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Time Dependent Probabilities of M/M/1 Queue
with Working Vacation Subject to Disasters and
Repair

B. Janani, M. Lakshmi Priya

Abstract: A single server Markovian queueing model with
working vacation subject to disaster and repair is considered.
Whenever the server finds nobody in the system, the server is
allowed to take a working vacation where, the server provides
service at a slower rate than usual. Also disaster can occur either
during busy state or during working vacation state. Whenever the
system met with disaster all customers are flushed out and the
system transits to repair state. Customers are allowed to join the
queue even during repair time. After repair, if the server finds
customer then the server moves to busy state otherwise the server
moves to working vacation state. Using generating function and

Laplace transform techniques explicit time dependent
probabilities for various states have been obtained.

Keywords: Disaster, Repair, Vacation,
Working vacation, Generating functions, Laplace
transform.

I. INTRODUCTION

In recent years queueing models with disaster have been
paid more attention by researchers due to their applications in
communication systems, networks etc. During disaster all
the customers who are waiting for service are flushed out.
This type of situation can be seen to prevail in computer
where arrival of virus can be consider as disaster since they
remove all data present in computer.

Kumar and Arivudainambi (2000) derived transient
solution of single server queue with catastrophes Yang and
Kim (2002) dealt with M/G/1 stochastic clearing system and
derived length of the system. Reader may refer to Economu
and Fakinos (2003), Gani and Swift (2007), Shin (2007) for
better understanding of queue with disasters.

Queueing system with disaster and impatient customer was
studied by Yechialli (2007). Also he derived average time of
a served customer temporarily, the rate of lost customer due
to disasters and the proportion of customers served. Also
reader can refer papers related to queue with disaster and
impatient by Sudhesh, Dimou and Economu (2010, 2013).
Finite source discrete time queue with disaster was studied by
Jolai and Asadzadeh (2008). Later on Park and Yang (2009)
extended it to queue. Batch Markovian arrival process with
geometric catastrophes was studied by Economu and
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Gomez-Corral (2007). Single server Markovian queueing
model with balking and catastrophes was studied by Boudali
and Economu (2012, 2013).

Single server queue with working breakdown and disasters
was studied by Kim and Lee (2014). Steady state expressions
for length of the queue with disasters and multiple working
vacations were presented by Yi and Kim (2007). Queue ina
multi-phase stochastic environment with disasters was
studied by Jiang et al (2015) and they derived the distribution
for the transient queue. Stochastic clearing system in
three-phase environment was studied by Zhang et al (2015).
Queueing system with disaster and repair under multiple
adapted vacation policy was studied by Mytalas and Zazanis
(2015).

Also, most of the authors have given importance to steady
state analysis. As probability of number of customers
entering into the system and service time of a customer
depends upon time, steady state probabilities couldn’t define
the behaviour of queuing system appropriately. Hence
transient solution contributes significantly to analyze the cost
minimization and profit maximization of queuing system.
For instance chauffeur while operating a cab met with
disaster by means of sudden breakdown of the cab. At such
case he was forced to be delay in driving or completely stop
his driving. This leads to less efficiency in rendering service
to passengers at designated areas in time scheduled earlier.

To the best of our knowledge only there are few papers
available on the topic “vacation queue with disasters and
repair”. Kalidass et al (2014) were the first to study queue
with repairable server and multiple vacations and they
derived explicit expressions for time dependent probabilities.
Suranga Sampath (2018) derived steady state expressions for
queue with repairable server under working vacations and
system disaster using probability generating function
method. In this paper the time dependent probabilities of an
queue with working vacation subject to disasters and repair
are obtained using generating function and Laplace transform
techniques This paper is organized as follows. Section 2
gives description of the model. Section 3 provides transient
probabilities in closed form. Section 4 deals with conclusion
and future scope.

Il. MODEL DESCRIPTION

A single server Markovian queueing model with working
vacation subject to disaster and repair is considered. Arrivals
are joining the system according to Poisson process with
parameter A and service takes place exponentially with
parameter £ .
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Whenever the system becomes empty the server is allowed
to take working vacation where the service is provided at a

slower rate £, . In addition the system can met with a

disaster either during busy state or during working vacation
state. Whenever the system met with a disaster all customers
are flushed out and system goes to repair state. Vacation,
disaster and repair times of the system are also exponentially

distributed with parameter y , 1 and 9 respectively.
Customers are allowed to join the system during repair time
according to Poisson process with parameters A . After
repair, the server moves to busy state if the server finds
customers in the system, otherwise the server moves to
working vacation state. Number of customers in the system

and system states are represented by y(t) and
J (t)respectively. Mathematically,
1 ;serverisin busy  state
J(t) =<2; server isinworking vacation
0 ;serverisindisaster state

Hence (J(t), x(t)) is a Markov process with
continuous  time  parameter whose state  space

Q={(0,0)u(j,n);j=01n=12,..}
.LetP; , (t)denotes the transient probability with 2 number
of customers in state j at time t. Mathematically,

Poo(t) = P{J(t) = 0, x(¢) = 0},

P,o(t) = P{J(t) = 2, x(¢t) = 0},

Pn(t) =P{J@) =j,x(t) =n}j =
0,,2andn = 1,2 ...

and

Fig.1 State transition diagram of M/M/1 queue with
working vacation subject to disaster and repair.

Governing equations of the above system are,
Pol,o(t) = _(/1 + 19)P0,0(t)

1) (Poa® + Pon(®) (D

n=
Py o(t) = =(A 4+ 9Py, (t) + APy 1 (t); n
=1.2.., (2)

Pl (t) = —(A+ u+mPyy(t) + pPyo(8) + 9P, (t)
+yP, (1),

Pf,n(t) =—-(A+u+ U)P1,n(t) + Apl,n—l(t) + ﬂpl,n+1(t)
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TPy (t) +yPyn(t);n=23..., (4)

Py (t) = —=AP,0(t) + pypPy 1 (t) + Py 1 (t) + 9Py (t),

(5)
and

Pon(t) = =+, + 71+ ¥)Pyn(6) + APy (1)
+ P (t);n =12,
(6)
subject to the condition P, , (0) =1

I11. TRANSIENT PROBABILITIES

In this section explicit expression for time dependent
probabilities of an M /M /1queue with working vacation
subject to disaster and repair are derived using generating
function and Laplace transform techniques.

Evaluation of Py, (t)

Taking Laplace Transform for equation (2) gives,
A A A
Po(s)=———=PR,,.(S),

Ovn( ) S+ﬂ,+19 O,n—l( )

and hence recursively we get,

A ¥ n
Po,n(s):[mj Po(s).n=12....
@)

On inverting equation (7) leads to,

Po,n (t) _ lne—(i+3)t

tn—l

®)
Therefore P, , (t) is expressed in terms of Py (t).

Evaluation of Fy (t)

By normalization condition,

00

Poo (t) +Py, (t) + Z(Po,n (t)‘l‘ R (t) +P,, (t)) =1.

n=1L
©)
Therefore
D (P (1) + Py, (1)) =1=Pyg (1) =Py (1) = 2Py (1).
n=1 n=1
(10)

Taking Laplace transform for equation (1) gives,

Poo(5)(5+ 2+.9) =03 (R, (5)+ By (5))

Published By:
Blue Eyes Intelligence Engineering
and Sciences Publication (BEIESP)



http://www.ijitee.org/

OPEN aﬂCCESS

Similarly taking Laplace transform for equation (10) gives,
(B B 1
Z(Pl,n(s)_'_Pz,n(s)):g 0,0 S) PZO ZPOn

n=1
(12)
Substituting equation (12) in equation (11) yields,

F},,O(s)(s+z+9)+qf;,,0(s)+ng[s+j+3)ngo(s):n(i-ﬁm(s)j,
Fuls)= s+129+n[%[s+/{;n9+n §[s+j+9jnjj}(l_ﬁz‘°(s)}

:ﬁ(s)(l— Iﬁzvo(s)), (13)

N
AN n < -n S A
”(S)_s+ﬂ+9+n§(s+ﬁ+9+n;(s+l+9j j '

Inverting equation (13) gives,

Poo (1) =7(t)*(1-P,, (1)),

where
*]j

lne—(xﬂ&)ttn—l J

7Z'(t) _ ne—(&ww)t *2 _776 (&+9+q)t*i[ (n _1)'
j= n= :

Hence P, (t)is expressed in terms of P, (t).

Evaluation of P, , (t)

Define
P,(z,t)=) P, (t)z",
n=1
then

; t)=gp21n(t)z

(14)

By substituting equation (6) in equation (14) yields,
P (1) jp( )= 228, (t)- Py ()
(15)

( (/1+,uv+77+;/)+lz+

Integrating equation (15) with respect to “{ *yields,

Po ( y) dy

(A+u, +77+y)+iz+ J(t y)

P,(z,t) Afze

-
M) Ten

0

dy

(16)

A
— then
9

It is well known that if & = 2,/ A4y and B =
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wherel,, (t) is the modified Bessel function of the first kind.
Equating coefficient of z" in equation (16) gives,

B, (t)=Afe g, (y) g (a(t-y))dy

0

t
(1+/1v +17+;/) t— y
ufe
0

Pa(¥) 8", (et

—y))dyin=12...

: a7
Similarly equating coefficients of z™" in equation (16) and

multiplying by 3" gives,

t
0= AJ- e—(myvmw)(tf)’) Pz,o (Y)ﬂn&' o (Ot(t - y))dy
0

t
_ﬂvj‘ef(/uvauy)(t—y) P2,1 (y)ﬁn | . (a (t _ y)) dy
0

: (18)
Subtracting equation (18) from equation (17) gives,

t
szn(t):ﬂje (A, +n+7)(t y

0

oW (e (t=y))= 1o (@(t-y)) .

=B —1{ o (1) 2”';((‘:) ) (et |
= 8" &, (t)* Py (1)] (19)
2nl (a t)) (At +tp)t

a(t)

Substitutingn =1 in equation (19) yields,

t)=A[& (t)* P, (1)].

where g, () =

(20)
where

—(A+p, +nHy )t 2 I1 (a (t))

g(t)=e ()

Evaluation of P, , (t)

Define
t)=2 R (1)
n=1
then
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(21)

=R (07

Substituting equations (3) and (4) in equation (21) gives,
Pl’(z,t)—Pl(z,t)(—(M ﬂ+n)+iz+‘z‘]:-ﬂal(t)+ P (20)+ 53R, ()2
n=1

(22)
y following the same procedure as in the evaluation of

( ) yields,

tw

=7 [ LR

om=l

+‘9;[Zi:POm gt y B (I n-m (%(t'y))_|n+m(a1(t_y))dy)

m

o)t yﬁ1 (| 7m(a1(t—y))—|n+m(0!1(t—y))dy)

[N

n=123..,

A
wherear, =2/ Au and B, = [—.
1 1 \u

Substituting n =1in equation (23) gives,

jleZm NWZ - yﬁ (I ,1(a1(t—y))—le(al(t—y))dy)

+IZ gttty (l -1(a1(t_y)) m+1( ( y))dy)

om=l

(23)

(24)
Taking Laplace transform for equation (24) yields,

ft(s)—[wvsm(s)eo(s)w[ifmjm(i—@is)]ﬁ(s)[ml)m[M;_—QZ]ND

Inverting we get,

P (t)=06,(t)* Py () +6,(t)
(25)

where
|y ama & a0 ", 2 mel Im(al(t_y))
01)=| 287, (1) 92 (1) 2% (m_l)_ P mr
_ game (29 t™t * 7 (t)* 2me, " (al (t - y))
Hz(t) 94 (m—l)' ( ) (2#) (Oll(t—y))

Hence all time dependent probabilities are expressed in terms

of Py (t)

Evaluation of P, (t)
Applying Laplace transform for equation (5) yields,
Po(S)(s+A)=p,P,.(5)+ P, (s)+ IR, (s)+1

(26)
By using equations (12), (16) and (20) in equation (21) gives,
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If)z,o(s) Sll{ﬂvﬂﬂ( ) 20 (S)+y(é1(s)lf’210(3)+52(S))+9ﬁ(s)(]s'—|5210(s)j+l}

which on further simplification yields,

@7) |
O e | e )

Inverting equation (26) gives,
Po(t)= Z((y Je,(t)+ y@(t)—yn(t))*e*“)*j (6, (e + 9 (1) (136 )+e

where

*j

tn—l
*ne—(hmn)t

(n-1)!

0
Z ~(A+3+n)t Z/In ~(A+9)t
n=1

j=0
z _ a(Aru eyt 2|1(a(t))
Ho=e (1)

_ mle 9 (t)* A" ~(A+9)t "t * 2 mafmnlm(al(t_y))
0= 1m0 -7 (L e Boma
0,(t) = 9ameror Ty 2may ln (e (t—Y))

( ) e (m—l)l ( ) (2 )1 m (al(t—y))

Hence P, (t) is explicitly determined.

IVV. CONCLUSION AND FUTURE SCOPE

Time dependent probabilities of an M / M /1queue with
working vacation subject to disaster and repair are derived
explicitly using Laplace transform and probability generating
function techniques. This model can be further extended for a
single server queue with finite capacity, multi-server queue
and by including impatience during working vacation.

V. REMARK

Case:i:
When 77=0and $=0, the model reduces to M/M /1
queue With working vacation wherein,

iZP B (a6 9)) - ) )

0 m=L

A+y+q I y

and
By (1) = AR, (y) B2 (1 sa(t=y) =1 (e (t-)) dy,

which coincides with the results obtained by Sudesh (2012).
Case :ii:
Let 7Ty, j denote the steady state probability for the

system to be in state j with ‘n’customers. Mathematically,
let
n = lim P;, (t)
t—oo
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Using the initial value theorem of Laplace transform, which
states

L!I_)rg Pj,n(t) = Ll_l;% Sﬁj,n(s)

itis observed that 77 , = LI—E% Sﬁj‘n (s). Therefore from the

equation (13), we get

nv
QA+v)(n+v)

(1 - nz,o)

llm Spo 0(5) =
s—-0 ’

Similarly by taking ling SISj'n(s) for the equation (19),(24)
S—

and (26), our results are seen to coincide with the results
obtained by Suranga Sampath (2018).
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