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Abstract—Carbon nano tube fiber reinforced hybrid smart 

composites are often used in many engineering applications due 

to their high specific mechanical properties. This paper is 

concerned with the investigation of effective elastic and 

piezoelectric properties of hybrid smart nano composites. For this 

purpose, a hybrid smart composite reinforced with carbon 

nanotubes (CNTs) and piezoelectric fibers is proposed. The 

effective properties for the proposed composite are estimated 

analytically by using Mori Tanaka method. The different 

diameters of CNTs were taken for the analysis purpose. The 

effect of CNT diameters on the volume fractions of piezoelectric 

fibers for the proposed composite is examined. The results clearly 

highlight the benefits of using different types of CNTs. It is found 

that the change in diameter can play a significant role in the 

determination of effective properties of CNT reinforced hybrid 

composites. 

 

Keywords: Carbon nanotubes, smart composite, piezoelectric 

fibers, elastic constants. 

I. INTRODUCTION 

Since the inception of carbon nano tubes (CNTs), they are 

extensively used in research due to their extra ordinary 

mechanical properties [1]. Due to this, they are used as the 

replacement for conventional polymer composite materials 

and they have drawn considerable attention from researchers 

in many engineering applications such as structural, 

chemical, textile, mechanical, electrical and aerospace 

applications etc. [2-3]. When more than one fibers are used 

as reinforcements then composites are known as hybrid 

composites. The advantages of hybrid composite are that it 

could complement the fiber properties which are lacking in 

another type of fiber [4].  

The effective elastic and piezoelectric properties for the 

proposed composite are investigated by using analytical 

mechanics based Mori Tanaka method (MTM) [5]. This 

MTM offers a much more economical and effective way for 

understanding the mechanical behavior and optimal 

structure design of the composite [6]. Also, the MTM is 

considered to be fast as well as a valid alternative for the 

finite element modeling analysis of composites [7]. It was 

reformulated for the determination of effective constants of 

piezoelectric composites [8].  

Various models and methods were suggested to predict 

elastic and piezoelectric properties for the different 

composite models. For example, a new hybrid piezoelectric 

composite reinforced with zig zag single wall carbon nano 

tubes and piezoelectric fibers is proposed and prediction of 

effective properties was carried out with the help of 

micromechanical method [9]. Another new fuzzy fiber 
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reinforced nano composite model was proposed and its 

effective properties were investigated by using a 

micromechanical approach [10].  

The Eshelby tensor plays important role for prediction of 

effective constants in MTM method. It has been revealed 

that inclusion problem can be resolved with the help of 

superposition principle of linear elasticity [11]. The tensors 

provide the basis for the analysis of the composites and have 

numerous applications such as to the study of defects, 

overall properties of multiphase composites, and fracture 

mechanics, etc. The Eshelby tensor for the MTM was 

proposed for the piezo composites [12]. The various 

important attempts have been found for the calculation of 

Eshelby tensor for the various inclusion problems [13-15]. 

This work is inspired for the requirement of investigation 

of effective properties of hybrid nano composites. So, the 

main focus of this research is to calculate the effective 

properties of hybrid nano composites by considering a new 

model. For this purpose, a new model was proposed, in 

which CNTs and piezoelectric materials are used as 

reinforcing fibers and polyimide is used as a matrix 

material. The effective properties were determined with the 

help of Mori Tanaka method. It is found from the literature 

review that most of the researchers have assumed CNTs to 

be grown in the perpendicular direction while analyzing the 

composites. This model is proposed to understand the 

behavior proposed composite with fiber volume fractions. 

The required formulation for the MTM method is derived by 

considering average internal stresses.  

II. INTRODUCTION TO PROPOSED 

COMPOSITE& METHODOLOGY 

The lamina of the proposed piezoelectric nano polyimide 

composite (PNPC) reinforced with CNTs and piezoelectric 

fiber is shown in Fig.1. The constructional distinctive 

attribute of PNPC is that the piezoelectric (PZT) materials 

are used as longitudinal cylindrical fibers. The nanotubes are 

evenly aligned along the circumferential surface of PZT in 

the direction of PZT. It is designed to such an extent that 

electric field is smeared along the length of the PZT fibers 

and polyimide is used as matrix.  
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Fig.1 Sketch of the proposed PNPC 

 

Fig.2 depicts the cross sections in transverse and 

longitudinal directions for the proposed PNPC, here CNTs 

are assumed transversely isotropic [16]. CNTs are 

developed on the surface of piezoelectric fibers so that their 

axis of transverse isotropy is normal to the surface of PZT 

fibers. Consequently, final composite can be observed like 

circular cylindrical composite, where PZT fiber is inserted 

in the nanotube reinforced hybrid PNPC composite. It is 

assumed that the proposed composite is homogeneous, the 

fibers are continuous and parallel. 

The three step procedure is used for determination of 

effective properties of the proposed PNPC  by MTM. First 

step shows the determination of effective properties of 

nanocomposite (NC). In the second step properties of 

piezoelectric nano composite (PNC) are evaluated. In the 

third step properties of PNPC are determined. 

 
Fig.2 Cross sections of PNPC 

 

The constructional feature of hybrid smart composites is 

that the piezoelectric (PZT) material are used as vertically 

cylindrical fibers and CNTs are uniformly aligned along the 

circumferential surface of PZT in the direction of PZT and 

polyimide is used as matrix. 

III.  GOVERNING MORI TANAKA EQUATIONS 

The novel work of Mori-Tanaka method (MTM) has been 

effectively employed in the analysis of composites [17]. 

Mori-Tanaka proposed a rationalized method to find out the 

relation between average strains and average stresses for 

composites. MTM was reformulated by Benveniste [8] for 

the determination of effective coefficients of composites 

with different shape and size of inclusions. 

The procedure for MTM for multiple inclusions [18] can 

be derived for prediction of the effective coefficients of two-

phase composite by solving the following equations:- 

[C] = [C1] + v2([C2] − [C1])[Fa ]   (1) 

{e} = vf Fa  e1     (2) 

Where          

 Fa =  Fb /(v1 + v2 Fb  ),  

 Fb =  C1 /( C1 +  S  ( C2 −  C1 ))   and        e1 =

 
 
 

 
 

e11 ∗ v2

e12

e13
0
0
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In equations (1) and (2), the strain concentration factors 

are [Fa] and [Fb] , elastic constant matrix of the composite is 

[C], {e} is the piezoelectric constant matrix of the 

composite, vf represents volume fraction of the piezoelectric 

and [S] represents Eshelby tensor matrix. The volume 

fractions for matrix and CNT fiber are v1 and v2 

respectively. Elastic constant matrices for matrix and fiber 

are [C1] and [C2] respectively. 

Inclusion problems can be solved with the help of 

Eshelby tensor [12] in the MTM approach. This tensor is 

valuable in finding out various aspects of composites. The 

Eshelby tensor is shown in equation (3). 

  S  =  

 
 
 
 
 
 
 
 S11     S12    S13      0        0        0

S21     S22     S23     0        0        0

S31    S32     S33      0        0        0

0        0        0     2S44     0        0
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    0        0        0        0        0      2S66 
 
 
 
 
 
 
 

 

      (3) 

Where, 
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Where 𝑣 = Poisson ratio, a2 = Major axis of ellipse and 

a3 = Minor axis of ellipse 
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Eshelby tensor is dependent on the properties of matrix 

material and the shape of the fiber. The calculation of the 

effective coefficients is carried out by Eshelby tensor [S] for 

elliptical cylinder inclusion and shown in equation (3). 

IV. VALIDATION OF METHOD 

The results obtained for the proposed composite by MTM 

method are compared for the composite given by [9].  

 
Fig.3 Validation of effective elastic properties C11 

 
Fig.4 Validation of effective piezoelectric 

of the composite  33 of the composite 

 

These results for effective elastic constants and effective 

piezoelectric constants are plotted with the piezoelectric 

fiber volume fractions, which are shown in Fig. 3 and Fig.4. 

These figures shows the fine conformity with the results of 

[9] for the same composite material. Therefore the proposed 

method can be used for further prediction of properties of 

composites for different models. 

V. EFFECTIVE PROPERTIES OF COMPOSITE 

The effective properties are calculated for three different 

types of CNTs. The various different types of CNTs are 

used for comparison purpose. For this purpose CNT (10, 0), 

(14, 0) and (18, 0) are used. 

In the first step, CNTs are used as fibers and polyimide as 

a matrix, the resulting composite is known as nano 

composite (NC). In the second step Piezoelectric material is 

used as fibers and NC is used as matrix, the resulting 

composite is known as piezoelectric nano composite (PNC). 

In the third step, PNC is used as fibers and Polyimide as a 

matrix, the resulting composite is known as piezoelectric 

nano polyimide composite (PNPC). 

The properties of this nanocomposite are estimated by 

employing MTM technique. For this purpose, equations (1) 

and (2) are solved. 

VI. RESULTS AND DISCUSSION 

The mathematical results found from MTM approach are 

plotted in this section. Effective elastic and piezoelectric 

constants are determined by MTM approach. Table 1 shows 

the material properties of CNTs, PZT and polyimide matrix 

[4, 10]. Effective properties of the proposed PNPC 

composite are obtained by varying volume fractions of 

fibers and matrix.   

Table 1 Material properties of the different phase 

materials [4, 10]. 
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Three types of CNTs are used for plotting the results and 

CNT length is taken as 1.63 nm. The volume fraction of 

nanotubes in PNPC relies on the diameter of nanotubes, 

piezoelectric fiber (PZT) volume fraction and the surface 

distance between two nanotubes. The gaps between the 

CNTs are filled by the polyimide matrix. 

 
Fig.5 Effective elastic properties C11 of thePNPC 

composite 
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Fig.6 Effective elastic properties C12 of the PNPC 

composite 

 

 
Fig.7 Effective piezoelectric properties e11 of the PNPC 

composite 

 

 
Fig.8 Effective piezoelectric properties e12 of the PNPC 

composite 

 

 
Fig.9 Effective elastic properties C11 of the PNPC 

compositewith or without CNTs 

 

 
Fig.10 Effective elastic properties C23 of PNPC 

composite with or without CNTs 

 

Fig.5 to Fig.10 shows the variation of effective elastic and 

piezoelectric constants with the piezoelectric fiber volume 

fraction for three different diameters of CNTs. Fig.5 shows 

the variation of longitudinal elastic coefficients and it is 

depicted from this figure, the longitudinal elastic 

coefficients of CNTs increases with the increase in diameter 

of CNTs. It means CNT (18, 0) have more value of 

longitudinal constants than the CNT (10, 0). 

Fig.6 shows the variation of transverse elastic constants 

with piezoelectric fiber volume fraction. The transverse 

properties are slightly improved with the increase in 

diameter of CNTs. Variation of effective piezoelectric 

coefficients with piezoelectric fiber volume fraction is 

shown in Fig.7 and Fig.8. It can be depicted from these 

Fig.7 and Fig.8, that there is almost no change in 

piezoelectric coefficients with the change in diameter of 

CNTs.  
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Fig.9 and Fig.10 show the variation of longitudinal and 

transverse elastic constants with piezoelectric fiber volume 

fraction. The comparison between with and without using  

CNTs are done in these plots. It can be noted from these 

figures that, there is a significant enhancement in 

longitudinal elastic constants with the addition of CNT. 

Also, there is slight improvement in transverse properties 

with the addition of CNTs. 

VII. CONCLUSION  

In this paper, a new hybrid smart nano composite model 

was proposed and effective properties were determined for 

three different diameters of CNTs. The MTM approach was 

used for the analysis purpose.The results show that there is a 

significant enhancement in longitudinal properties and 

slightly increment in transverse properties when CNTs are 

used. The different diameters of CNTs were taken for the 

analysis purpose. The effect of CNT diameters on the 

volume fractions of piezoelectric fibers for the proposed 

composite is examined. It is found that the change in 

diameter can play a crucial role in the determination of 

effective properties of CNT reinforced hybrid composites. 

The proposed PNPC will have superior quality against the 

delamination failure of composites. Because of the increase 

in the value of longitudinal properties, the proposed hybrid 

reinforced smart composite can act as a distributed actuator 

for both in-plane and out-of-plane actuation.    
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