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Abstract— In this paper, the authors obtained some new
sufficient conditions for the oscillation of all solutions of the
fourth order nonlinear difference equation of the form

A (a,AX,) — PaAX, +, F(X,,,) =0 n =012, ...
an, Pn, gn positive sequences. The established results extend, unify
and improve some of the results reported in the literature.
Examples are provided to illustrate the main result.

Key words— Oscillation, Non Oscillation, Neutral Delay,

Difference  Equation,  Positive  sequence.AMS  subject
classification: 39A10

., where

l. INTRODUCTION

We are concerned with the oscillatory properties of all
solutions of fourth order linear and non- linear difference
equations of the form

A3)(anAXn)_ pnAXn +qnf(xn+1):O (1.1)

Where the following conditions are assumed to hold.

(H1) {an}, {pn} {a.} are real positive sequences where
ne N={0,1,2, ....,}.

(H2) f: R— R is continous and xf(x)>0 for

all x= 0.

(n+1)(an+28%n+2-an+18%Xn+1)

(H3) f(xn+1)

By a solution of equation (1.1), we mean a real sequence
{x,} satisfying (1.1) for n=0, 1..... A solution {x,} of (1.1)
is said to be oscillatory if it is neither eventually positive nor
eventually negative. Otherwise, it is called non oscillatory. A
Is the forward difference operator defined by Ax, = x,41 —
xy. Fourth order Neutral Delay Difference Equation is
gaining interest because they are the discrete analogue of
differential Equations. In recent years, several papers on
oscillation of solutions of Neutral Delay Difference
Equations have appeared. [3]S.S. Cheng and Y.Z. Lin (Lin,
1998) have provided a complete characterization of
oscillation solutions of first order Neutral Delay Difference
Equations with positive coefficient in the Neutral term.
[6]John R.Graef, R.Savithri, E.Thandapani (John R. Graef,
2004) have analyzed the non oscillatory solutions of first
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order Neutral Delay Differential Equations with positive
coefficient in the Neutral term. [4]EImetwally M.Elabbasy,
Taher S.Hassan, Samir H.Saker (Elmetwally M. Elabbasy,
2005) have provided oscillatory solutions of first order
Neutral Delay Differential Equations with negative
coefficient in the Neutral term.

[8]0zkan Ocalan extensively discuss the problem of
Oscillation of neutral differential equation with positive and
negative coefficients, J.Math.Anal.Appl.

[9]Tanaka, S. (2002) discussed the various Solutions of
Oscillation First order Neutral Delay Differential Equations.

Here some oscillation results in difference equations
based on the existence results of differential equations are
provided. Examples are provided to illustrate the results.

In recent years, much research is going on the study of
oscillatory behaviour of solutions fourth order difference
equations.

1. MAIN RESULTS

In this section, we present some sufficient conditions for
the oscillation of all solutions of (1.1)-(1.4).We begins with
the following lemma.

Lemma 2.1 Let p(n,s,x) be defined on Nx N x R*,
N={0,1,2,..}, R*=[0,0), such that for fixed n and s , the
function P(n,s,x) is non-decreasing in x. Let {r,} be a given
sequences and the sequences {x,} and {z,} be defined on N
satisfying, for all ne N,

¥ = ZEsg P(ns.x )y,

21)
and
=1y 2125 P(n s 2,) 22)
Then z, < x, for all neN
2.2 Theorem
If H;,H, H;holds, Then every solution of

A*(a,AX,) - p,AX, +q, f(x,,)=0 is oscillatory.
Proof:

Suppose {X,} be a non-oscillatory solution of

A (anAXn) - pnAXn +q, f (Xn+1) =0,

X, <0

X, >0 (or X

such that
integer.
Then (1.1) becomes,

A(a,.,AX,,, —2A(a,,,AX

n+2 n+1="n+l

) foralln>M -1, M >0 is an

) + A(anAXn) - pnAXn +4q, f (Xn+1) =0
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Multiplying Eqn. (2.3) by _" +1 and summing from M (02, (M +Da, Ax, “am = HZTS”)Q( o) O, fayy
f (%) f (X o fx,) &= f(Xe.2) f(Xe1)
Xn+1
. (2.6)
to(n-1) , we obtain
Substituting Eqn. (2.4),(2.5) & (2.6) in (2.3)
1 S s+l & s+l
2 (f ) (ay.,A%,.,)- zM:[ ) (CH +57M[f(x ) (a,%,) [(n+1)an_zAxm MU (n+1a“Ax] [251153A)(53 Za M, "ia M, ]
o ! ) B ) ) ) S0 A ) ST
[ - )JpsAxs+Z(s+1)qs=0 S e ()t f
%o . b fix2) Fx.a) by Flt ) F (1) by Ft ) F06)
(2'4) ZM+1aM My, 2 (M 4D, A%, wa (M +D)a,, Ax,,
1 541 s+l n -t 541 R (7 1) a 1) a fl. )
21 Wag,Ax,,)=| | —= [a,A YA WA
SM[ f(qu)jA(aHZ Xs+2) [[ f(XSA)j(aerZ Xs+2js_M ~ [f(xsu)jA(asﬁ Xs+3) (27)
Using Schwarz’s inequality, we have
2
A[f ];g(fo(x)—f(ng(x) [Zaibij =3 a3y
Using g g(X+h)g(X) i=1 i=1 i=1
n-! n-1 n-1 }/ n-. }/
(51 ) [amjg[ aj ( . (AZX“)ZJ ’ (2.8)
s=M f(xsq) H ” S=! f(Xs+2) s=M s=M f (Xs+2)
(0408, (M D3, M, S F0)AG ) -5+ DA (x,,) N NN y
o T g%{ o) }(aMAXN) 1(as+2Axs+2JS( 1a§+2) Z[E(AZX”)ZJ 5
s=M f(X5+z) s=M o f (Xs+2) (29)
7(n+1)an+zAXn+z (M +Day., A%, Z{ c)AGHD) - (s+I[F(x,.,) - f ¥y )]}(amAXsu) y
f(X51) f(XM+1) s=M (%) F(%) S a, AX,, < & P2 ( (AX5+1)
2 10 )5 (2% (2
By using )~ f0=g0vu-v) (2.10)
_(n+1)an—2AXn+Z (M Jr1aM+2AXM+2 Ta 543 s+3 + < { S+1 Xsig0 s+1)AXs+1a AXHS} & (S +1)g(xs+27 S+1)Axs+las+3AX < nii-aZ J%
F(Xp,1) F(xy. ) o fx,) o F(x,,2)f(X,,0) S=M f(Xs+2) f (Xs+1) B SoM e (211)

(S+1) g (Xs+2' s+1)(AXs+1) (AX5+3)2

$=
G s+l s+l o (s41
[ as+1AXs+1 ) = [[ j(asuAXsd] A( as+2AXs+Z ) =
=M =M ( 5+1)

—
—
m><
Ed
£
v
—
—
>
¢
&
"
«
I
<

f (Xs+2)f (Xs+1)

Al F )2 9OAT () - f (x)Ag(x) "Z‘[Hl)g ” M)Axsﬂa“Axszj ("f“az ]%"Z’l[(wl)g(s X)) (A M)z]%
Using \9 g(x+h)g(x) & f(x2) T (%) &) & F20x,0) F2(%.0)
(2.12)
n-1 1
St e
=M f(xhl) 'S S+1)g S+2° s+1)(AXs+1 s+1 <(n1a j%nzl (S+l) (s+2’ s+1)(AXs+1)
(n+1)an+1 _ (M +1)aM+1AXM+1 _ n24|: f( 5+1)A($+1) (S+1)Af (XS+1):|(as+2AXs+2) s=M f(xs+2) f (Xs+1) s: . =M f (Xs+2)f ( s+1)
f (Xn+1) f (XM+1) s=M f (Xs+1) (213)
_(n+Da, A%, (M +1)aM¢1AXM‘1_“"[f(stl)A(S+1)-(S+1)[f(stz)-f(XH)]}(a ~.) ,
) (O (6 ”i((s +1) psAxS]S["i (s41)p? j zi((s +1)(Ax,) ]
ing T~ M) = g@V)(u-v) ST SRS SN T
By using =g, (2.14)
_ (0402, 8%, (M+D)a, 80, “aMAxM"i{ (54990, M)AxmaMAxm} Substituting(2.8), (2.9), (2.10), (2.11), (2.12), (2.13) and
f(%,.1) f (X o flx,) & f(xm)f(xsu) (214) in (27)
(2.5)
-] -1 2 -1 -] 2 %
\ ((ml)a s 0D, 1'(n+1)anAxn]7 S, %[ﬂzlmzxw)) A8, %["ZI(AZXM)]
(fjx”)]MasAxs){[ f(;l)}asAxs] zA[ o hax.) o (*/’ e (5 £ | e
s=| s+1. s+l =M s=M S+l 12 2 ‘(AX 2 12 Zn1(5+1)g( le)( )(AX ) n1z 2
{88 [ ] 2 ] Z[ P00, () J 48
-1 2 2 1 2 n1 2.2 \ % -1 %
A[f]: g(X)AF () - f (x)Ag(x) SZM((“ Wk o, (AX ] +[§a ] Z[%] [;ZM(S”’”S)
i h)g(x) o . o
Usin Y g(x+ (s M +1)ay, A%y, (M +D)ay, 1A%y, | 5~ (M +Day, Ax,
g z»;‘ M f (Xypapy 22 f (X o Ty SZM(S+1)q
G s+l
Z[ T @) (h+Da, A%, .(M+Da ,Ax., (n+Da,Ax,
-2 — —©
_(n+DaAx, (M +Da,Ax, 7§{f(xm)A(s +1)—(s+1)Af(><M)}(a A% f (Xn+1) f (Xn+1) f (Xn+1)
f (%) f (X o f(X) e

e, 0ty § TN~ 6T,
= f(an) f (XM+1) jur? f (Xs+2) f (Xs+1) s sl

By using f(u)-f(v)=gu,v)u-v)
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(n + 1)[an+2AXn+2 — Z(an+1AXn+1)+ a'nAxn] RS

f (Xn+1)
(n + 1) [A(a'n+2Axn+2 ) — 8,,AX

n+l n+l

f (Xn+1)

+a,Ax,] S w

Which contradicts our assumption that {Xn} is eventually

positive.The proof is similar for the case when {Xn} is
eventually negative.

1. RESULTS & DISCUSSIONS

3.1 Example :
Consider the difference equation
A’ (NAX,) —8(2n +3)AX, +24(2n+3)x3,, =0 (31)
All the condition of theorem are satisfied. Hence every
solution of (3.1) is oscillatory.
One such solution is X, = (—1)"

3.2 Example :
Consider the difference equation

3 2
1 n)+2{(7n +72n% + 233n + 234 1&

™ n+5)n+4)n+3)(n+2)

.| 7n®+72n° + 233n + 234 o -
(n+5)(n+4)n+3)(n+2)| "

(3.2)

0(3.2)

1
Here™ “n+2’ [ 7n°+72n2+233n+234 | ang
! (n+5)(n+4)(n+3)(n+2)

7n® +72n? +233n + 234
(n+5)(n+4)(n+3)(n+2)

All the condition of theorem are satisfied. Hence every
solution of (3.2) is oscillatory.

A F (X)) = 72{

One such solution is X, = (=1)"*

V. CONCLUSION

In this paper, by using summation averaging techniques
some new oscillation criteria for fourth order neutral delay
difference equation is obtained. Examples are provided to
illustrate the results. Further none of the resultsin the papers
[3-9]can be applied to Eq. (1.1) to yield any conclusion.
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