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Abstractin This Work, Debye Temperature And Debye Frequency 
Of Metals Were Computed And Studied Using Quantum Einstein 
Theory. The Electron Density Parameters Of Strained Metals Is 
Obtained And Used In The Computation.. The Results Obtained 
Revealed That There Is Agreement Between The Computed And 
Experimental Values Of Debye Temperature And Debye 
Frequency. This Shows That The Model Can Be Used To Study 
Debye Properties Of Metals. The Debye Temperature And Debye 
Frequency Obtained Are More Concentrated In The High Density 
Limit. This Revealed That Debye Temperature And Debye 
Frequency Of Metals Depend On The Electronic Concentration. 
Also, The Experimental Value Of Debye Temperature And Debye 
Frequency Is Higher Than The Computed Value, This Is Because 
Of Some Factor Which Debye Temperature And Debye 
Frequency Relied On That The Theory Failed To Account For. 
Debye Temperature And Debye Frequency Of Metals Reduces 
As Strain Increase. This Shows That As Strain Increase, Space 
Between Lattice Atom Increase Which Reduces Strength Of 
Electron Interaction And There-By Forces Debye Temperature, 
Debye Frequency To Decrease As Deformation Increase. This 
Behavior Of Metals Reveal That Debye Temperature And 
Debye Frequency Is Greatly Affected By Deformation.  

Keywords: Deformation, Einstein model, Debye temperature, 
Debye frequency, poison ratio. Electron density parameter 

I. INTRODUCTION 

Solid consists of a sufficiently large collection of atoms that 
exhibit the characteristic behavior of bulk material, the atom 
may lose some of its tightly bound electrons leaving the core 
electrons, such entity is known as ions (Rogalski and Palmer, 
2000). At a finite temperature, the atoms in a crystalline 
lattice vibrate about their equilibrium positions with 
amplitude that is temperature dependent,  
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these vibrations can be explained in terms of collective modes 
of motion of the ions. When atom vibrates, the force on atoms 
changes causing them to vibrate (Efthimios, 2003). Crystal 
lattice dynamics can be discussed in the frame of the adiabatic 
approximation by solving Hamiltonian operator for the 
motion of the ions about their equilibrium position which 
defines the lattice spatial distribution. Lattice vibrations can 
be described in terms of waves propagating along a linear 
chain, such that the amplitude of the vibration for the atom is 
equal in the Debye approximation, a linear lattice can sustain 
long wavelength elastic waves which propagate without 
dispersion (Rogalski and Palmer, 2000). Debye model of 
solid treats the frequency spectrum as linearly dependent on 
the wave-vectors for all modes. For a realistic computation, 
the actual frequency spectrum is included to give a density of 
states with features that relied on the structure of solid 
(Efthimios, 2003). The Debye model is an isotropic 
continuum where motion of an atom influences its neighbor’s 

motion. Atomic vibrations have complete spectrum of 
frequencies which vary in a continuous fashion, the medium is 
dispersion-less and the velocity of sound is independent of the 
frequency and the number of standing sound waves that can 
be fitted in the solid with frequencies in the range between 
vibrating mode to determines the spectrum which is 
characterized by a cut-off frequency known as Debye 
frequency (Kachava, 1992). Deformation is when metals 
undergo compressive force, torsion force or tensile force and 
the shape or size becomes different. Because of the anisotropy 
of a crystal, the atoms of any crystal can be deformed in a 
variety of ways that can be decomposed into three types of 
independent deformations viz, uniform compression 
associated with the bulk modulus or compressibility and two 
shears in both of which the volume is unchanged (Animalu, 
1977). Mathematically, any lattice deformation can be 
characterized by a second-rank tensor , called a strain 

tensor which has three independent components in a system 
with cubic symmetry (Animalu, 1977).Consequently, a lot of 
success have been recorded in the study of deformed 
properties of metals theoretically and experimentally. Kiejna 
and Pogosov (1999) investigated experimentally the effect of 
deformation on electronic properties of metals based on 
Kelvin method. The result obtained shows that contact 
potential difference of the metals increase/decrease when 
compressed/tensed. Pogosov and Shtepa, (2006), studied 
surface stress and contact potential difference of elastically 
strained metals based on structureless pseudopotential 
formalism. The results obtained were in agreement with 
experimental results.  
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Adeshakin and Osiele (2012) theoretically studied the surface 
energy and surface stress of strained metals using 
structureless pseudopotential model.  
The results obtained revealed that deformation causes a 
reduction of surface energy, some metals have tensile stress 
on their surfaces while some have compressive stress on their 
surfaces. Surface stress of some metals decreases as 
deformation increases while some increases. Adeshakin et al. 
(2012) applied structureless pseudopotential to study 
correlation, binding and cohesive energy of metals. The result 
obtained is in agreement with experimental values. The 
results obtained show that deformation decreases the binding 
energy of metals but does not significantly affect cohesive 
energy of metals. Adeshakin et. al (2015) computed the 
electron density parameter, Fermi energy, Fermi wave vector 
and chemical potential of strained metals using structureless 
pseudopotential. The results obtained revealed that 
deformation affect electron density parameter, Fermi wave 
vector, Fermi energy and chemical potential of metals. 
Adesakin, (2018), computed electronic heat capacity of 
metals based on Einstein model formalism. There is 
agreement between the computed and experimental values 
which shows the validity of Einstein model in studying the 
electronic heat capacity of metals. The electronic heat 
capacity of all the metals increases as deformation (strain) 
increases. This is because as the collision between the 
interacting electron increases the electron thermal excitation 
also increases and there-by result in the increase in the 
electronic heat capacity as deformation increases. 

 In this work, Einstein model is extended to study 
Debye temperature and Debye frequency of metal. The metals 
were chosen based on experimental data available and 
physical constants required for computation. 

II.   THEORETICAL EXPRESSION FOR DEBYE 
PROPERTIES OF METALS 

The internal energy per unit volume of quantum mechanical 
calculation in terms of phonons is  

                                                                                                  

(1) 
Where,  is the energy corresponding to a particular state 
of the system which involves a number of excited phonons. 
The total energy due to the phonon excitations is given by  

                                                                                           

(2) 
 is the index and k is the wave-vector. In classical 

discussion, the total energy is  
  

                                                                                   

(3) 
using mathematical trick to express this in a more convenient 
form. Consider the expression 

                                                    

(4) 
Which involves a sum of all exponentials containing terms 

      with all possible non-negative integer 

values of . The expression 

                                                                                    (5) 
Substituting equation (5) into equation (3) gives the 
summation geometric series as 

                                                                      

(6) 
The total internal energy per unit volume is  

                                                (7) 

Where                                                                                                 

(8) 

The quantity  represents the average occupation of 

the phonon state with frequency at temperature T. From 
equation (7), the specific heat per unit volume is  

                                                                              

(9) 
Turning the summation into an integral, the specific heat in 
equation (9) become 

                                                                                         

(10) 
Differentiating equation (10), the heat capacity can be express 
as 

                                                         

(11) 
 is the number of oscillators with frequencies 

range,  is the Debye frequency which is the highest 
frequency of any normal mode. 
To be able to compare equation (11) with experimental value 
of heat capacity, consider the three-dimensional case where 
a system of N ions has 3N degree of freedom (N-ions=3N) 
independent quantum oscillators and the normalization 
condition is  

         (12) 

Since every lattice point is associated with one longitudinal 
mode and two transverse modes with phase velocities  and 

 respectively for any given frequency  we have 

=                                                                              

(13) 
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  is the mean phase velocity. Putting equation (13) into 
equation (12)  

                                                         

(14) 
 

                              (15) 
   

                                          

(16) 

                                                

(17) 
Recall that both side of equation (17) is equal to 3N 

             (18) 

then 

                                                                                                 

(19) 
and 

                                                                                                     

(20) 

=           (21) 

therefore 

         (22) 

Since equation (19) and equation (21) is the same, the Debye 
frequency or cut-off frequency  is obtained using 
equation (21) as 

         (23) 

Substituting equation (19) and equation (21) into equation 
(13) we have 

                                                                                                         

(24) 
Using the frequency distribution function, the lattice heat 
capacity in equation (11) can be written as  

                                                               

(25) 

When  then  

                                                                           

(26) 
By integrating equation (26), the Debye temperature  is 
obtained as 

                (27) 

   

In this work, the Debye temperature and Debye frequency of 
deformed metals were computed using equation (27) and 
(23).     

III.    RESULTS AND DISCUSSION 

In figure 1 Debye temperature is plotted versus electron 
density parameter. Figure 1 revealed that there is agreement 
between computed and experimental value. The computed 
value of Debye temperature is lower than experimental values 
due to the frequency approximation by treating the atoms in a 
crystal as single frequency quantum harmonic oscillator and 
this frequency depends on the strength of the restoring force 
acting on the atom. The experimental values of the Debye 
temperature in figure 1 is more concentrated in the high 
density limit and is higher than the computed value of the 
Debye temperature. This is because there are some properties 
that the Debye temperature depends upon that the model does 
not consider such as atomic vibration, thermal excitation and 
the ionization energy. Figure 1 also revealed that Debye 
temperature of metals in the high density region is higher than 
the Debye temperature in the low density region. This suggest 
that the higher the number of valence electron in metals the 
higher the Debye temperature and the lower the number of 
valence electron in metals the lower the Debye temperature. 
In figure 2 Debye frequency is plotted against electron density 
parameter. The experimental values of the Debye frequency 
were obtained from Solid State Physics by Efthimios, (2003). 
The result obtained in figure 2 revealed that the experimental 
Debye frequency is greater than computed value due to short 
coming from mean atomic velocity, amplitude of atomic 
vibrations and the inter-atomic bonding of the metals. Figure 
2 revealed that Debye frequency of the metals is more 
concentrated in the high density limit than low density limit. 
This seems to suggest that the Debye frequency of metals 
depend on number of carrier electron per unit volume. 
Furthermore, in figure 2 there is agreement between the 
computed and experimental values of the Debye frequency. In 
figure 3 and 4, Debye temperature and Debye frequency is 
plotted against deformation. The Debye temperature and 
Debye frequency of metals decreases as deformation 
increases. This shows that the electrostatic and binding forces 
in metals decreases as deformation increases. Figure 3 and 4 
also revealed that potassium has the lowest Debye 
temperature and Debye frequency while molybdenum and 
Tunasten has the highest during deformation. This is due to 
high electronic energy, nature of metallic bond and variable 
electron in this metal. Figure 3 and 4 shows that the Debye 
temperature and Debye frequency is strongly affected by 
deformation. 
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Figure 1;  DEBYE TEMPERATURE VERSUS 
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Figure 2: DEBYE FREQUENCY PLOTTED AGAINST  

ELECTRON DENSITY PARAMETER 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
30

35

40

45

50

55

60

65

70

75

80

85

90

95

100

105

110

 

 

DE
BY

E 
TE

MP
ER

AT
UR

E 
(K

EL
VI

N)

STRAIN

 POTASSIUM
 COPPER
 SILVER
 CHROMIUM
 IRON

 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

60

65

70

75

80

85

90

95

100

105

110

 

 

DE
BY

E 
TE

M
PE

RA
TU

RE
 (K

EL
VI

N)

STRAIN

 BERYLLIUM
 MAGNESSIUM
 NICKEL
 ZINC
 CADMIUM

 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
60

65

70

75

80

85

90

95

100

105

 

 

DE
BY

E 
TE

M
PE

RA
TU

RE
 (K

EL
VI

N)

STRAIN

 ALUMINIUM
 BISMUTH
 TITANIUM
 YTTRIUM
 TIN

 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
50

60

70

80

90

100

110

120

130

 

 

DE
BY

E T
EM

PE
RA

TU
RE

 (K
EL

VIN
)

STRAIN

 LEAD
 MOLYBDNUM
 TUNASTEN
 GOLD
 PLATINUM
 TANTALUM

 
Figure 3:  DEBYE TEMPERATURE PLOTTED 

AGAINST  DEFORMATION 
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Figure 4:  DEBYE FREQUENCY PLOTTED AGAINST 

DEFORMATION 
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IV. CONCLUSION 

A model for computing Debye temperature and Debye 
frequency of metals based on the Einstein model formalism is 
presented. The Debye temperature and Debye frequency 
obtained were in agreement with experimental results which 
show that Einstein model is useful in the theoretical prediction 
of some properties of metals. Also, the computed and 
experimental value of Debye temperature and Debye 
frequency of the undeformed metals are more concentrated in 
the high density region.  This shows that the higher the 
valence electron in metals the higher the Debye temperature 
and Debye frequency. The Debye temperature and Debye 
frequency of all the metals decreases as deformation 
increases.  

Table 1: Debye Temperature of Deformed Metals (K) 

 
 
 
 

Table 2: Debye Frequency of Deformed Metals (THz) 

 
Table 3: Debye Temperature and Debye Frequency of 
undeformed  Metals. The experimental values were 
obtained from Introduction to solid state Physics by Kittel 
(1976)  and Ashcroft and Mermin  (1976) . 
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