
International Journal of Innovative Technology and Exploring Engineering (IJITEE) 
ISSN: 2278-3075 (Online), Volume-8 Issue-12, October 2019 

4658 

Published By: 
Blue Eyes Intelligence Engineering 
& Sciences Publication  

Retrieval Number: L38601081219/2019©BEIESP 
DOI: 10.35940/ijitee.L3860.1081219 
Journal Website: www.ijitee.org 

 
Abstract: We obtain an expression for the total northward mass 
transport in a porous bed of large extant subject to a stress 
applied at the top free surface using  -plane approximation. It 

is found that  -effect is found to be responsible for western 

intensification of ocean currents. The total northward transport 
of fluid (See Sverdrup [11]) is found to be closed through the 
western boundary layer (See: Stommel [4]) in the presence of 
porous medium. 
 
Keywords : Porous medium, Porous medium, Coriolis force, 
Rossby waves,  -plane approximation. 

 

I. INTRODUCTION 

Geophysical fluid dynamics deals with all naturally 
occurring fluid motions having a large length scales. 
Geophysical flows such as motions in atmosphere, oceans, 
earth’s core and interstellar system connected with fluid 

motions fall under this branch of fluid mechanics. The large-
scale motions are significantly influenced by the earth’s 

rotation; the Coriolis force plays an important part. 
Boundary layer flow problems are connected with 

the frictional effects. In the case of the two most important 
fluids, namely air and water, the viscosity is very small, and 
hence the viscosity effects may not be perceptible except 
near the boundaries. Sometimes the deriving force itself may 
be of frictional origin, as in the case of wind driven ocean 
circulation. 

In general the vertical friction layers which occur 
on side boundaries differ from that of the Ekman layers. 
Also, vertical boundary layers become important while 
studying motions in the oceans, earth’s core, and stellar 

bodies such as sun and stars, because they should close 
meridional circulation of all fluid motions. Proudman [6], 
Stewartson [7] ,Pedlosky [2],  
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Stommel [4] and also several authors studied the vertical 
boundary layers. Proudman [6] considered the motion of an 
incompressible viscous fluid confined between two 
differentially rotating concentric spheres. Stewartson [7] 
investigated the problem of steady flow between two co-
axial planes rotating almost as if rigid by integral transform 
techniques. He obtained one outer vertical shear layer of 
thickness )E(O / 41  and an inner layer of thickness )E(O / 31

, which transports the mass flux from one Ekman layer to 
another. Greenspan [5] investigated vertical free shear layers 
by combining both Fourier transform and boundary layer 
techniques, and using Ekman compatibility condition. His 
results agree with those obtained by Stewartson [7]. 
Hydrodynamic and Hydromagnetic vertical shear layer 
problems have been analyzed by several authors. (For 
example: Howard [8], Kroll[9],Nield[10], S.Vempaty and 
Sundaram [1,3]).Many authors discussed about the rotating 
fluid due to an applied stress and tangential stress at the free 
surface(for examples: K. Jagadeshkumar, V. Somaraju and 
S. Srinivas, Satyanarayana Badeti,[12,13,14,15]. 

The frictional force and its distribution, gives the 
wind-driven oceanic circulation. Infact, the stress on the 
ocean surface produces an important effect on the oceanic 
circulation. The winds blowing on the surface of ocean 
produce ocean currents. The effect of variation of the 
Coriolis parameter with latitude is important in ocean 
currents. The  -plane approximation takes care of the 

linear variation of the Coriolis parameter f  with latitude. 

In this paper is concerned with the dynamics of rotating 
saturated porous medium using  -plane approximation.  

Quantitatively, the Coriolis force is expressed as 
the product of velocity and a factor known as the Coriolis 
parameter   sinf 2  , where   denotes the earth’s 

angular velocity, and   is the latitude. f  is called the 

Coriolis parameter. The Coriolis parameter f is very 

important in many applications. Consider a rectilinear 

)ˆ,ˆ( yx  plane to the spherical earth at 0  , with 0)( 0 y  

and 00 )( ff  . We write f in a Taylor series as, 

..y
da

df
f)y(f 

0

0




. We neglect the second or 

higher order terms. Because sf '  y derivative is 

evaluated at 0 , we get yfyf  0)( ,  
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df
  here a is the 

earth’s radius.  
Modelling variation of Coriolis parameter as 

yff  0
 is called  -plane approximation.  -effect 

is found to be responsible for western intensification of 
ocean currents.  

II.   GOVERNING EQUATIONS 

 
The governing equations for the steady flow of an 

incompressible fluid in a rotating porous medium referred to 

a frame rotating with an angular velocity k̂  are given 
below: 
Momentum equation: 

VV
k

)rP(Vk̂V.V
 222

2

11
2  





                                                      

         (1) 
Conservation of Mass: 

0. V


      (2) 

Here V


 denotes the velocity field,   is the density, P is 

the pressure, r  is the radial distance and k̂  a unit vector in 
the axial direction,   is the viscosity and )/(    is 

the kinetic viscosity.  The centrifugal acceleration is 
combined with pressure P to form the reduced pressure p. 
The mathematical formulation of the problem is presented 
here. 

III.    MATHEMATICAL FORMULATION 

We shall discuss the total northward mass transport in a 
porous medium due to stress at the top free surface. We 
study this problem in Cartesian coordinate system. The 
Coriolis parameter is considered to be varying with respect 
to latitude. The governing equation in a rotating porous 
medium may be written in the Cartesian system of 
coordinates as, 

VEVpVk̂f
 2                  (3) 

Here, f  is the variable. For small variations in latitude we 

approximate nondimensional f  by,  

yf 1  

We propose to discuss a simple relation between the stress 
field and the Northward transport of fluid in a saturated 
porous medium including the effect of Ekman pumping. The 
governing equations in a porous medium may be written as 
(f can vary with latitude y), 

uEupvf x
2    (4) 

vEvpuf y
2     (5) 

wEwp z
20      (6)

  
The interior solutions are  

upvf x      (7) 

  vpuf y      (8) 

   wpz 0                  (9) 

Using  -plane approximation and eliminating ‘ p ’ we get 

from (7) and (9). The vorticity equation, 

 ζ v
z

w
f 



     (10) 

Here,   k̂wĵvîuV 


 

            is the rate of change of the Coriolis parameter. 

            yf  1  

As 0 , this equation reduces to that derived for pure 
hydrodynamic case. 

IV.   EKMAN LAYER AT A FREE SURFACE 

The equations (4) and (5) becomes 

 uuvf      (11) 

    vvuf      (12) 
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Let the x  and y  components of the stress 


 be denoted by 

x  and y . The boundary conditions on vertical velocity is 

10  zatw .  

In the upper Ekman layer, let us write, 

zE / 121   

From (1) and (2) 
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Using (13) and (14) we get 
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Subject to the conditions 
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From (18) and (19) we get 
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Substitute 1C  and 2C in (16) and (17), 

 




sin)(cos)(
)(

e
u yxyx 






22

      (22)

 




sin)(cos)(
)(

e
v yxxy 






22

      (23) 
The results will naturally be the same as those presented by 
S.Vempaty and R. Balasubramanian [3] for the cylindrical 
geometry at the free surface Ekman boundary layer in the 
presence of magnetic field.  
The northward mass transport in the Ekman layer is given 
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Where yf  1  

Integrating the continuity equation 

         
y

v

x

uw
E /
















21  

We have            

 x

/

z .k̂f.
)(

E
w 




 





222

21

0
                

          (24) 
Integration of (7) over the whole depth of the 
porous bed gives 
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We obtain the total northwards transports, namely            
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Using vector identities we get, 
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                                                                                         (28) 
This is the expression for total northward 
transport in a large depth porous bed. 
 

V. RESULTS AND CONCLUSION  

In this paper, we discussed some effects of the stress on 
flow in a porous medium and obtain the expression for a 
Northward transport (see: equation (28)). It is found that as

0 , our expression reduces to the familiar Sverdrup 
relation (see: Sverdrup [11]). It is expected that the 
Northward transport is to be closed through the western 
boundary layer. 

REFERENCES 

1. S. Vempaty and V.Sundaram,” Linear hydrodynamic flow in a 
rotating saturated porous medium”, Proc. Ind. Acad. Sci. (Math 

Sci.)101, 1991, pp.127- 141. 
2. J. Pedlosky, “Geophysical Fluid Dynamics, Springer” – Verlag, 1979. 
3. S.Vempaty and R.Balasubramanian,“Ekman-Hartmann Layer on a 

free surface”, Ind. Journal. Pure Appl.Math. 18, 1987, pp. 442-450. 
4. H. Stommel, The western intensification of wind driven ocean 

currents, Trans. Am. Geophys. Union, 29, 1948,pp. 202-200. 
5. H.P.Greenspan, “The Theory of Rotating Fluids”,Cambridge 

University Press ,1968. 
6. I. Proudman,” The almost rigid rotation of viscous fluid between 

concentric spheres”, J. Fluid Mech. 1 ,1956, 505 – 516 
7. K.Stewartson,”On almost rigid rotations”, Part 2, J. Fluid Mech. 3 

,1957, 17-26. 

8. L.N.Howard, “The effect of side walls on the porous-medium spin-
up problem”, Deep Sea Res. Suppl. 16, 1969,pp. 97-107. 

9. J.Kroll  and G.Veronis , “The spin-up of a homogenous fluid bounded 
below by a permeable medium”, J. Fluid Mech. 40 ,1969,pp. 225-239. 

10.   D.A. Nield,”Spin-up in a saturated porous medium”, Transport in      
   porous media. 4(5) ,1989,pp. 495-497. 

11. H.U.Sverdrup, "Wind-Driven Currents in a Baroclinic Ocean; with 
Application to the Equatorial Currents of the Eastern Pacific". Proc. N
atl. Acad. Sci. U.S.A. 33 (11): 1947, 318–26. 

12. K. Jagadeshkumar, V. Somaraju and S.Srinivas,”Hydrodynamic free 

shear layers in a rotating fluid due to an applied stress at the free 
surface”, Communications in Applied Analysis, 21(1), 2017,pp.107-
118. 

13. K. Jagadeshkumar, V. Somaraju and S. Srinivas, “A note on Unsteady 
Hydromagnetic flow due to tangential stress at the free surface”, 
International Journal of Pure and Applied Mathematics, 115(1),2017, 
pp.13-25. 

14. Satyanarayana Badeti, V. Somaraju and S. Srinivas, “A note on 
importance of Ekman compatability conditions in Rotating boundary 
layer flows”, International Journal of Pure and Applied Mathematics, 
112(2),2017,pp. 293-306. 

15. Satyanarayana Badeti, V. Somarjau and S. Srinivas,” A unified linear 

theory of rotating hydromagnetic flow between two parallel infinite 
plates subject to imposition of axial velocity”, Journal of Applied 
Mathematics and Mechanics (ZAMM), 98(8), 2018,  1369-1389. 

AUTHORS PROFILE 

 
Dr.N.Shobanadevi: At present working as an faculty 
member (Assistant Professor) in Mathematics 
Department at Vellore Institute of Technology, Vellore, 
Tamilnadu,India. 
 
 
 
Dr.K.JagadeshKumar, Assistant Professor in 
Mathematics Department at Vellore Institute of 
Technology, Vellore, Tamilnadu,India. 
 
 

 

https://www.openaccess.nl/en/open-publications
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1079064
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1079064

