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Abstract— Let G be a connected graph with n vertices. The 2-

degree of a vertex v in G is the number of vertices which are at 

distance two from v in G. The third leap Zagreb index of G is the 

sum of product of degree and 2-degree of all vertices in G. In this 

paper, we determine the exact values for the third leap Zagreb 

index of some generalized graph structures  

 

Keywords— Thorn graphs, generalized graph structures, leap 

Zagreb indices. 

I. INTRODUCTION 

Topological indices of graphs play a vital role in 

Mathematical Chemistry to study the structural properties of 

some complicated chemical compounds. In general, 

topological indices are widely classified into two types: 

degree based indices and distance based indices.   Thorn tree 

is a well known graph structure in Chemical graph Theory.   

In 2012 K.M.Kathirasen and C.Parameswaran [1] 

introduced the idea of  Generalized Thorn graphs as a 

generalization of thorn trees. In 2017, Naji et al. [5] 

introduced a new topological invariant called leap Zagreb 

indices and studied their properties. Also they discussed the 

first leap Zagreb index of some graph operations [4]. 

Basavanagoud and Praveen [2] computed first leap Zagreb 

index of some nano structures.  Shao et al. [6] found some 

interesting results on leap Zagreb indices of trees and 

unicyclic graphs. Shiladhar et al. [7] computed leap Zagreb 

indices of some windmill type graphs.  

Venkatakrishnan et al. [8] found eccentric connectivity 

index of certain generalized thorn graphs. In this sequel, we 

are interested in computing exact values for the third leap 

Zagreb index of some generalized thorn graphs. We recall 

their definitions in the following: 

II. BASIC DEFINITIONS 

Definition 1  
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The generalized thorn graphs 

''

, ,,,, KCAKCP GGGGGG G
P

 and
'

AG  G
'
A are constructed 

using the following graph operations: 

PG : Attach it copies of a path of order 2r to each 

vertex iv of G by identifying iv as the initial vertex of such 

paths. 

CG : Attach  it  copies of a cycle of order 3r to each 

vertex iv by identifying iv as one of the vertices in rC . 

KG : Attach  it  copies of a complete graph rK of order 

4r to every vertex iv of G by identifying iv as a vertex 

of rK . 

AG : Attach  it  copies of a complete bipartite graph 

srK ,
to every vertex iv of G  by identifying iv as a vertex 

of srK , . 

'

CG : Attach  it  copies of a cycle of order 3r to each 

vertex iv of G by an edge. 

'

KG : Attach it  copies of a complete graph rK of order 

4r to each vertex iv of G by an edge. 

'

AG : Attach it  copies of a complete bipartite graph srK ,

to each vertex iv of G  by an edge. 

     Recently Naji et al. [5] introduced a new set of 

topological invariants called Leap Zagreb Indices in 2017 

and they are defined as follows:  

Definition 2  

The first leap Zagreb index of G is denoted by LM
1

(G) 

and defined as 


=
)(

2

21 ):()(
GVv

GvdGLM . 

Definition 3  

The second leap Zagreb index of G is defined as




=
)(

222 ):():()(
GEuv

GvdGudGLM . 

Definition 4  

The third leap Zagreb index of a graph G is defined as  




=
)(

23 ):():deg()(
GVv

GvdGvGLM . 
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III. THE THIRD LEAP ZAGREB INDEX OF  

GENERALIZED THORN GRAPHS & RESULTS 

In this section, we compute the exact values of the third 

leap Zagreb index of generalized thorn graphs 𝐺𝑃 , 𝐺𝐶 ,  𝐺𝐾, 

𝐺𝐴, 𝐺𝐶 ′, 𝐺𝐾′ and 𝐺𝐴′.  
Let 𝑆𝑖 = ∑ 𝑡𝑗𝑣𝑗∈𝑁𝐺(𝑣𝑖)

. 

2.1  Generalized Thorn Graph 𝐺𝑃 

Observation 1  

Let u
1

,u
2

,⋯,u
r

 be the vertices of P
r
. The degree and 2-

degree of any vertex in G
P

 is given as follows: 

(1) deg(vi : GP) = deg(vi: G) + ti 

 (2 )𝑑2(𝑣𝑖: 𝐺𝑃) = 𝑑2(𝑣𝑖: 𝐺) + ti + Si  

(3) deg(𝑢𝑗: 𝐺𝑃) = 2; 3 ≤ 𝑗 ≤ 𝑟 − 1 

(4) 𝑑2(𝑢𝑗: 𝐺𝑃) = 2; 3 ≤ 𝑗 ≤ 𝑟 − 1 ;    3 ≤ j ≤ r−1  

(5) deg(𝑢2: 𝐺𝑃) = 2  

(6) 𝑑2(𝑢2: 𝐺𝑃) = deg(𝑣𝑖 : 𝐺) + 𝑡𝑖;  1 ≤  𝑖 ≤  𝑛  

(7) deg(𝑢𝑟: 𝐺𝑃) = 1 

(8)𝑑2(𝑢𝑟: 𝐺𝑃) = 1.  
Theorem 5 
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Proof.   

By observation 1 we have 
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Thus the result follows. 

Corollary 6  

If t
i
=t for all i=1,2,…,n in G

P
, then 

ntrntStGvdt

SGvmtGLMGLM
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Example 7  

(1) If t copies of P
r
 (r≥2) are attached to each vertex of 

G=P
n

, then 

𝐿𝑀3(𝐺𝑃) = 2(2𝑛 − 5) + 𝑛𝑡(4𝑟 − 1) − 2𝑡(𝑡 + 8) 

                                + 5𝑛𝑡2. 

(2) In particular if we attach t copies of P
2

 to every 

vertex of G=P
n

 by identifying one of the vertices in P
2

 as a 

vertex in P
n

 then the resulting graph is a Thorn tree T and 

LM3(T) = 2(2n − 5) 

      +nt(4r − 1) − 2t(t + 8) + 5nt2. 

 

  

 
 

Figure 1: Thorn tree 𝐓 

 

(3) If t copies of 𝑃𝑟  (r≥2) are attached to each vertex of 

𝐺 = 𝐶𝑛, then 𝐿𝑀3(𝐺𝑃) = 4𝑛 + 12𝑛𝑡 + 3𝑛𝑡2 +
(4𝑟 − 13)𝑛𝑡. 

2.2 Generalized Thorn Graph 
CG  

Observation 2:  

 Let 𝑢1, 𝑢2, … , 𝑢𝑟  be the vertices in a cycle 𝐶𝑟 , 𝑟 ≥ 5.  
Then the degree and 2-degree of any vertex in 𝐺𝐶 

is as follows: 

(1) deg(𝑣𝑖: 𝐺𝐶) = deg(𝑣𝑖 : 𝐺) + 2𝑡𝑖 

(2) 𝑑2(𝑣𝑖 : 𝐺𝐶) = 𝑑2(𝑣𝑖 : 𝐺) + 2𝑡𝑖 + 2𝑆𝑖  

(3) deg(𝑢𝑗: 𝐺𝐶) = 2, 𝑤ℎ𝑒𝑟𝑒 𝑢𝑗 ∈ 𝑁(𝑣𝑖 : 𝐺𝐶)\𝑉(𝐺) 

(4) 𝑑2(𝑢𝑗: 𝐺𝐶) = deg(𝑣𝑖 : 𝐺) + 2𝑡𝑖, 𝑤ℎ𝑒𝑟𝑒  

        𝑢𝑗 ∈ 𝑁(𝑣𝑖: 𝐺𝐶)\𝑉(𝐺) 

(5) deg(𝑢𝑗: 𝐺𝐶) = 2, 𝑤ℎ𝑒𝑟𝑒  

𝑢𝑗 ∈ 𝑉(𝐺𝐶)\(𝑁(𝑣𝑖 : 𝐺𝐶) ∪ 𝑉(𝐺)) 

(6) 𝑑2(𝑢𝑗: 𝐺𝐶) = 2(𝑟 − 3), 𝑤ℎ𝑒𝑟𝑒  

𝑢𝑗 ∈ 𝑉(𝐺𝐶)\(𝑁(𝑣𝑖 : 𝐺𝐶) ∪ 𝑉(𝐺)) 

Theorem8  
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Proof:  

By Observation 2 we have 
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If tt i =  for all ni ,...,2,1=  in CG , then 
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Example 10  

(1) If  t copies of rC ., 5r  are attached to each vertex 

of nPG = , then 

)144(2

))3(3(4)52(2)(3

+−

+++−=

tt

rtntnGLM C
 

(2) If  t copies of  rC ., 5r  are attached to each vertex 

of nCG = , then 

2

3 124124)( ntrntntnGLM C +++= . 

2.3 Generalized Thorn graph KG
 

Observation 3  

Let ruuu ...,,, 21 be the vertices in a clique rK .  Then 

the degree and 2-degree of any vertex KG are as follows: 

(1) iiKi trGvGv )1():deg():deg( −+=  where 

)(GVvi   

(2) iiKi SrGvdGvd )1():():( 22 −+=  where 

)(GVvi   

(3) 1):deg( −= rGu Kj where )(\)( GVGVu Kj   

(4) )1)(1():deg():(2 −−+= rtGvGud iiKj
where 

)(\)( GVGVu Kj   
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Proof:  

By Observation 3 we have 
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Corollary 12  

If tt i =  for all ni ,...,2,1=  in KG , then 
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Example 13  

(1)  If t  copies of )4( rKr  are attached to each 

vertex  

     of nPG = , then 
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(2)  If t  copies of rK )4( r are attached to each 

vertex of nCG = , then 

).2(3

)3(3)10(4)(

2

3

−+

−+−+=

rnrt

tntrrntnGLM K
 

2.4 Generalized Thorn graph AG
 

Observation 4:  

Let ),( YX  be a partition of the vertex set of  it -copy of 

srK ,
 and let },...,,{)( 21 rxxxXV = and 

}.,...,,{)( 21 syyyYV =   Then the degree and 2-degree of 

any vertex in AG is as follows: 

(1) iiAi stGvGv += ):deg():deg(  

(2) iiiAi sStrGvdGvd +−+= )1():():( 22  

(3) rjsGx Aj = 2,):deg(  

(4) rjrGxd Aj −= 2,1):(2  

(5) skrGy Ak = 1,):deg(  

(6) 
sk
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Proof:   

By Observation 4 we have 
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Thus the result follows. 

 

Corollary 15  

 If tt i =  for all ni ,...,2,1=  in AG , then 
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2.5  Generalized Thorn Graph 
'

CG
 

Observation 5  

 Let ruuu ,...,, 21  be the vertices in the it -copy of rC .  

Then degree and 2-degree of any vertex in 
'

CG  are as 

follows: 

(1) 
iiCi tGvGv += ):deg():deg( '
 

(2) 
iiiCi StGvdGvd ++= 2):():( 2

'

2
 

(3) rjGudGu CjCj == 4,2):():deg( '
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.)74(5):(

]5)[:deg()()(

111 1

2

2

1

3

'

3

 



=== =

=

+++++

++=

n

i

ii

n

i

i

n

i

n

i

iii

n

i

iiiC

SttrttGvd

StGvGLMGLM

 

Proof:   

By Observation 5 we have 
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Thus the result follows. 

Corollary 17   

 If niallfortti ,...,2,1==  in 
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2.6 Generalized Thorn Graph 
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Observation 6   

Let ruuu ,...,, 21 be vertices in a clique rK .  Then the 

degree and 2-degree of any vertex in 
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KG are as follows: 
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Theorem 18  
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Proof:   
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Corollary 19   

If niallfortti ,...,2,1==  in 
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2.7  Generalized Thorn Graph 
'

AG
 

Observation 7   

Let ),( YX  be a bipartition of the vertex set of it -copy 

of srK , and let },...,,{)( 21 rxxxXV = and 

}....,,{)( ,21 syyyYV =   Then the degree and 2-degree of 

any vertex in 
'

AG  are as follows: 
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Proof:   

By virtue of Observation 7, we have 
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Thus the result follows. 

Corollary 21  

 If niallfortti ,...,2,1, ==  in 
'
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IV. CONCLUSION 

The exact values of the third leap Zagreb index of some 

generalize thorn graphs have been determined.  Results on 

the second leap Zagreb index of these graph structures will 

be reported in near future. 
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