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Abstract: “In this paper we are introducing the notions of
subtractive and strong subsetsin partial ternary I - semirings.

We show that in a ternary I - SO semiring satisfying that
every non-zero ideal is strong and subtractive Further we will
show that join of any two ideals is equal to the sum of those two

idealsin a ternary I"- SO semiring satisfying the decomposition
property. In a ternary I' - SO semiring satisfying the
decomposition property then ideal (R) is a distributive lattice”.
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. INTRODUCTION

The notion of ideals in SO-rings studied by G.V.S

Acharyulu [1] and M.MuralikrishnaRao[8] studied ideals in
I' - semirings. Further ideals of SO-Partia 1" - semirings
investigated by SivamalaM, Siva Prasad.K [19]. Recently
the study of idealsinternary 1" - semiring [12].

Il. PRELIMINARIES

Throughout this paper ternary I'-SO —semiring refers
to TI'SS. And CTI-SS refers to complete ternary I'-SO
—semiring. From below some important definitionsis given:
Definition2.1: [8] “Let Rand I be two additive commutative
semi groups. R is said to be a ternary I'-semiring if there
exist a mapping from R xI'x RxI'x R— R which maps
(24,08, %4, 5, x3) —[x4 ax, §x3] satisfying the conditions
() (acbpc)ydoe=aa(bfcyd)oe=aabpf(cydde)

(i) [(a+b)acfd] = [aacfd] + [bacBd]

(ii) [azx(b + ¢)fd] = [aabfd] + [aacSd]
(iv) [aabB(c + d)] = [aabfc] + [aabfd]
foralab,c,dE Randa, f,y, 8 €17

Definition2.2:[12] “Let M be a ternary I'-SO-semiring. A
non-empty subset A of M is known as left (lateral, right)
ternary I'-ideal of M, if it satisfies the following:

(i) A is a left (lateral, right) partial ternary I'-ideal of M.

(i1) x€ M and ye A such that x<y then xe A.

If A is left, lateral as well as right ternary I'-ideal of M, then A
isknown as ternary I'-ideal of M””.
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Definition2.3: [12] “A partial ternary I -semiring said to
have aleft (lateral, right) unity element provided there exist
afamily (€ :iel)ofMand (&, f :iel)of ' D

D eaxefa=a) gaafe =a,) axgfig =a) for any
aeM”.

Definition2.4:[12] “A TI'SS M is said to be CTI-SS
(complete ternary I'-SO-semiring) if every family of
elements in M is sum able”.

And for more preliminaries the references [12] [13] [14]
[15][16][17] and [18].

[11. MAIN RESULTS

Definition3.1: U is known as non empty subset PTIT'S
(“partial ternary I - semiring”) if 1ty , U; ER, 14 +
U, EUand U5 EU =14 EU then Riscalled subtractive.

Definition3.2: U is known as non empty subset of a PTT'S R
is known as strong if U4, U, ER, Uy +U; EU = U4,
1, EU. Since strong subset is clearly subtractive.

Example: 3.3: Let R= {014, 15,15, Uy U}, ['={a, 5}
by using R, X is described.

X; ifx =0Vi= |, for somej
DX :{zif X, =Uy, X = U, for somej,k and x =0Vi # j,k
‘ o, otherwise
I' —-monoid is defined by R.

R xI'x RxI'x R— R is mapped as given below:

o [0 | uy Uy | ug |ty | us B0 | uy|uy|ug| uyl|s
0 {010 100 0|0 0 100 [0 (0|0 |0
ug [0 10 10 10 10 |0 U |0 fug [0 Jug | 0 Juy
U |00 {00 010 Uy |0 10 Jup |0 |y |uy
up | 010 10 10 10 |0 U [0 10 Jug |0 oy |ug
Ug | 010 10 10 10 |0 Ug [0 {2y [0 |y |0 Juy
us [ 010 10 10 10 |0 Us |0 | ay |y | Us | 1ty | Us

ThenRisaPTI'S. Herethe subset {0, 144, 15, g } isstrong.
Therefore it is subtractive subset.

Example 3.4: In example 3.3 the subset U= {0, tig, Lz} is
subtractive but not strong because ity + 1; = it and both
Uy, Uy EU.
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Theorem3.5: In a TI'SS R every non-zero ideal is strong
and hence subtractive.

Proof: Risnon zerowhichisideal in condition. Letx, yE R
such that x+y existsin R and x+y& X

Since X is an ideal and x= x+y, y= x+y = X, yE X,
Therefore X isastrong ideal of R.

Definition3.6: “A PTI'S Rissaid to beleft austere. R hasno
non-zero subtractive left partial ideals. A TI'SS R is left
Austereif it has no non-zero left ideals”.

Definition3.7: A PTTS R is said to be entire If it satisfies
the conditions aahfc = 0 =either b=0 and a=0 and c=0
where¥ a,b,cE R, &, 5 €T.

Theorem3.8: If R is a left austere TI'SS with left unity
then R isentire.

Proof: Letx,y, z € R. Suppose xayffz = 0Va, [ €T.
Letustake A={r € R/rayfz =0Va,f €1}

First we show that A isaleft ideal of R.

Clearly OE A. Suppose x#0thenx € A #{0}.
Let{a;;i El}inRanda; EAVIE]

thenfor all ¢, § €T each a,ayvfz=10
>Va,fEr(X;a,)ayfz=0=2.a; EA.

Let SER, and t€ A suchthat 5 = t sincetE 4,
tayffz=0Va, f €ET. Sinces = t

= sayfiz < tayfzvVa,ff ET
ssayfz=0Va,f Er=s €A

Letq, rER, ¥ & €T and xE A.

HerexE A= xayvfz=0Va,f €T

Consider
(arox)ayBz=aqprs(xaypz)=apré(0)=0Va, B el
= qyrdx € A

Thevalue of Risobtained asideal in left position if the value
of A ismaintained at non zero condition.

Since R hasleft unity, then there exist afamily (e;:f € I)inR
and ¥;, B; ET such that 2; &; ¥,e;,f;r =r YrER,
Since A=R, and hence (¢ EI)EA. = e,ayfz=10
Vea,f ET.

Thereforein particular ;¥ ¥f5;z =0V i€ [

= X e.¥:VB:2=0 = y=0 or z=0.

Hence Risentire.

Note3.9: In genera 3.8 theorem is converse which is not true
for this consider the following example.

Example3.10: Let R= [0, 1] is the rea number for unit
interval. (a;:i € 1) is the family in R which defines
2:a;, = Sup{a,/i EI} and after that partia ternary
monoid R is defined. If we take =W then R is a partial
ternary  I'-monoid. Consider  the  mapping
(x,a, v, B,2) = inf(x,a,v. B, 2) of R xI'x RxI'x R—
Rthen RisaPTI'S. Then R is a TI'SS with usual = of real
numbers. For any non-zero X € R, [0, x] isanon-zero ideal
of R and hence R is not left Austere. Since
xayfz=inf(x, a, v, f,z)=0Vea, f €T = x=0or y=0or
z=0. And hence R is an entire TT'SS.
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Theorem3.11: CTT-SSR isthe principal ideato join the two
principles of CTT-SSR.

Remark3.12: In any CTF'SS\J: <d; >=<zi ;>

Definition3.13: Let X, Y be two ideals of a TI'SS then
X+Y={x+y/xE X, yE ¥}.

Definition3.14: A TI'SS R is known as have the
decomposition property iff for any @4 , @5, a3 ER,
aq = g + g then there exist bi! b: € R such that
0<b,<a,, 0<by<ag, and a,=b;+b,.

Theorem3.15: let a TI'SS R satisfying the decomposition

property and P+Q is obtained for theideal value of R.
Proof: First we show that R isan ideal value for P+Q. InR

the summable family is assumed as (x; /i €I) and
x; EP+Q Vi €& Ithenx,=a;+bh, for omea; € P and
b, EQViEl

> Eixz-:Ei fli+2:- b:‘ WhereE:- a; € P and Ei b:’ € Q.
> x, EP+Q

Let x ER, bEP+ Q for somep EP and g € Q the
valuex= b sx= b =p +g4.

By decomposition property there exist 0<p4 <p, 0<q1<q such
that x=p +¢f 4.

Sincep; = p,p EP=>p; €EPand g, = g,
gEQ=>49,€Q

Thereforex=py+q, € P + Q.

Lety, 7, ERXEP+Qandet, S ET

then 11,7, € R, x=p+qwherep €P, g € Qand

a, B ET.

Consider

nanfx=nanf(p+q) =nanfp+nanfq
Where yar; fp € P, ryar; fq €Q.
>nanffixEP+Q And

naxfir, =na(p+q)pfr, = napfr, +raqfr,
whereryapfir, € P, ryagfin, €Q

> axfir, EP+Q

Now

xanfr, = (p+ qlanfr, = panfr, +qanfn
where pary 81, € P garfr, €EQ

= xar fir, € P+ Q. Hence P+Qisanidea of R.
SincePc P+ Q,Qc P+ Q.

P+QcK is obtained based on PcK & QcK, when R is the

ideal value. Here P and Q isobtained asthe smallest val ue of
R whichis given as P+Q.

Note3.16: A TI'SS R which does not satisfy the
decomposition property then there exist two ideals P and Q
such that R isindependent of P+Q.

Example3.17: “Let R= {0,713, 73,73, Tx .75}, ' = {a, 5}
define Zon R as
x:ifx, =0V i=j, forsomej
Xix=y . ,
undefined, otherwise
Then R isaternary SO -monoid.
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Define the mapping R XxI'x RxI'x R— R asfollows:

@ |0 T Tz 5T TS BlO |r|ra|rs|m|Ts
o|j0o |0 |0|0O]O]|O olololo|o|o|o
{0100 |0 |00 rnjof{ofoofo|n
70100 |0 |00 mlo{o]o|o]|o|n
730100 |0 |00 r3]0{0]0|0 |0
7500100 |0 |00 mlo{o]o|o|o|n
750100 |0 |00 5|0 ||| 3| Tl Ts

Then R is a TI'SS. In R we have I3 = 1y =13 + 15 and
thereexistnox,yE Rsuchtha 0 = x =n, 0= v=mn
and 13 = x + ¥ implies that the decomposition property
falls. TakeP={0,71}, Q={0,72}. Then P, Q areidedsof R
and P+Q={0, 1y ,13, T2} isnot ideal. Since

3 Srandry E{0,7,1, Ty

Theorem3.18: “Let R be a TI'SS satisfying the
decomposition property then ideal(R) is a distributive
lattice”.

Proof: Note that ideal(R) together with set inclusion forms a

lattice where inf{l, J, K} =I1AJAK, sup{l, J}=IvJ. Let J K, L,
M arethe ideal values of R.

Letx = p + g is obtained for
xE(JAKAL)V(JAKAM)
whereq E (JAKAM) pe (JAKAL)sx<p+gq
whee p.g ELp,g EKLp EWandg EY. Sincep, q
arein J, K and J, K implies the ideals of R that is given as
p+g€eEjeap+qEK SoxE,xEK
Sncex =p +q,p €EWLandg €M
sx=p+tgeEL+M=LvM

=% € LV M. Thereforex € JAK A (LV M).

Hence JAKAL)V(JAKAM)cJAKA(LV M),
Letx € JAKA(LVM)>x€],x €EKand

x € LV M then by theorem3.11 LV M =L + M

And the valuex = p +q for somep EL andg € M,
Sincewehavep,q E],p.g s Kfor p =p + g,

g = p + q. Therefore for

pE JAKAL),

gE(JAKAM) thevaluex=p +gq
sxE(JAKAL)V(JAKAM)

Thus] AKA(LVM)c(JAKAL)V (] AKAM)
HenceJAKA(LVM)=(JAKAL)V (] AKAM)

Note3.19: The decomposition property in a TI'SS fails then
the lattice of ideals is not distributive for this considers the
following example. Consider the TI'SS R given in example
3.17takeA={0,r1},B={0,1:},C={0,73}, Q={0,73}. Then
AABA (CvD) ={0,71 }, whereas

(AABAC)V(AABAD)={0}.

Theorem3.20: “Let R be a CTI'-SSR then ideal(R) forms
acompletelatticewith supremum asv and infimum asA”.
Proof: Obvioudly, ideal (R) with set inclusion forms a lattice
with {0} as the least element and R as the greatest element

{R;/i € I} family of idedlsof R, ;,.{R; and ;_{R; areideals
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of R. Soinf{R;/i € I} and sup{R;/i € I} areinidea (R)
and henceideal (R) is acomplete lattice.

Theorem3.21: “For any ideals A, B, C, D of CTI'-SS R,
ATBI (CVD) = (ATBI'C) V (ATBI'D)”.

Proof: Let x€ ATBI(CV D) then x<X,; a; a; b, f3;c; for
somea; EAbL,EB, ¢, ECVD and @; , 5, ET .
Since ¢; ECVD |, ¢, =d, +e; for some d; EC
ande; € D. Sox<X;a; a;b,f;(d; +e;)

= x<X;a; ab,fid+X; a, abfe,

wherer; E A,b,€Bd, €C, e;€Dand a;, f5; ET.
- xE (ATBIC) Vv (ATBTD),

Conversely if & E(ATBI'C)V(ATBID) then X = x4 + X,
where x; EATBI'C and X, EATBID

Since x4 EAIBIC, xifzi a; fxibiﬁici for

somea; EA L, EB c;€Candex;, §,ET

Since x5 EAIBID, x,<X; d; ¥;€;8;f;

whered; € A,e; €EB, f; ECandy;, §; €T.
Thereforex<X,; a; a;b;f;c; + X; d; y;€;0;f <

X (a; +d)(a; + ¥ ) (e + (B +6,) (b, +
)

Where ( a;+d;)€EA | ( b +e)EB
(c; +f;) €ECVvDand(a; + ;) (B +d;) €r

= xE AT'BT'(CV D) and hence

ATBT (CV D)= (ATBI'C)V(AT'BI'D)

IV.CONCLUSION
Mainly we introduced in this paper about regular TT'SS and
characterized TI'SS. In this paper we introduce the notions of
subtractive and strong subsets in partial ternary I'- semirings.
We conclude that join of any two ideals is equal to the sum of
those two ideals in a TI'SS
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