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Abstract— Let G be a connected graph with n vertices. The 2-
degree of a vertex v in G is the number of vertices which are at
distance two from v in G. The third leap Zagreb index of G is the
sum of product of degree and 2-degree of all vertices in G. In this
paper, we determine the exact values for the third leap Zagreb
index of some generalized graph structures
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I. INTRODUCTION

Topological indices of graphs play a vital role in
Mathematical Chemistry to study the structural properties of
some complicated chemical compounds. In general,
topological indices are widely classified into two types:
degree based indices and distance based indices. Thorn tree
is a well known graph structure in Chemical graph Theory.
In 2012 K.M.Kathirasen and C.Parameswaran [1]
introduced the idea of Generalized Thorn graphs as a
generalization of thorn trees. In 2017, Naji et al. [5]
introduced a new topological invariant called leap Zagreb
indices and studied their properties. Also they discussed the
first leap Zagreb index of some graph operations [4].
Basavanagoud and Praveen [2] computed first leap Zagreb
index of some nano structures. Shao et al. [6] found some
interesting results on leap Zagreb indices of trees and
unicyclic graphs. Shiladhar et al. [7] computed leap Zagreb
indices of some windmill type graphs.

Venkatakrishnan et al. [8] found eccentric connectivity
index of certain generalized thorn graphs. In this sequel, we
are interested in computing exact values for the third leap
Zagreb index of some generalized thorn graphs. We recall
their definitions in the following:

I1. BASIC DEFINITIONS
Definition 1
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The generalized thorn graphs

G;,G.,G¢ G, G.,Gy Gp and G, G'A are constructed
using the following graph operations:

Gp : Attach t; copies of a path of order r > 2to each
vertex V; of G by identifying V; as the initial vertex of such
paths.

G : Attach t; copies of a cycle of order I' > 3to each
vertex V; by identifying V; as one of the vertices in C, .

GK : Attach t; copies of a complete graph Kr of order
r > 4 to every vertex V; of G by identifying V, as a vertex
of K,.

GA: Attach t; copies of a complete bipartite graph
Kr’s to every vertex V; of G by identifying V; as a vertex
of K ;.

G(': . Attach t; copies of a cycle of order I' > 3to each
vertex V; of G by an edge.

G,'< : Attach t; copies of a complete graph Kr of order
I > 4 to each vertex V; of G by an edge.

GA: Attach t; copies of a complete bipartite graph K| ¢

to each vertex V, of G by an edge.

Recently Naji et al. [5] introduced a new set of
topological invariants called Leap Zagreb Indices in 2017
and they are defined as follows:

Definition 2

The first leap Zagreb index of G is denoted by LMl(G)
and defined as LM, (G) = > d,(v:G)®.

veV (G)

Definition 3

The second leap Zagreb index of G is defined as
LM,(G)= > .d,(u:G)d,(v:G).

uveE(G)
Definition 4

The third leap Zagreb index of a graph G is defined as
LM,(G) = > deg(v:G)d,(v:G)-

veV (G)
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I11. THE THIRD LEAP ZAGREB INDEX OF

GENERALIZED THORN GRAPHS & RESULTS

In this section, we compute the exact values of the third
leap Zagreb index of generalized thorn graphs G, , G, Gk,
Gy, G.', G and G,

Let Si = ZV}'EN(;(VL-) t]

2.1 Generalized Thorn Graph G,
Observation 1
Let Ul U be the vertices of Pr. The degree and 2-
degree of any vertex in GP is given as follows:

(1) deg(v;: Gp) = deg(v;: G) + t;
(2 )dz(vi: Gp) = dz(vi: G) + ti + Si

3) deg(u,-: GP) =2;3<j<r-1

(@) dy(u:Gp)=23<j<r—-1; 3<j<r-I
(5) deg(uz:Gp) =2

6) dy(uy:Gp) =deg(vi:G)+t;1 <i<n
(7)  deg(u;:Gp) =1

(8)d,(u,: Gp) = 1.
Theorem 5

LM, (G,) = LM, (G) + > deg(v, /G)[3t, + 5,1+

i=1
Zn:dz (v, /G)t, + zn:tisi +3Zn:ti2 + (4r —13)iti
i=1 i=1 i=1 i=1

Proof.
By observation 1 we have

LM, (G;) = Zdeg(V:GP)dZ(V:GP)

veV (Gp)

= Ydeg(v, :G,)d, (v, :Gp) + D,

vV (Gp) iz
+ ZZn:ti +4(r - 4)Zn:ti + Zzn:ti [deg(v, :G) +1;]
i1 i1 i1
:Zn:[deg(vi :G)+t][d, (v, :G)+t, +S,]+ Zn:ti
i1 i1
+ ZZn:ti +4(r — 4)Zn:ti + Zzn:ti [deg(v;, :G) +t,]
i1 i1 i1
= Zn:deg(vi :G)d, (v, :G)+Zn:deg(vi (Gt
i1 i1
+>deg(y, :G)S, + > d, (v, :G) +> 77 +
i1 i1 i1
Zn:tisi + (4r —13)Zn:ti +ZZn:deg(vi :G)t, +22n:ti2
i1 i1 i1 i1
Thus the result follows.
Corollary 6

If ti:tfor alli=1,2,...,nin GP, then
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LM,(G,) = LM,(G) +6mt+>_deg(v, : G)S, +

i=1

> d,(v; :G) +t) S, +3nt? + (4r —13)nt
i=1 i=1

Example 7
1)
G=Pn, then

LM;(Gp) = 2(2n — 5) + nt(4r — 1) — 2t(t + 8)
+ 5nt?,
In particular if we attach t copies of P2 to every

If t copies of Pr (r>2) are attached to each vertex of

)
vertex of G=P_ by identifying one of the vertices in P,asa
vertex in Pn then the resulting graph is a Thorn tree T and

LM;(T) = 2(2n — 5)
+nt(4r — 1) — 2t(t + 8) + 5nt?.

Figure 1: Thorntree T

If t copies of B. (1>2) are attached to each vertex of
then LM;(Gp) = 4n + 12nt + 3nt? +

(©)
G =C,,
(4r — 13)nt.

2.2 Generalized Thorn Graph G

Observation 2:
Let uy,u,,...,u, be the vertices in a cycle C,,r = 5.
Then the degree and 2-degree of any vertex in G,
is as follows:
(1) deg(v;: G¢) = deg(v;: G) + 2¢;
(2) d2 (Ul‘ . GC) = dz(vi . G) + Ztl + 251
(3) deg(u]-: G¢) = 2,where u; € N(v;: Go)\V(G)
(4) d, (uj: Gc) = deg(v;: G) + 2t;, where
uj € N(UL': GC)\V(G)
(5) deg(uj: GC) = 2,where
u; € V(G)\(N(v;: Ge) UV (G))
d, (uj: GC) = 2(r — 3), where
u; € V(G)\(N(vi: Ge) UV (G))
Theorem8
LM, (G.)=LM,(G) + ZEH:deg(vi :G)[2t;, +S,]

i=1

Jrzzn:dz(vi Gt +4(r—2)zn:ti +4Zn:tisi +4Zn:tf
i=1 i=1 i=1 i=1

(6)
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Proof:
By Observation 2 we have

LM,(G,) = D deg(v:G.)d,(v:G,)

veV (Gg)

ZdEQ(Vi 1Gc)d, (v 1Ge)

vieV (Ge)
D deg(u; :G.)d,(u; :Ge)

ueN(v;:Ge )WV (G)

+ > deg(u; :G.)d,(u; :Ge)

ujeV (G )\N(vi:Ge )WV (G))

=+

= Zn:[deg(vi :G)+2t,][d, (v, :G) +2t, +2S,]+

i=1

Z_Zn:ti [deg(v, :G) + 2t ]+ 4(r — B)Zn:ti

=LM,(G)+ ZZn:deg(vi :G)[2t, +S;]+

Zzn:dz(vi :G)t, + 4Zn‘,ti (r—2)+ 4Zn‘,tisi + 4Zn:ti2
i=1 i=1 i=1 i=1

Corollary 9

If t,=t for all i=12..,n in Gg, then

LM, (G¢) = LM;(G) +8mt + 2> deg(v; : G)S,

i=1
+ Zth:d2 (v, :G) +4(r—2)nt+ 4tzn:8i +4nt?
=) i1

Example 10

(1) If tcopiesof C,., I >5 are attached to each vertex
of G=P, then
LM, (G.) =2(2n—5) +4nt(3t + (r + 3))
—2t(4t +14)

(2) If tcopiesof C,., I =05 are attached to each vertex

of G=C,, then
LM, (G.) = 4n+12nt + 4t +12nt>.
G

2.3 Generalized Thorn graph —K
Observation 3
Let U;,U,,...,U, be the vertices in a clique K,. Then

the degree and 2-degree of any vertex GK are as follows:

(1) deg(v, :Gy)=deg(v, :G)+(r—-1t; where
v, eV (G)
2 dy(v;:G)=d,(v,:G)+(r-1S;, where

v, eV (G)
(3) deg(u; : Gy ) =r —Llwhere u; eV(G,)\V(G)

Retrieval Number: K25100981119/19©BEIESP
DOI: 10.35940/ijitee.K2510.0981119
Journal Website: www.ijitee.org

3172

International Journal of Innovative Technology and Exploring Engineering (1JITEE)
ISSN: 2278-3075 (Online), Volume-8 Issue-11, September 2019

@) d,(u; : Gy ) =deg(v; : G) + (t; —1)(r —1) where
u; eV(G,)\V(G)

Theorem 11
LM, (G ) =LM,(G) +(r —1)Zn:deg(vi :G)[t; +S;1

i=1

+(r—1)Zn:d2(vi :G)t, +(r_1)2i:[tisi +17]

—(r—l)zzn:ti.

Proof:
By Observation 3 we have

LM, (Gy) = D .deg(v:G,)d,(v:Gy)

veV (Gk)

= Zdeg(vi (G, (v 1Gy)

v;ieV (G)

+  D.deg(u; :Gy)d,(u; :Gy)

ujeV (G )WV (G)

= 3 [deg(y, : G)+ (r ~Dt,][d, v, :G) + (r ~DS,]

i=1

+(r —1)Zn:ti [deg(v; : G) + (r =1)(t; —1)]

=LM,(G) +(r —1)Zn:deg(vi (G)[t; +S;]

Jr(r—l)Zn:dz(vi :G)t, Jr(r—l)zzn:[tisi +t7 -]

Corollary 12
If t =t for all i=12,...,n in
LM,(G,) = LM, (G) + 2(r —)mt +

(r—l)Zn:deg(vi :G)S; +(r—1)tid2(vi :G)+

Gy, then

(r—l)ztzn:Si +(r-=1°%nt> —(r -1)°nt

Example 13

(1) If t copies of K, (r>4) are attached to each
vertex

of G= Pn ,
LM, (Gy) =2(2n-5)—12rt +12t + (3n — 2)r’t’
—(6n—4)rt> +(3n—2)t* — (r*> —10r +)nt

then
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(2) If t copies of K, (r>4)are attached to each
vertex of G=C,, then
LM, (Gy) =4n+mt(0—r) +3nt(t - 3)
+3nrt*(r - 2).

2.4 Generalized Thorn graph GA

Observation 4:

Let (X,Y) be a partition of the vertex set of t, -copy of
K and V(X)={X,,X,,...,X, }and

r,s

V) ={Y;,¥,,.-, Yo} Then the degree and 2-degree of

let

any vertex in G, is as follows:
(1) deg(v, : G,) =deg(v; : G) + st,
() d, (v, :G,)=d,(v, :G)+(r -1, +sS,
3) deg(x; :G,)=s,2<j<r
@) d,y(x;:G,)=r-1L2<j<r
(5) deg(y, :G,)=r,1<k<s
(6) d, (Y :Ga) =(s—1) +s(t; —1) +deg(y; : G),
1<k<s

Theorem 14

LM;(G,) = LM,(G) +Zn:[deg(vi :G)(2r -1,

+5S,]+ szn:tidz(vi :G) +Zn:tf (3rs — 2s)

i=1 i=1
+ s’zitisi —riti.
i=1 i=1

Proof:
By Observation 4 we have

LM3(GA) = Zdeg(v : GA)dZ(V : GA)

VeV (G,)

= S deg(v; :G,)d, (v, :G,)

VeV (G)

+  Yodeg(x; :G,)d, (X, :G,)

X;eV (G)W (G)

+ Zdeg(yk 1GA)d, (Y, 1Gy)

YkeV (Ga)\V(G)

:Zn:[deg(vi :G) + st ][d, (v, :G)+ (r -1t +5sS,]

i=1

+s(r —1)Zn:ti2 + rzn:ti [s—1+s(t, —1) +deg(v, : G)]

Thus the result follows.

Corollary 15
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If t,=t for all i=12..,n in G,, then

LM, (G,) = LM, (G) + 2(2r —L)mt

+5)_deg(v, :G)S; +st> d,(v; : G)
i=1 i=1

+ (3rs — 2s)nt? + 2ms*t? — nt.

2.5 Generalized Thorn Graph Ge
Observation 5
Let U, U,,...,U, be the vertices in the t;-copy of C, .

Then degree and 2-degree of any vertex in G'C are as
follows:

(1) deg(v; : G ) = deg(v; : G) +t.

) d,y(v, :G.)=d, (v, :G) +2t; + S,

(3) deg(u; :Gc) =d,(u; :G;)=2,4< j<r

(4) deg(u; :G;) =2, for j=2.3

(5) d,(u;:G.)=3, for j=23

6) deg(u, : G.) =3, for u, e N(v, : G.) \V(G)
d,(u, :G.) =t, +1+deg(v, : G) for

(7) :
u, € N(v; :G;)\V(G)

Theorem 16

LM,(G,) = LM, (G) + > deg(v, : G)[5t, +S,]

i=1
+Z::d2(vi :G)t, +5_Z::ti2 +(4r+7)Z::ti +an:ti8i.

Proof:
By Observation 5 we have

LM,(G) = Y deg(v:Gy)d, (v: Gy)

veV (Ge)

= Y deg(v; :G¢)d, (v, : G¢)

VeV (G)

+ Zdeg(ul :Gc)d, (uy 1 Ge)

u,eN (v;:G¢ )WV (G)
+deg(u, : G.)d, (u, : G.)
+deg(u, :G.)d,(u, :G.)

r-1
+Z;deg(uj 1Gc)d, (u; :1Ge)
j=

:Zn:[deg(vi :G)+t]d, (v, :G)+2t, +S;]

i=1
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+3> 4[t; +1+deg(v; :G)]+[12+4(r-2)1> t,
i=1 i=1
Thus the result follows.

Corollary 17
Ift; =t for all i=12,...,n in G, then
LM, (G:) = LM, (G) +10mt + 5nt? + 2mt?

+(4r+7)nt+Zn:deg(vi :G)S, +tzn:d2(vi :G).

i=1 i=1

2.6 Generalized Thorn Graph Gl’<

Observation 6

Let U;,U,,...,U, be vertices in a clique Kr. Then the
degree and 2-degree of any vertex in G;< are as follows:

1) deg(v; : G, ) =deg(v, : G) +t,

@) d, (v, :G,) =d, (v, : G)+(r-Dt, +S,

(3) deg(u; :Gy)=r-1,2<j<r

@ d,(u;:Gy)=1 2<j<r

®)
deg(u, : G, ) =r, where u, e N(v, : G, ) \V(G)

" d,(u, : Gy ) =deg(v, : G) +(t, —1)
where u, e N(v, : G, )\V(G)
Theorem 18

LM, (G, ) = LM, (G) +Zn:deg(vi :G)[(2r -,

i=1

+Si]+Zn:d2(vi :G)t, +(2r—1)_iti2 _iti

+Zn:ti8i.
i=1

Proof:
LM,(G,) = D deg(v:G,)d,(v:Gy)
veV (Gy)
D deg(v:Gy)d,(v:Gy)+
VeV (G)
D deg(u; : G, )d,(u; :Gy)
ujev (Gy)

+  >deg(u; :Gy)d, (U, :Gy)

ueN (v;:Gy )WV (G)

:Zn:[deg(vi :G)+t.][d, (v, :G) + (r —Dt, +S,]

i=1

+(r —1)Zn:ti + an:ti[deg(vi :G)+t, 1]
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=LM,(G)+(2r —1)Zn:deg(vi G,
Jrideg(vi :G)S; +id2(vi Gt

+(2r —1)Zn:ti2 —~ Zn:ti + Zn:tiSi.
i=1 i=1 i=1

Corollary 19
If t=tforali=12..n in G,
LM, (G, ) = LM, (G) +2(2r —1)mt

then

+ Zl:deg(vi :G)S, +tZ::d2 (v, :G)+(2r -Dnt’

n
—nt+ty"S,.
i=1
2.7 Generalized Thorn Graph Ga

Observation 7
Let (X,Y) be a bipartition of the vertex set of t; -copy
of K.eand  let  V(X)={X,X,,....X }and
V(Y)={Y:, ¥, -, Yo} Then the degree and 2-degree of
any vertex in G}A are as follows:
(1) deg(v; : G,) =deg(v, : G) +t,
) d,y(v, :G,)=d, (v, :G) +st; +S,
deg(x; :G,) ='s, Where
’ X; eV(G)\{N(, :G,)uV(G)},2<j<r
d,(x; :G,) =r-1, where
* X; eV(G)N(Y, :G,) WV (G)}2< j<r

®)
deg(x, :G,) =s+1, where x, e N(v, : G,)\V(G)

®6) d,(x,:G,) =(r—1) +deg(v, :G) +(t, -1
where X, € N(V, : G,)\V(G)
(7) deg(y, :G,)=r,1<k<s
®) d,(y, :G,)=5,1<k<s
Theorem 20
LMS(G}\) =LM,(G) +
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Zn:deg(vi :G)[s(s+Dt; +S;]

i=1 5

+ Zn:dz (v, :G)t, + itisi
i=1 i=1

+5(s +1)Zn:ti2 +[3$(r—1)—2]Zn:ti. 7

Proof: 8.

By virtue of Observation 7, we have
LMS(GA) = Zdeg(v 1G)d,(viG,)

veV (G))

= Zdeg(vi :GIA)dz(Vi :GIA)

v;eV (G)

+ Zdeg(yk :G,)d, (Y, :G,)
YieeV (Gp)

+ D deg(x; :G,)d, (X :G,)
X; €V (GAMN (v :Gp )WV (G)}

+ 2deg(x,:G,)d; (x,:G,)

% eN (Vi:G)WV (G)

:Zn:[deg(vi :G)+t.][d, (v, :G)+st, +S;]

i=1

+ rsZn:ti +s(r —1)Zn:ti
i=1 =)

+(s+1)D t[(r—1) +deg(v, : G) + (t; —1)]
i=1

Thus the result follows.

Corollary 21

Ift, =t, for all i=12,...,n in G,, then

LM,(G,) = LM,(G) + 2s(s +)mt

Jrzn:deg(vi :G)S, +th:d2(vi :G)

+1)_S; +s(s +1)nt? + 3s(r —nt — 2nt.
i=1

IV. CONCLUSION

The exact values of the third leap Zagreb index of some
generalize thorn graphs have been determined. Results on
the second leap Zagreb index of these graph structures will
be reported in near future.
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