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MHD Flow between Two Parallel Plates under the 
Influence of Inclined Magnetic Field by Finite 

Difference Method 
   Aruna Sharma, A.V .Dubewar 

Abstract:  This study investigates the MHD flow between two 
parallel infinite plates. Here the upper plate is moving with 
constant velocity and the lower plate is held stationary and a 
constant pressure gradient is applied to the system which is under 
the influence of an inclined magnetic field. The governing 
equations are formulated and transformed into non dimensional 
form. Numerical solution of the transformed governing equations 
are obtained using the Finite Difference method. The fluid 
velocity at different inclinations of the magnetic field and 
different strengths of magnetic field have been shown graphically 
and it has been observed that the increase in the angle of 
inclination leads to a decrease in fluid velocity and also an 
increase in magnetic strength  leads to a decrease in the velocity 
profile. 

Keywords: MHD flow, magnetic field, pressure gradient, finite 
difference method. 

I.  INTRODUCTION 

Magneto- hydrodynamic (MHD) flow is the study of motion 
of electrically conducting fluid in the presence of a magnetic 
field. When an electrically conducting fluid flows under the 
influence of a magnetic field, it gives rise to induced electric 
currents. This induced electric current   flows in a direction 
perpendicular to both the magnetic field and the direction of 
motion of the fluid, and generates its own magnetic field 
which affects the original magnetic field. The interaction of 
electric current and magnetic field gives rise to Lorentz 
force which affects the velocity of fluid. The 
magnetohydrodynamic flow between two parallel plates is a 
classical problem that has a number of applications in 
various fields such as MHD generators, MHD pumps, 
petroleum industries, crude oil purification, polymer 
technology. It is also used in extrusion of plastics. 
Hannas Alfvan [20] a Swedish electrical engineer initiated 
the study of MHD. 
Shercliff [19] considered the steady motion of an electrically 
conducting fluid in pipes under transverse magnetic fields. 
Singh and Ram [6] had studied the laminar flow of an 
electrically conducting fluid through a channel. Singh [14]  
investigated on hydromagnetic steady flow of viscous 
incompressible fluid between two parallel infinite plates 
under the influence of inclined magnetic field.  
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Singh andOkwoyo [17] carried out a study of couette flow 
between two parallel infinite plates in the presence of a 
transverse magnetic field. Krishna [18] carried out an 
investigation on unsteady incompressible free convective 
flow of an electrically conducting fluid between two heated 
parallel horizontal plates under the action of magnetic field 
applied transversely to the flow. Singh [10] studied the 
hydromagnetic steady flow of liquid between two parallel 
infinite plates under applied pressure gradient when upper 
plate is moving with constant velocity under the influence of 
inclined magnetic field by using the solution of linear 
differential equations with constant coefficients. In the 
present paper, the laminar steady MHD flow of liquid 
between two parallel infinite plates under constant pressure 
gradient is considered, when the upper plate is moving with 
constant velocity under the influence of inclined magnetic 
field, the lower plate is held stationary and solved 
numerically by finite difference method. 

II. MATHEMATICAL FORMULATION 

The fluid is assumed to be viscous, laminar and 
incompressible and flowing between two infinite parallel 
plates located at y=±h and extends from x=- ∞ to x=∞ and 

from z=-∞ to z=∞. The lower plate is stationary and upper 
plate is moving with constant velocity U. 

             
                  Fig 1. Geometrical Configuration of the flow. 

III. GOVERNING EQUATIONS 

The equations that describe MHD flow are a combination of 
continuity equation, Navier Stoke’s equation of fluid 

dynamics and Maxwell’s equation of electromagnetism. 
Consider an electrically conducting fluid having a velocity 
vector V. We apply a magnetic field B at right angle to this 
assuming steady state flow conditions, the interaction of two     
   fields give rise to an electric field E which is at right 
angles to B and V . Assuming conducting fluid is isotropic, 
we denote its electrical conductivity by σ . 
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By Ohm’s law the density of current induced in the 

conducting field is given by J=σ E for stationary condition. 
The induced electromotive force called as Lorenz force is F    
= J ×B. 
The equation of continuity for the incompressible fluid flow 
is given by  
  

  
 

  

  
 

  

  
                (1)                                                             

where u, v, w are the components of fluid in the x, y, z 
directions. 

Momentum equations are given as follows: 
x-momentum equation is  
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y-momentum equation is       
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z-momentum equation is 
  

  
  

  

  
  

  

  
  

  

  
  

 

 

  

  
 

 

 
 
   

   
 

   

   
 

   

   
  

  

 
   (4)                                 

where                  are the components of    F = J ×B in x, 
y and z directions respectively. 
We are considering a two dimensional flow, therefore 
equation (1) reduces to 

       
  

  
 

  

  
                                               (5)                  

   The plates are of infinite length, so we assume the flow is 
along x-axis only and depends on y 

Therefore,      
  

  
                                           (6)                               

Since we have assumed steady flow, i.e flow variables are 
independent of time, 

                       
  

  
                                          (7)         

Therefore, equations (2), (3) and (4) can be written as  
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where,    ,    and    are the components of the Lorentz 
force F, as the body force is neglected and replaced by 
Lorentz force. 
Since there is no flow in the y-direction, using (5) and (6), 
we can rewrite the equations (8), (9) as 
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There is no component of body force in y direction, 
           as v=w=0, the equation of motion becomes 
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Since we are considering the flow in x-direction then the 
flow will be affected by the magnetic flux which is 
perpendicular to the flow. Since we want to study the effect 
of different angles of inclination of the magnetic field then 
the velocity and magnetic flux profiles will be 
V = V(u,0,0) 
B = B (0,B          
Where   is the angle between V and B  
Equation (13) implies p, does not depend on y. 
Since, J=σE      and    E=      , where V is the fluid 
velocity along x-axis, the direction of fluid flow. 

Now, E=       = 
      

   
          

    = uBsin θ    (14) 

Now, J=σE = σ uBsin θ    

    =   
      

           
          

   = - σuB
2           (15) 

Therefore,      - σ B
2        u     

Using (15), the equation of motion reduces to, 
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IV.   NON-DIMENSIONALIZATION 

To simplify (16) we non dimensionalize to reduce the 
parameters in the equation by using the following non 
dimensional quantities Singh (1993). 
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Now ,         
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where     =
       

  
              i. e    M=Bh 

 

  
 

M is called as the Hartmann number and is directly             
proportional to the Magnetic field B 
From equation (26) we get                                                                                          

Now, 
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Next,          
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Similarly, 
  

  
  

   

  
  
   

   
              (21)               Substituting 

in equation (13) and (16)   we get, 
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For convenience we drop the star (*) to get   
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 We can write equation  (25)   as  
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    i. e    
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Differentiating equation (27 ) w.r.t x ,we get  
   

   
=0                                                   (28)        

Since, ‘p’ does not depend on ‘y’, therefore we can use total 
derivative instead of partial derivative 

Therefore, 
   

   
 =0, i.e     

  

  
 = -P (constant) (29). Equation 

(27) reduces in terms of total derivatives to  
   

    
                                         (30) 

with boundary conditions u=0, when y=-1                          
u=1, when y=1 

Equation (30) is the dimensionless equation that has been 
obtained. 
Solving this equation numerically by finite difference 
method we get the solution. 

V. METHODOLOGY 

Finite difference Method (FDM) are numerical methods for 
solving differential equations by approximating them with 
difference equations, in which finite differences 
approximate the derivatives. FDM is a discretization method 
which converts linear (nonlinear) differential equations into 
system of linear (nonlinear) equations which can be solved 
by matrix method techniques. 

1) Here we generate a grid yi=ih, i=0,1,2, .n, h = 
 

 
 

A grid is a finite set of points at which we want to find an 
approximate solution. 
2)  We substitute the derivatives with finite difference 
formula at every grid point where the solution is unknown to 
get an algebraic system of equations i. e for twice 
differentiable function  

   

    
 
             

     
 

3) We get a set of algebraic equations which is solved by 
using matrix algebra. 

VI. SOLUTION 

Consider equation (30)                                  

   

    
                 

Using central difference approximation for second order 
derivative and assuming P=U=1, we get, 

             

     
                                  (31)                                        

Simplifying we get, 

                                                (32) 

We take N=10 intervals so that the vertical distance (y 
direction) between the plates is divided into 10 equal 
increments of length  

      by distributing 11 grid points over the height H=2 

i. e    
 

  
. 

The boundary conditions are u1=0 and u11=1. 
For i=2 to 9 in equation (32) we get a system of equations 
which in matrix form is 

 
 
 
 
 
 
 
 
 
         
         
         
         
         
         
         
         
          

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
  
  
  
  
  
  
  
  
    

 
 
 
 
 
 
 
 

=

 
 
 
 
 
 
 
 
 
 
  
  
  
  
  
  
  
  
    

 
 
 
 
 
 
 
 
 

        

i. e   in the form of AU=B. 

The matrix A is a tridiagonal matrix and system can be 
solved by using Thomas algorithm.  
Using MATLAB the system has been solved for different 
angles of inclination and different values of the strength of 
magnetic field M and the results have been represented 
graphically. 

TABLE I A M=1 ANALYTIC METHOD 
y theta=30 theta=45 theta=60 theta=90 

-1 0 0 0 0 

-0.8 0.2504 0.2261 0.2059 0.1888 

-0.6 0.4632 0.4166 0.3778 0.345 

-0.4 0.6407 0.5754 0.521 0.4749 

-0.2 0.7845 0.7057 0.6398 0.5838 

0 0.8961 0.8101 0.7377 0.676 

0.2 0.9767 0.8906 0.8177 0.7551 

0.4 1.027 0.9489 0.8822 0.8245 

0.6 1.0476 0.9861 0.9331 0.8867 

8 1.0386 1.003 0.972 0.9445 

1 1 1 1 1 

TABLE I B M=1 FINITE DIFFERENCE METHOD 

y theta=30 theta=45 theta=60 theta=90 

-1 0 0 0 0 

-0.8 0.2503 0.2259 0.2056 0.1885 

-0.6 0.463 0.4163 0.3774 0.3446 

-0.4 0.6404 0.5751 0.5206 0.4745 

-0.2 0.7842 0.7053 0.6393 0.5834 

0 0.8958 0.8097 0.7372 0.6756 

0.2 0.9764 0.8902 0.8173 0.7548 

0.4 1.0268 0.9485 0.8818 0.8242 

0.6 1.0474 0.9859 0.9328 0.8866 

8 1.0385 1.0029 0.9718 0.9444 
1 1 1 1 1 
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Fig. 2 
. Velocity Profile (M=1, Theta= 300

,450,600, 900) 
 

TABLE II A M=1.5     
   ANALYTIC METHOD 

Y theta=30 theta=45 theta=60 theta=90 

-1 0 0 0 0 

-0.8 0.2207 0.1812 0.1533 0.1328 

-0.6 0.4063 0.3305 0.2769 0.2372 

-0.4 0.5609 0.4545 0.379 0.3229 

-0.2 0.6882 0.5589 0.4665 0.3976 

0 0.7908 0.6484 0.5456 0.4681 

0.2 0.8713 0.7271 0.6214 0.5406 

0.4 0.9312 0.7984 0.6992 0.6219 

0.6 0.9722 0.8657 0.7842 0.7193 

8 0.9949 0.9319 0.8823 0.8417 

1 1 1 1 1 
TABLE II B 

M=1.5   FINITE DIFFERENCE METHOD 

  y theta=30 theta=45 theta=60 theta=90 

-1 0 0 0 0 

-0.8 0.2205 0.181 0.1531 0.1325 

-0.6 0.4059 0.3301 0.2765 0.237 

-0.4 0.5605 0.4541 0.3786 0.3227 

-0.2 0.6877 0.5585 0.4663 0.3976 

0 0.7904 0.6481 0.5454 0.4682 

0.2 0.8709 0.7268 0.6214 0.5409 

0.4 0.9309 0.7982 0.6993 0.6223 

0.6 0.9719 0.8655 0.7844 0.7198 

8 0.9948 0.9318 0.8824 0.842 

1 1 1 1 1 
 

 

 

 

 

Fig 3 
Velocity Profile (M=1.5, Theta =300

,450,600, 900) 
 

Table III A  
 M=2      ANALYTIC METHOD 

 
Table III B  

M=2   FINITE DIFFERENCE METHOD 

 

Y theta=30 theta=45 theta=60 theta=90 
-1 0 0 0 0 
-0.8 0.1888 0.1412 0.1126 0.0938 
-0.6 0.345 0.2535 0.1984 0.1622 
-0.4 0.4749 0.3459 0.2679 0.2164 
-0.2 0.5838 0.4259 0.3294 0.2652 
0 0.676 0.5 0.3905 0.3165 
0.2 0.7551 0.5741 0.4585 0.3785 
0.4 0.8245 0.6541 0.5417 0.4613 
0.6 0.8867 0.7465 0.6501 0.5784 
0.8 0.9445 0.8588 0.797 0.7488 
1 1 1 1 1 

y theta=30 theta=45 theta=60 theta=90 
-1 0 0 0 0 
-0.8 0.1885 0.141 0.1124 0.0936 
-0.6 0.3446 0.2532 0.1982 0.1621 

-0.4 0.4745 0.3457 0.2679 0.2166 
-0.2 0.5834 0.4258 0.3296 0.2657 
0 0.6756 0.5 0.391 0.3173 
0.2 0.7548 0.5742 0.4592 0.3797 
0.4 0.8242 0.6543 0.5426 0.4628 
0.6 0.8866 0.7468 0.6511 0.58 

8 0.9444 0.859 0.7977 0.75 
1 1 1 1 1 
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Fig.4 
Velocity Profile (M=2, Theta= 300

,450,600,900)    
 

In Table I A, I B, II A, II B  and III A, III B for different 
values of the angle of inclination  taking   the  values of   
M=1,1.5 and 2 the values obtained by using finite difference 
method are shown and these values are found to be in 
agreement with the values calculated by analytic method 
(Singh 2014). We can observe that for   each value of 
magnetic field strength, as the angle of inclination of the 
magnetic field (Theta) increases the velocity of the fluid 
decreases which can be observed in the graph shown in Fig. 
2, 3 and 4. 

TABLE IV THETA =300 
Y M=1 M=1.5 M=2 M=2.5 

-1 0 0 0 0 
-0.8 0.2503 0.2205 0.1885 0.1586 
-0.6 0.463 0.4059 0.3446 0.287 
-0.4 0.6404 0.5605 0.4745 0.3934 
-0.2 0.7842 0.6877 0.5834 0.4844 

0 0.8958 0.7904 0.6756 0.5657 
0.2 0.9764 0.8709 0.7548 0.6423 
0.4 1.0268 0.9309 0.8242 0.719 
0.6 1.0474 0.9719 0.8866 0.8007 
0.2 1.0385 0.9948 0.9444 0.8925 
0 1 1 1 1 

 

 

 

Fig 5. 
Velocity Profile for theta=300 (M=1, M=1.5, M=2, 

M=2.5) 
In Table IV. for fixed Theta =300, the velocity of fluid has 
been calculated for different values of the magnetic field 
strength M by using finite difference method and it is 
observed that as the magnetic field strength increases, the 
velocity profile decreases which can be observed in the 
graph shown in Fig 5.     

TABLE V 

 

M=1.154700
5 

M=1.414213
6 M=2 M=1 

Y Theta=600 Theta=450 
Theta=30

0 
Theta=90

0 

-1 0 0 0 0 

-0.8 0.188549 0.188549 0.188549 0.188549 

-0.6 0.344639 0.344639 0.344639 0.344639 

-0.4 0.474515 0.474515 0.474515 0.474515 

-0.2 0.583372 0.583372 0.583372 0.583372 

0 0.675563 0.675563 0.675563 0.675563 

0.2 0.754777 0.754777 0.754777 0.754777 

0.4 0.824183 0.824183 0.824183 0.824183 

0.6 0.886555 0.886555 0.886555 0.886555 

0.8 0.94439 0.94439 0.94439 0.94439 

1 1 1 1 1 
From Table V, we observe that by changing the values of 
magnetic field strength M and the angle of inclination 
‘Theta’ the velocity profile can be maintained so that 
velocity remains the same at all points. 

VII. RESULTS AND DISCUSSION 

The problem of the effect of inclined magnetic field on 
MHD flow between two infinite parallel plates with upper 
plate moving with constant velocity and lower stationary 
along with applied pressure gradient has been investigated.  
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From the analysis the following results were observed 
7.1 As the angle of inclination of magnetic field increases it 
is found that there is a decrease in the velocity profile. 
7.2 As the strength of the magnetic field increases, there is 
a decrease in the velocity profile. 
7.3 By changing the values of the magnetic field strength 
M and the angle of inclination of the magnetic field, we can 
maintain the same velocity profile. 

VIII. CONCLUSION 

The study concerns the effect of inclination of magnetic 
field on MHD flow between parallel plates under applied 
pressure gradient. The results obtained using finite 
difference method   are in agreement with the analytic 
method and show that for an increased angle of inclination 
of magnetic field the velocity decreases. An increase in the 
magnetic field strength M also results in decrease in the 
velocity. Further, it has been observed that for a given angle 
of inclination of the magnetic field, the magnetic field 
strength (M) can be chosen so that the velocity at each point 
remains the same, which can be used in controlling the flow 
in some engineering problems.  Finite Difference method is 
found to be fast, accurate and converges faster to the exact 
solution.  

REFERENCES 

1. P. A. Davidson, “An introduction to MHD”, Cambridge University 
Press, UK, 2001 

2. G. W. Sutton and A. Shermann, “Engineering 

Magnetohydrodynamics”, Mc Graw Hill Book Company, New 

York,1965 
3. M. Antia, “Numerical Methods for scientists and engineers”,  Mc 

Graw Hill,  New Delhi,1965 
4. D.W. Kiema, WA Manyonge, J K Bitok, “On the steady MHD 

Poiseuille flow between two infinite parallel porous plates”, 

International Journal of Scientific research and Innovative Technology, 
Vol 2,No.2,February 2015 . 

5. Sinha K.D and Choudhary R. K, “Flow between two Parallel plates one 

in uniform motion and the other at rest with suction at the stationary 
plate”, Proc., Indian Academic science,61,1965,308-318 

6. Singh C B and Ram P C, “Unsteady Magnetohydrodynamic fluid flow 

through a channel”, Journal of scientific research, XXVIII ,21,1978  
7. 7.  Manyonge   W A,Kiema, Iyaya C C W, “Steady MHD Poiseuille 

flow between  two infinite porous plates in inclined magnetic field”, 

IJPAM,76(5),2012,661-668 
8. Mrinmayi Goswami, Krishna Gopal Singh, Amarjyoti  Goswami, P N 

Deka, “A study of unsteady MHD  vertical flow of an incompressible 
viscous electrically conducting fluid bound by two non conducting 
plates in the presence of uniform inclined magnetic field’’, Proceedings 
of World Congress on Engineering, 2018,Vol I ,London UK 

9. Magaj A S, “Unsteady MHD Couette flow between two parallel 
horizontal porous plates in an inclined Magnetic field”, Tetfund, 
Tertiary Education Trust Fund, Jan 2019  

10. C B Singh, “Hydromagnetic steady flow of liquid between two parallel 
infinite plates under applied pressure gradient, when upper plate is 
moving with constant velocity under the influence of inclined magnetic 
field”, Kenya Journal of sciences series, Vol 15, 2014 

11. C B Singh and I J Wanja, “Steady magnetohydrodynamic flow of 
viscous incompressible flow between two parallel infinite parallel 
plates under the influence of inclined magnetic field: Laplace 
Transform solution”, International Journal of Biochemiphysics, Vol 23, 
2015 

12. D G Drake, “On the flow in channel due to periodic pressure gradient”, 
quart, J. Mech, Applied maths 18,1-10, 1965 

13. C B Singh, “Unsteady MHD flow of liquid through a channel under 

variable pressure”, K. J. Series, 11(1), 69-78.1998 
14. C B Singh, “Hydromagnetic steady flow of viscous incompressible 

flow between two parallel infinite plates under the influence of inclined 
magnetic field”, Kenya Journal of sciences series, Vol 12, N0 1,pp 1-
8.2007 

15. C B Singh and G Kimathi, “Steady liquid flow between two parallel 

infinite plates with pressure gradient influenced by transverse magnetic 
field”, International Journal of Biochemphysic, Vol 17, No 1, pp 32-36, 
2009 

16. D.W. Kiema, W. A. Manyonge, J. K. Bitok, R.K. Adenyah and J.S. 
Barasa , “On the steady MHD couette flow  between two infinite 
parallel plates in  an uniform transverse magnetic field”, Journal of 

Applied Mathematics & Bioinformatics, vol.5, no.1, 2015, 87-99 
17. C. Singh and J. Okwoyo, “Couette flow between two parallel infinite 

plates in the presence of transverse magnetic field”, Journal of Kenya 

Meteorol.Soc.,2(2) 90-94, 2008. 
18. G. Krishna, “Analytical solution to the problem of MHD free 

convective flow of an electrically conducting fluid between two 
heated parallel plates”. International journal of Applied Mathematics 
and Computation, vol. 1(4), pp. 183-193, 2009 

19. J. A. Shercliff, (1956), “Entry of conducting and non-conducting 
fluids in pipes”, Journal of Mathematical Proc. of the Cambridge 
Philosophical Soc., 52, 573-583 

20. H. Alfven (1942), “Existence of electromagnetic-hydrodynamics 
waves”, Nature, 150(3805), 405-406 

AUTHORS PROFILE 

 Prof. Aruna Sharma, is an Associate Professor in 
Department of Mathematics at Shah and Kutchhi 
Engineering College, Mumbai. She has completed her M Sc. 
from Mumbai University and is pursuing her PhD at Pacific 
University, Udaipur. She has a total Teaching experience of 

over thirty tears in Applied Mathematics. Her area of research is Fluid 

Dynamics.  

Dr. A.V. Dubewar is Associate Professor, Department of 
Humanities and Sciences, Datta Meghe College of 
Engineering, Navi Mumbai. He has done his research in 
the area of Fluid Dynamics which is an integral part of 
Mechanical and Chemical Engineering. He has a teaching 
experience of over 25 years in the field of Applied 

Mathematics. He has published several research papers in national and 
international Journals 


