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Propagation of Reaction Front in Porous Media

with Natural Convection
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Absrtact: This paper examines the influence of convective
instability on the reaction front propagation in porous
media. The model includes heat and concentration
equations and motion equations under Boussinesq
approximation. The non-stationary Darcy equation is
adopted and the fluid is supposed to be incompressible.
Numerical resultsare performed via the dispersion relation.
The simulations show that the propogating reaction front
loses stability as Vadasz number increase, it shows also
more stability is gained when Zeldovich number increased.
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[. INTRODUCTION

The reaction front propagation in porous media presents
much important interest in many technologica and
scientifical fields like biology, ecology, groundwater,
hydrology, oil recovery to name just a few (see for instance
(Murphy, 2000, Linninger, 2008, Stevens, 2009, Nield, 2006,
Gaikwad, 2015, Faradonbeh, 2015); and references therein).
In order to describe the flow dynamics in porous media, one
can use the quasi-stationary or the non-stationary Darcy
equation combined to reaction-diffusion equations. In porous
media, the reaction front propagation under convective effect
has been studied by (Allai et a., 2007, Alldi, 2014); the
authors have used the reaction-diffusion equations coupled
with a quasi-stationary Darcy equation. In an other work, the
authorsin (Khalfi.O, 2016) use non-sationary Darcy equation
and they study the influence of the reaction front by depicting
the evolution of Zeldovich number versus wave number and
versus Vadasz number highlight the influence of Vasdasz
number on convective instability. In this work, an extension
of thislast study will be done to the same model wich describ
the reaction front propagation with non-stationary Darcy
equation; that model will be considered and delivred to linear
stability analysis. For this objectif, the porous media is
considerd to be filled by an

incompressiblefluid, morover the reaction front propagatesin
opposite sense of gravity.
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To peform the linear sability anaysis, the
Zeldovich-Frank-Kamenetskii method is used. The interface
problem is obtained and the stability boundary is found from
the derived dispersion relation.

This paper is organized as follows. The next section will be
devoted to the governing equations, followed in Section 3 by
the linear sability analysis. Numerical simulations are
performed in Section 4. last section concludes the work.

II.  GOVERNING EQUATIONS

The propagating reaction front in porous media can be
modelled as follows:

E +v.VT = xAT + gK (T ¢ (), D
E +v.Va =dia + K(T)p(a). )
% +ov +Vp = gBp(T - To)y. &)
V.r =0, (4)

under the following boundary conditions:

T,
Ty

T = landv = Qwheny — +02,(5)
T = Oandv = Owheny — —c2,(6)

o
X

Here fdenotes the coefficient of thermalexpans -ion, & the
viscosity, &, the permeability of the porous media, ¥ the
upward unit vector in the vertical direction, T the
temperature, & the depth of conversion, v the velocity, r the
pressure, & the coefficient of thermal diffusivity, d the
diffusion coefficient, g the adiabatic heat release, g the
gravity acceleration, othe density. Finally, ¥V and 4 denote
the standard differential operators,in addition T; is the mean
value of the temperature, T; isan initial temperature while Ty
is the temperature of the reacted mixture given by
Ty =T; + q. Thefunction K (T} e isthereaction rate
where the temperature dependence is given by the Arrhenius
exponential: B

K(T) = koexp(— . (7)
Emeans the activation energy, i the universal gas constant
and &y the pre-exponential factor.

1) 2.1 THE DIMENS ONLESS MODEL

For the dimensionless model, we introduce the spatial

variables y' = %, x'

= % timet' = % velocity v = % and
the pressure o' = == are introduced.
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"I'_Tn

Denoting & =- :

and omitting the primes of the new
variables, the model becomes:

E + 1. V6 = A6 + W (B)(a).(8)

=4 v.Va = Ma + W(8)()(9)

Li%+ v+ Vp = R, (6 + 6,).(10)
T.v = 0,(12)

which is supllemented by the following conditions in infinity:

g =—1,0¢ = landv = Owheny — +02,(12)
8 =0,a = Dandv = Owheny — —2.(13)

] qE
z-14 88 BTE

is the Zeldovich number, § = R“—f" B, =

inverse of Lewis number,

HerelW (&) = Zexp }, where £ =

Tp=Tn

d .
A == is the

R, = R"::’FR where R is the Rayleigh number defined by

R =% b is the Prandtl number defined by B = £,
pol Pk

V. = is the Vadasz number (called also Darcy-Prandl
(2

number; ¥; wich is given by ¥, = j—’ where I; is the Darcy

number defined by I, = % Inwhat follows, /& = 0 will be
considered, wich correspondsto liquid mixture.

1. LINEAR STABILITY ANALYSIS

1) 3.1 APPROXIMATION OF INFINITELY NARROW
REACTION ZONE

By using an analytical study which reduces the problem
(8)-(13) to a singular perturbation one, where the reaction
zone is assumed to be narrow (which is named the reaction
front), the linear stability analysisis performed. The reaction
source term is neglected ahead of the reaction front (because
the temperature is not sufficiently high) and behind the
reaction front (since in this region there are no fresh reactant
left). This approach, called Zeldovich-Frank-Kamenetskii
approximation, leads to an interface problem by applying a
forma asymptotic analysis for large Zeldovich number. In
other words, for this asymptotic analysis treatment, let

considers e = ? as a small parameter. And let assum by

{(t.x) thelocation of the reaction zone, and consider the new
independent variableis

v =y —{(t.x).(14)

taking into account those new statements, the new functions
#,, oy, ¥y,p can bewritten as:

gt x.v) =8, (t x.v )
elt, x.v) = e, (t x. 9 ),
plt.x.y) =p (£, x.y,),
wit,x,y) = vt x, 9, ).
by the way, the equations will be re-written in the following
form (the index 1 for the dependent variables is omitted):

(15

30 #8a3, _ ; )
Tt Ve = 86 + W) ¢la), (16)

da  da I .. o
E_EE-I— v -Va = W8 (a).(17)
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; e ;%EJ; v+ Tp = Ry(8 +6,)7. (18)

ﬁ_ﬁﬂ-l_ﬁznl “ (8

where ) ) ) ] )

R i e CON 1O
2 a7 a a (11)

V= G nm ) @D

to find the jump conditions approximation and sol;@g of the
interface problem, the matched asymptotic expansion
method isused. To thisaim, the outer solution of the problem
is sought in the form:

6§ =6"+e8l+....0 =a +ealt....

22
1.-‘:L-‘E'-I-EUI-I-....,‘_?:}_?D-I-EPI'-I-....( )

For the inner solution, the stretching coordinate n = v, /€ is
introduced and the inner solution is sought in the following
form:

B=edl+...a=a"+ed’+..,
1:=vn'-I—.*_=1:I'-|—....;_7=1EI
(= +elt+..

substituting these expansions into (16)-(19),it follows:
order !
. ait | a4t gt
( -I_{ﬂ.r:I ) an’ -|—exp{1+l5
(24)
‘;_anﬂ a_a«“ ':E'ﬂ =0 ) — ~ (L]
- dn ot - an (LI dx _LI] _tp{n }exp L+S§]J'(25)

(") =0,

Loavpall et Al
I, dn 2t an dx

Al oxi ]
LI 2 g ()

=0, (26)

_: dn ot an
aplar?  ard

—I=t =0 (28
an dx + an ( )

order "

L A alave, | 22
¥, -9t an ot

at an dx
ap" eyl aplai' | g
B RSt L0 poa (29
an dx an dx + P D( )
1 (Buﬂ dufarl a7l BLHT!J

¥ Lot an ot ?ﬁ

2vzall

ap!
an
+v} = R, 6,.(30)

order !

1 /a6 aslal® a7taesl altad?
E(ar Tan at Ay a8t an at ]
gt aptagt aplall aptal
Bx g dx oy dx  dn dx

+vy = R,61(31)
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Lo oael attor ot
W, at dn 8t dn &t dn dt
ap*
to, Ty =RE5(3)
order €
av; ar et av;alt avial”
dx dn dx B dn fx Bl dn fx
arll ar®  and
Tan ax | an =0.(33)

the matching conditions asiy — torare

VE -~ 1"Ell_'L|_+|:l("-"’4')

Fl~ r; “ly,=g0)n + v |J._+n(35)
.. 1 3 0

5%~ 2 Gy lyi=2ol 7+ Clymsolm
+v° |J.-+n(36)

" 1 2% L 1 a8t L
U!'\"B{al |_'|.| +|:‘:]+ { |_'|.|—+|:‘:]i|

3_1'
{al'l |_1;|=i|:l]i'i' + v |_1'|=i|:l' (37)
Let us consider both the outer and the inner expansion of the

temperature (the same technique for the variables & and v is
used) and recall that
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1
Multiplying (24) by % and integrating with respect to 7 from

—a to +0 taking into account (38), (39) (&' changes from
6], =0~ t0 —% when 7] changes from — to +):

28T,
{H] |r; . {Ej_lr}:—x =
2 E1 pq=0" T
I'r‘:‘ . W{L+Er]dr
(41)
where

A=1+ (%]f.mz)

By adding (24) and (25) and integrating, (34
one obtains:

aft agl ar?t

57 e G Inmme = =5 G 4 9)(43)

Truncating the outer expanson (22), it folq:c)@s that
8 ~8% %~ v~ v" From the inner expansion (23), one
obtains Zg8 = & , and from the matchmgcond
(39), Bl e ® By oo ¥ Z8]y oo u
6%~ 6,871, o ® 28y, " * (v~ v0.(44)

g

The jump conditions are obtained (with the changeof
variablest — Zt under the integral)

e aa . 8 . b AT
n=yfe 1 . Plymo = Gy lymo = 221+ GO
Glry ) =60 "0y )+ e (v )+ 767 (e y I+ 9}1. - T
'r‘ (2"+Srjdrl
B(x,en) = el iz ) + 28 (x. )+ a0 20 (45) ac
Writing the outer solution in terms of theinner variablen and — _|J_ - =—(1+ {_g]:]-L
using the Taylor expansion: gy, : 2
gt 18°g" aat 5 + (v 3, = W)y, =0).(46)
Bx.y) =8°(x, U]+f{—(x 0)n + 8% (x, 0)) +€° (——(I n? +—(I 0)n +8°(x, '3,1+
lz|—ﬂ' = 1’:{':{,-|:l (47)
el el (48)
The zero order terms with respect to £ correspond to the .;*., yi=07 EJBILJI =0
] Ty Ty
stationary solution. Taking into account that%{x.ﬂ‘] =0 ay? lyy=0* = ,;J- oyt =0~ (49)
and using the matching principle (Nayfeh, 2008), it follows &% vy Iy o 8% vy | “R {L{—] )t
the matching conditions: gy? 1=V gy By b=e’
ab » 3,0 28 .
L&T gl il (L +G ]] ] .|-= (50)
n— +oo & |.1'|=|:‘_ +7 By |.1'|=|:‘_' ay '¥1=0

@' = 0.v" = v?), o+ (39)
n——w:ft =gt -.a’—1,

v =0 e (39)
Denoting by s the quantity
_ wﬂ'ﬂ =

§ =0y =Ty (40)

Relation (28) givesthat the parameter s doesnot depend on 7.
The jump conditions are derived from (24), in the same way
asitis usually done for combustion problems. From (25), it

followsthat &° is a monotone function of nand 0 = Gl <1,
Since zero-order reaction is considered, it results ¢ (&%) = 1.

Using (24], oneconcludesthat—f = 0. whenn — —o@ and

1
taking into account (39), one has% = 0. Then % = 0 and

&1 is amonotone function.
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Here only the componentu, of the velocityis used. 38)
2) 3.2 FORMULATION OF THE INTERFACE PROBLEM
The interface problem will be written in two system of
equations one for the media before reaction, and one for the
media after reaction; and for the jump conditions they will be
extracted from the free boundary problem seen previoudly.
Tofind thejump conditions approximation and solution of the
interface problem, the matched asymptotic expansions
method is used, thisleadsto:
for unburnt medium(y = {):

2 4078 = 86,(50)
o = 0.(52)
- X v+ Vp =R, (8+ 6y (53)
V-v=10/(54)
and for the burnt medium
(=2
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2 +v-78 = 16,(55)

o = 1.(56)
L2 v+ Tp =R, (6 +6,)r.(57)
Vv =0.(58)

These systemsis completed by the following jump conditions

at theinterfacey = {:
i

(6] = 0.151 = % (59)
rax

(NE —ﬁf—_:_l—:f_“':“' ep(rT5)ds (60
vl =0, (61)
]=002
v
52 = 063)

with[]denotes the jump at the interface,
[f1="Fl; . = Flgy-
This free boundary problem is completed by
the following conditions:
# = —1 and v = Owheny — +2,(64)
g =0 and v = Owheny — —2.(65)

3) 3.3 TRAVELLING WAVE SOLUTION

In this subsection, the linear stability analy -sis of the
steady-state solution for the interface problem is performed.
Indeed, this interface problem has atravelling wave solution
(& e.17) such as.

gt x.v) = 8,0y — ut),

alt,c.v) =a vy —ut), v =0, = ut, (66)
with
0 if y, <=0
85 = o 1 e 2 o®D
and
(L ify, =0
ﬂs(-_jlj] - L:l if Vi = []' (68)

here ¥, = ¥ —ut denotes the moving coordinate frame,
where u is the wave speed. With these coordinates, the
travelling wave is a stationary solution of the problem:
a8 a8
PR HE-I_ v VB = AF.(69)
a 1
L4 v+ Tp =Ry (8+6)y. (70)

Vv =0,71)

supplemented with the jump conditions (59)-(63).
Consider now a small time-dependent perturba- tion of the
stationary solution of the form. To be done, let’s choose the
perturbation of the temperature and the velocity in the
following form:

{(t.x%) = ut +£(£.x)(72)
6(t.xy) = 8, (y —ut) + 8 (e ™ j =12,
v (£ 2, ¥) = vy (z)e™ T (73)
where
z=y—{(t x) =y —ut — &, x),

E(tx) = £, g0 5 (7)

J =1 correspondstoz <= Dandj =2 toz = 0.
Now, the system (69)-(71) needs to be linearized around the
stationary solution. For simplicity, the pressure p and the
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component 14, of the velocity will be elimi natec(ggpm the
interface problem by applying two times the op g{ﬁr curl
Hence, this expression is obtained by apstgl g this
transformation to the equation (70): (57)
18
FE{? X(Vxv]) +Vx(Vxv) =R,V (V x(%§)+ B 07 )
a
thus
18

—— (V(V.r) A v} +V(V.0) —Aw

W, ot (59)

=Ry (V(V.(6 + 6, )y) —£& (6 +6)7).
dueto the_ incompressibility of the fluid, it deduceqs0)

1 a8
ar (- A V) + (- 8v) = —Ry(V(V. (1)) —2 1),
a
which driveto
—1a 8%, 2%, 2, 23,
ITEEE.BI: ;3_1'3] __{313 + ay? )=
a-g g-g da-g

R_n{ﬁ— {54—?]}

by replacing v, by itsvalue (73), it result

12 . . .
FE{_R_Uj_gurHu -I-v_i-e?""“""r] -|-{—k'v_i-e?""r+“‘r-|-

v E?u.-r+|rur] - {_R-E}_]gurﬂul
O

= (=K ) + (=K ) = Ry (K76,
From below, the following differential systems of equations
are obtained: (66)
forz = O

8 +ub —(w+ k)8, =0 (75)

(76)

vy — k%, = -~ R,k%6,.
(68)
forz =
6 +ubs — (w + k™) 6, = —vue™™, (77)

vy — K°vy = =~ R k%6, (78)
these systems is supplemented with the foIIonng(g@’aarized
jump conditions:

(0 —6,(0) =ues. (79
' ' -(70)
85(0) = 8, (0) = ~&,(($7).(80)
—u(u’e; +8:(0)) = 28,(0).(81)

v (0) = w" (0)fori = 0,1(82)
where .
L0 — E | — ﬂ

v =t T 3y,
for z = 0, the resolution of (75) and (76) gives:

g, (z) = a,e"=,
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o .
P [} -
g_ux + ﬂ: gr.x

(83)

| - v —
— U4 WA w+R
=

and for = = 0, the resolution of (77) and (78) gives:

with

va(2) = bywy + bows, 8:(2) = bysy + basa,

with

W,":E] = Z ﬂl-_i'gﬁ J-xnndsl_{z-:] = Z cl-_i'ggl: =

j=l jzl

fori =12 (84)

here ;. by, , a., and b, are arbitrary constants and the
coefficients a; ;, o; ; are given by:

- T
_ —U— W+ AW+ RS _ k
Oy = - Oz = —i

=L 6;,=0, 8, =0, 8., =1,
Vi =z lio;j,, =0 ; —ufori = 1.2,
—u

Vf =1z 's'l'_i'+1. =

B oy +UOT =k

for i=1,2
with respect of the conditions:

(W, +w) =0,
Vi = ligfi,, Fueii, —(w+k*) 20
for i =12,
Vi = 1l:(ef;—k*) =0
for i =12,
—R, k2T,

vizla . = — —
T L s w)eE -k

for i=12 and (ij) = (21).

The constants are from  the
condition

(b5, (0) + bos52(0) — a; = ue

bys' (0) + bys's(0) — pay = —EL{H: + w)

bysy (0) + bs";(0) + ﬂj.% = —ue

sought jump

4 Vg Bpk? @,
byw (03 + bown (0} + — === —a; = 0
; ; L';.-:Rr.,k:_um
byw' (0} + bow';(0) + —ka, =0

N 5 3
[w+Vgip=—k=])

L
(86)

to find the dispersion relation, it is convenient ot subtractsthe
third equation from second equation of the system (86), wich
gives:

(AR

&= uy+2 =1(87)
Now by using the right linear combinaison of the first and
second lines in (86), the coefficients i, and &, are obtained
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(@y+uejE8ra 0+ ey (U™ +w)— a8 (0]

b =
2r (BEy (0)—sa(0)8ry (0]
(us's(0) + (15 + w)s.(0))e, + (5'5(0) AL
- 7' (0)5,(0) — 5. (0)s",(0) '
B, = (@4 +1EL)E |I}|+|E||u:+u|—_uﬂ| 18 (0]

= 2ry (0)8z (0 —8¢ (082 (0]
_ (wsh(0) + (@ + w)s,(0))e; + (' (0) — w5, (0))a,
s'1(0)52(0) — 5,(0)s'2(0) '

to obtain a,, the fourth line in the system (86) will be used.
That’s leads:

Vg Apk?

ax = bywy (0} + bowo(0) + Q.

[w+1 =k

at end from thefifth equation of the system (86), the following
dispersion relation is obtained:

(kw, (0) — w {0 Buw + Fluy + 7)) N

(uy + )0
(Aue + £ + 2))(ws () = wi(©)) |

(uy + 0

VpRpk? uw

[w+T I E+RI (U +I) = U.(Ql)
with
A=5",(00—us,(0). B=5",00) —us,(0),
€ =—s5',(0)s,(0) + 5,(0)s",(0),
D= —s',(0)5,(0) +s,(00 5", (0),
E=us" (0) + (u” + wls, (0},
F=us',(0) + (* + wls,(0).

V. NUMERICAL SIMULATIONS

The dispersion relation (91) is solved numerically by using
Maple software and the convergence of the series (84) is
tested within small tolerance limit. This gives tl@ ability
threshold of the reaction front. From (83), (85) an 51), it’s
seen that when w = 0, Vadasz number will not affect the
stability thershold. For this reason, those numerical
simulations will check the oscillatory stability threshold.

Figure 1. Critical Railey ® versuswave number K for different

values of Zeldovich number £ and for ¥z = 40,
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Following the same steps asin (Khalfi. O, 2016), the interface
problemis sloved by introducing the travelling wave solution
and reducing the system to a dispersion relation. Figure 1
shows the evolution of critical Raylaigh number R, as
function of wave number ¥ for different values of Zeldovich
number withu = vZ. Here, it is remarqued that the reaction
front gains stability when Zeldovich number increases.

It can also be seen that for small values of k(k = 0.4} the
number critical Rayleig becomes very large and B, increases
with the wave number k& when (k = 0.4,

6.5

25

0 10 20 3‘0 40 ?‘0 6‘0 ?IO 80 20 100
Figure 2: Critical Railey number r versusVadasz
number ¥, for different values of Zeldovich number zand
for k=5,
the critical Rayleigh number R versus Vadasz number for
different values of Zeldovich number with u =+Z and
% =40 is shown in figure 2. Here, the lost of stablility is
visiblewhen Vadasznumber ¥ increases, it isalso remarqued
that the loss of stability is more improtant for a bigger values

of Zeldovich number Z.

V. CONCLUSIONS

In this paper, we have studied a problem decribing the
reaction front propagation in porous media. The model
consists of two reaction diffusion equations of heat and
concentration coupled of those of hydrodynamics under
Darcy law.

It was observed that the key parameters of the problem play an
essential role in the convective stability of the propagating
reaction front. Indeed, it was observed that the reaction front
gains stability when Zeldovich number increases, a so the lost
of stablility is remarked when Vadasz number increases.
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