “Optimal Allocation and Sizing of
Distributed
Generation in Distribution System via Firefly
Algorithm”, IEEE,
International Power Engineering and Optimization conference (PEPCO),
2012.
S. Merkel, C. Werner, and B. H. Schmeck, “Firefly-Inspired
Synchronization for Energy-Efficient Distance Estimation in
Mobile
Adhoc Networks”, IEEE, 31th International
Performance Computing
and Communications Conference
(IPCCC), 2012.
K.Naidua, H.Mokhlisa, and A. H.A.Bakarb, “Application of Firefly
Algorithm (FA) based optimization in load
frequency control for
interconnected reheat thermal power
system”, IEEE Jordan Conference
on Applied Electrical Engineering and Computing Technologies
(AEECT), 2013.
R. Subramanian and K. Thanushkodi, “An Efficient Firefly
Algorithm to Solve Economic Dispatch Problems”,
International
Journal of Soft Computing and Engineering
(IJSCE), Vol. 2, 2013.
K. Nadhir, D. Chabane, and B. Tarek, “Distributed
Generation
Location and Size Determination to Reduce
Power Losses of a
Distribution Feeder by Firefly Algorithm”,
International Journal of
Advanced Science and Technology Vol. 56, 2013.
D. R. Prabha, A. K. Prasad, R. S. Saikumar, R.
Mageshvaran, and T.
N. Babu, “Application of Bacterial
Foraging and Firefly Optimization
Algorithm to Economic
Load Dispatch Including Valve Point
Loading”, IEEE,
International Conference on Circuits, Power and
Computing Technologies, 2013.
S.J.Huang, X. Z. Liu, W. F. Su, and S. H. Yang, “Application of Hybrid
Firefly Algorithm for Sheath Loss Reduction of Underground Transmission
Systems”, IEEE Transactions on Power Delivery, Vol. 28, no. 4, 2013.
K.Thenmalar and A. Allirani, “Solution of Firefly Algorithm for the
Economic Thermal Power Dispatch with Emission Constraint in Various
Generation Plants”, 4 th International Conference on Computing,
Communications and Networking Technologies (ICCCNT), 2013.
G. Kannan and N. Karthik, “Application of Fireflies Algorithm to Solve
Economic load Dispatch”, IEEE,
International Conference on Green
Computing Communication and

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

International Journal of Innovative Technology and Exploring Engineering (IJITEE)
ISSN: 2278-3075, Volume-8, Issue-10S, August 2019
Electrical Engineering (ICGCCEE), 2014.

AUTHORS PROFILE
D. SUBBULAKSHMI,Department of Mathematics,
RathnavelSubramaniam College of Arts and Science,
Sulur - 641402. subbulakshmi169@gmail.com

Dr. K. SUMATHI,Department of Mathematics,
PSGR Krishnammal College for Women,
Coimbatore – 641004. ksumathi@psgrkcw.ac.in

Dr. K. INDIRANI,Department of Mathematics,
Nirmala College for Women, Coimbatore - 641018
indirani009@ymail.com

Retrieval Number: J104908810S19/2019©BEIESP
DOI: 10.35940/ijitee.J1049.08810S19

282

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

