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Abstract: The action of a locale 𝑳 on a join semilattice 𝑱  gives 

us the newly introduced notion of 𝑳-slices (𝝈, 𝑱) .We have tried to 

extend the idea of Zariski topology on modules to 𝑳-slices. Given 

a locale 𝑳  and  a  L-slice (𝝈, 𝑱) , for   𝒎 ∈ (𝝈, 𝑱)and 𝒓 ∈ 𝑳  ,we 

have constructed (𝝈, 𝑱) ideals    𝒓 ↳ 𝒎 =  𝒏 ∈   𝝈, 𝑱   𝝈 𝒓, 𝒏 ≤
𝒎}. Their properties and characteristics are studied. Similarly, 

for a given L-slice  (𝝈, 𝑱) and  𝒏, 𝒎 ∈  𝝈, 𝑱 , we examine the  

properties of 𝑳 -ideals   [𝒓 ↳ 𝒏] =  𝒓 ∈  𝑳  𝝈 𝒓, 𝒏 ≤ 𝒎} . We 

introduce the notion of 𝑳 -prime elements on (𝝈, 𝑱 ) and their 

properties are discussed. The collection of L-prime elements is 

defined as Spec((𝝈, 𝑱) and we examine the possibility of existence 

of  Zariski topology on it. 

Keywrods: join semilattice, L-slices, Zariski topology, L-ideals 

I. INTRODUCTION 

Vector spaces can be viewed as the action of a field over 

an abelian group. The generalisation of this concept led to 

the development of module theory. Modules  are the action 

of a ring on an abelian group. Locales can be viewed as a 

commutative idempotent  semiring .The concept of modules 

is extended to that of the action of a locale on a join 

semilattice through the concept of L-slices. Through the 

action of the locale ,the join semilattice will adopt some 

topological properties of the locale. In literature, we can find 

many different generalisation of Zariski topology for 

modules over  commutative rings.  We developed a Zariski 

topology on a more generalised concept of modules.  

This article is divided into five sections. In the first 

section we give some preliminaries on locales and 𝐿 –slices. 

In the second section, we define implicative ideals on a 

locale 𝐿  and on the  𝐿  -slice  𝜎, 𝐽 and some of their 

properties are studied . Third section, introduces the concept 

of L-prime elements and Spec(𝜎, 𝐶) and their properties. In 

the fourth section we investigate the possibility of a Zariski 

topology on Spec(𝜎, 𝐶)   

II. PRELIMINARIES 

Definition 1.1 [1] A join semilattice is a poset (𝐽, ≤)  in 

which every finite subset has a join. 

Example: The set of all natural numbers with the partial 

order less than or equal to . 

Definition1.2 [1] A lattice is a poset in which every finite 

subset has both  a join and meet. 

Definition 1.3 [1] A subset I of a lattice  J is said to  be an 

ideal if 

i)  I is a sub –join semilattice of J ; i.e. 0 ∈ I , and a ∈ I ,b∈ I  

imply a ∨ b ∈ I ; and 
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ii)I is a lower set ;i.e. a ∈ I and b≤ a imply b∈ I. 

Definition 1.4 [1]  A subset F of a lattice A is a set which 

satisfies the axioms dual to those defining an ideal ,is called  

filter  of A. 

Proposition [1] Let I be an ideal of a lattice A .The 

following conditions are equivalent : 

i) The complement of I in A is a filter 

ii) 1 ∉ I , and (a ∧ b ) ∈ I implies either a ∈ I or b ∈ I 

iii) I is the kernel of a lattice homomorphism f: A ⟶ 2, 

where 2 denotes the two element lattice {0,1}. 

Definition 1.5 [1] An ideal satisfying the equivalent 

conditions of the above proposition is called a prime ideal; 

its complement  is called a prime filter. 

Definition 1.6 [2]
 
 A poset is a complete lattice if every 

subset has a join and meet. 

Definition 1.7 [2]  A frame is a complete lattice L satisfying 

the distributivity law  

 (⋁ A) ∧  b = ⋁ { a ∧  b | a ∈ A } , for any subset A  ⊆  L 

and any b ∈ L. 

Definition 1.8 [2]   Frame homomorphism  h:L ⟶  M 

between frames L and M are maps L⟶ M preserving all 

joins and all finite meets . 

The resulting category will be denoted as Frm. 

The dual category Frm
op

 is called the category of locales 

,and this category can be viewed as an extension of the 

category of sober spaces and hence the locales can be 

viewed as generalized spaces. 

Examples 1.9[2]
 

i)The lattice of open sets of  topological space. 

ii)The Boolean algebra B of all open sets U of real line such 

that U= int(cl(U)). 

Definition 1.10 [1] In a locale  L an element 𝑝 is said to be 

meet irreducible if  whenever  

𝑎 ∧ 𝑏 ≤ 𝑝 implies either 𝑎 ≤ 𝑝 or 𝑏 ≤ 𝑝. 

Definition 1.11 L-slices [3] 

Let 𝐿 be a locale with bottom element 0𝐿 , top element 1𝐿 

and  𝜎, 𝐽 be a 𝐿  - slice with bottom element 0𝐽 . By 

the”action of 𝐿 on 𝐽”we mean a function 𝜎: 𝐿 × 𝐽 → 𝐽 such 

that the following conditions are satisfied . 

1.𝜎 𝑎, 𝑥1 ∨ 𝑥2 = 𝜎(𝑎, 𝑥1) ∨ 𝜎(𝑎, 𝑥2)  for all 𝑎 𝜖 𝐿  and for 

all 𝑥1 , 𝑥2𝜖 𝐽. 

2. .𝜎 𝑎, 0𝐽 = 0𝐽  for all 𝑎 𝜖 𝐿 

3. 𝜎 𝑎 ⊓ 𝑏, 𝑥 = 𝜎(𝑎, 𝜎 𝑏, 𝑥 ) = 𝜎(𝑏, 𝜎 𝑎, 𝑥 ) for all , 𝑏 𝜖 𝐿 

, 𝑥𝜖 𝐽. 

4. 𝜎 1𝐿 , 𝑥 = 𝑥 and 𝜎 0𝐿 , 𝑥 = 0𝐽  for all 𝑥𝜖 𝐽. 

5. 𝜎 𝑎 ⊔ 𝑏, 𝑥 =  𝜎 𝑎, 𝑥 ∨  𝜎 𝑏, 𝑥  , for , 𝑏 𝜖 𝐿 , 𝑥𝜖 𝐽. 
If 𝜎 is an action of the locale 𝐿 on a join semilattice  , then 

we call (𝜎, 𝐽) as L slice. 
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Examples 1.12[3] 

1. Let 𝐿 be a locale and 𝐼 be any ideal of 𝐿 .Consider each  

𝑥𝜖 𝐼 and define 𝜎: 𝐿 × 𝐼 → 𝐼   as 𝜎 𝑎, 𝑥 = 𝑎 ∧ 𝑥,   𝑎 ∈ 𝐿. It 

can be easily seen that (𝜎, 𝐼) is a 𝐿 –slice. 

2. Let L be a chain with top and bottom elements and J be 

any join semilattice with bottom element 0𝐽 .Define 𝜎: 𝐿 ×

𝐽 → 𝐽  by 𝜎 𝑎, 𝑗 = 𝑗  , for every 𝑎 ≠ 0𝐿  and 𝜎 0𝐿 , 𝑗 = 0𝐽 . 

This is called a trivial  L-slice. 

3. Any  locale L   can be viewed as the meet L –slice(⊓, 𝐿) 

where the action 𝜎  is defined as 𝜎 𝑎, 𝑥 = 𝑎 ⊓ 𝑥  

Proposition  1.13 

Here we give some properties of the action 𝜎: 𝐿 × 𝐽 → 𝐽   
1. For every 𝑎 ∈ 𝐿 and  ∈ (𝜎, 𝐽) , 𝜎 𝑎, 𝑥 ≤ 𝑥 

Proof:  𝑥 = 𝜎 1𝐿 , 𝑥 = 𝜎 𝑎 ⊔ 1𝐿 , 𝑥 = 𝜎 𝑎, 𝑥 ∨ 𝜎 1𝐿 , 𝑥 =
𝜎 𝑎, 𝑥 ∨ 𝑥 .  

Therefore , 𝜎 𝑎, 𝑥 ≤ 𝑥. 

1. For 𝑛, 𝑙 ∈ (𝜎, 𝐽)  ,if 𝑙 ≤ 𝑛  ,then 𝜎 𝑎, 𝑙 ≤  𝜎 𝑎, 𝑛  , for 

every 𝑎 ∈ 𝐿 

Proof: 𝑙 ≤ 𝑛  implies that 𝑙 ∨ 𝑛 = 𝑛.  

Then, for 𝑎 ∈ 𝐿    𝜎 𝑎, 𝑛 = 𝜎 𝑎, 𝑙 ∨ 𝑛 = 𝜎 𝑎, 𝑙 ∨ 𝜎 𝑎, 𝑛 . 

Hence  𝜎 𝑎, 𝑙 ≤ 𝜎 𝑎, 𝑛 . 

2. If  𝑎 ≤ 𝑏 , for  𝑎, 𝑏 𝜖 𝐿  , then 𝜎 𝑎, 𝑥 ≤  𝜎 𝑏, 𝑥  for 

every  𝑥 ∈ (𝜎, 𝐽). 

Proof:  We have ⊔ 𝑏 = 𝑏 . Then , 𝜎 𝑏, 𝑥 =  𝜎 𝑎 ⊔ 𝑏, 𝑥 =
 𝜎 𝑎, 𝑥 ∨  𝜎 𝑏, 𝑥  .  

Thus, 𝜎 𝑎, 𝑥 ≤ 𝜎 𝑏, 𝑥   

III. IMPLICATIVE IDEALS  OF  𝑳 

Let  𝐿  be a locale and  𝜎, 𝐽 be a 𝐿  - slice with bottom 

element 0𝐽 . 

Definition 2.1 Let 𝑛, 𝑙 ∈ (𝜎, 𝐽)  then we define  a set  

[𝑙 ↳ 𝑛]𝐿 =  𝑟 ∈ 𝐿  𝜎 𝑟, 𝑙 ≤ 𝑛}. 

Proposition 2.2 For 𝑛, 𝑙 ∈ (𝜎, 𝐽)  , then [𝑙 ↳ 𝑛]𝐿 is an ideal 

of 𝐿. 

Proof: We know that  0𝐿 , 𝑙 ≤ 𝑛, ∀ 𝑙 ∈ (𝜎, 𝐽)  . Hence 

[𝑙 ↳ 𝑛]𝐿 is non empty.  Let 𝑎, 𝑏 ∈  [𝑙 ↳ 𝑛]𝐿 then 𝜎 𝑎, 𝑙 ≤ 𝑛 

and  𝑏, 𝑙 ≤ 𝑛 , implies 𝜎 𝑎 ∨ 𝑏, 𝑙 ≤ 𝑛 .  

Therefore ,  𝑎 ∨ 𝑏 ∈  [𝑙 ↳ 𝑛]𝐿 . 

Let 𝑐 ∈  𝐿 and ≤ 𝑎 , then 𝜎 𝑐, 𝑙 ≤ 𝜎 𝑎, 𝑙 ≤ 𝑛,  

which implies that  𝑐 ∈  [𝑙 ↳ 𝑛]𝐿 . 

Hence , [𝑙 ↳ 𝑛]𝐿 is an ideal of 𝐿. 

Definition 2.3 For , 𝑙 ∈ (𝜎, 𝐽)  ,  [𝑙 ↳ 𝑛]𝐿  is  called the 

implicative ideal of the locale 𝐿   . 

Proposition 2.4  i)For 𝑛, 𝑙 ∈ (𝜎, 𝐽)  and 𝑛 ≤ 𝑙  , [𝑥 ↳ 𝑛]𝐿 ⊆

[𝑥 ↳ 𝑙]𝐿  , ∀ 𝑥 ∈ (𝜎, 𝐽)  

 ii)For 𝑛, 𝑙 , 𝑘 ∈ (𝜎, 𝐽)  and 𝑛 ≤ 𝑙 ,  [𝑙 ↳ 𝑘]𝐿 ⊆ [𝑛 ↳ 𝑘]𝐿 

Proof:  i) Let ∈  [𝑥 ↳ 𝑛]𝐿  , then 𝜎 𝑟, 𝑥 ≤ 𝑛 ≤ 𝑙  , implies 

𝑟 ∈  [𝑥 ↳ 𝑙]𝐿 

Therefore, [𝑥 ↳ 𝑛]𝐿 ⊆ [𝑥 ↳ 𝑙]𝐿. 

ii)  𝑠 ∈  [𝑙 ↳ 𝑘]𝐿 ⟹ 𝜎(𝑠, 𝑙) ≤ 𝑘  . Since , 𝑛 ≤ 𝑙 , 𝜎 𝑠, 𝑛 ≤
𝜎 𝑠, 𝑙 ≤ 𝑘 .   Therefore , 𝑠 ∈  [𝑛 ↳ 𝑘]𝐿 . Thus,   [𝑙 ↳ 𝑘]𝐿 ⊆

[𝑛 ↳ 𝑘]𝐿  

Proposition 2.5 For 𝑛, 𝑙 , 𝑘 ∈ (𝜎, 𝐽)   ,  [𝑙 ↳ 𝑘]𝐿 ∩
[𝑛 ↳ 𝑘]𝐿 =   [𝑙 ∨ 𝑛 ↳ 𝑘]𝐿. 

Proof: Let ∈   [𝑙 ↳ 𝑘]𝐿 ∩ [𝑛 ↳ 𝑘]𝐿  , then 𝜎 𝑟, 𝑙 ≤ 𝑘  and 

𝜎 𝑟, 𝑛 ≤ 𝑘 . 

⟹  𝜎 𝑟, 𝑙 ∨ 𝜎 𝑟, 𝑛 ≤ 𝑘 ⟹  𝜎 𝑟, 𝑙 ∨ 𝑛 ≤ 𝑘   ⟹ 𝑟 ∈
 [𝑙 ∨ 𝑛 ↳ 𝑘]𝐿. 

∴  [𝑙 ↳ 𝑘]𝐿 ∩ [𝑛 ↳ 𝑘]𝐿 ⊆   [𝑙 ∨ 𝑛 ↳ 𝑘]𝐿 

Now , let 𝑠 ∈  [𝑙 ∨ 𝑛 ↳ 𝑘]𝐿 , then 𝜎 𝑠, 𝑙 ∨ 𝑛 ≤ 𝑘 . We have , 

𝜎 𝑠, 𝑙 ∨ 𝜎 𝑠, 𝑛 ≤ 𝑘  

⟹  𝜎 𝑠, 𝑙 ≤ 𝑘 and 𝜎 𝑠, 𝑛 ≤ 𝑘 

⟹ 𝑠 ∈  [𝑙 ↳ 𝑘]𝐿 and 𝑠 ∈   [𝑛 ↳ 𝑘]𝐿 .  

∴   [𝑙 ∨ 𝑛 ↳ 𝑘]𝐿  ⊆ [𝑙 ↳ 𝑘]𝐿 ∩ [𝑛 ↳ 𝑘]𝐿. 

Hence the proof. 

Proposition 2.6 For 𝑛, 𝑙 , 𝑘 ∈ (𝜎, 𝐽)   ,  [𝑘 ↳ 𝑙]𝐿 ∩

[𝑘 ↳ 𝑛]𝐿 ⊆  [𝑘 ↳ 𝑙 ∨ 𝑛]𝐿 

Proof: I t can be easily verified, hence we omit the proof . 

IV. IMPLICATIVE IDEALS  OF (𝝈, 𝑱) 

Definition 3.1 

 Let  𝑛 ∈ (𝜎, 𝐽) and ∈ 𝐿 , then we define a set  [𝑟 ↳ 𝑛](𝜎,𝐽 ) =  

{𝑙 ∈ (𝜎, 𝐽)/𝜎(𝑟, 𝑙) ≤ 𝑛} 

Proposition .3.2  For  𝑟 ∈ 𝐿 , 𝑛 ∈  𝜎, 𝐽 , [𝑟 ↳ 𝑛](𝜎,𝐽 )  is an 

ideal of  𝜎, 𝐽  
Proof:   0J  ∈  [𝑟 ↳ 𝑛](𝜎,𝐽 )  and hence it is non empty. Let 

𝑙 , 𝑚 ∈   [𝑟 ↳ 𝑛](𝜎,𝐽 )  then 𝜎(𝑟, 𝑙) ≤ 𝑛  and 𝜎(𝑟, 𝑚) ≤ 𝑛  

implies  𝜎(𝑟, 𝑙 ∨ 𝑚) ≤ 𝑛 , i.e. 𝑙 ∨ 𝑚 ∈  [𝑟 ↳ 𝑛](𝜎,𝐽 ).  Also,let 

 𝑥 ≤ 𝑙 , for some 𝑥 ∈ (𝜎, 𝐽),then  𝜎(𝑟, 𝑥) ≤ 𝜎(𝑟, 𝑙) ≤ 𝑛 ,and 

hence 𝑥 ∈ [𝑟 ↳ 𝑛](𝜎,𝐽 ) . If 𝑥 ∈ [𝑟 ↳ 𝑛](𝜎,𝐽 )   and 𝑎 ∈ 𝐿  ,then 

𝜎(𝑟, 𝑥) ≤ 𝑛  implies 𝜎(𝑟, 𝜎 𝑎, 𝑥 ) = 𝜎(𝑎, 𝜎 𝑟, 𝑥 ) ≤
𝜎 𝑟, 𝑥 ≤ 𝑛 . 

Thus, [𝑟 ↳ 𝑛](𝜎,𝐽 ) is an ideal of  𝜎, 𝐽 . 

Definition 3.3 The ideal [𝑟 ↳ 𝑛](𝜎 ,𝐽 ) is called the implicative 

ideals of   𝜎, 𝐽 . 
We have the following properties for the implicative ideals 

of  (𝜎, 𝐽) 

Propositon 3.4  i)For  𝑟, 𝑠𝜖 𝐿 , if 𝑟 ≤ 𝑠 , then  𝑟 ↳ 𝑛  𝜎,𝐽  ⊇

 𝑠 ↳ 𝑛  𝜎,𝐽   

ii) For , 𝑚 𝜖(𝜎, 𝐽) , if 𝑛 ≤ 𝑚 ,then  𝑟 ↳ 𝑛  𝜎,𝐽  ⊆  𝑟 ↳ 𝑚  𝜎,𝐽   

iii)  𝑟 ↳ 𝑛  𝜎,𝐽  ∪  𝑟 ↳ 𝑚  𝜎,𝐽   ⊆    𝑟 ↳ 𝑛 ∨ 𝑚  𝜎,𝐽   

iv)  𝑟 ↳ 𝑛  𝜎,𝐽  ∪  𝑠 ↳ 𝑛  𝜎,𝐽  ⊆   [𝑟 ⊔ 𝑠 ↳ 𝑛](𝜎,𝐽 )  

Proof: Since it can be easily verified , we omit the proof 

Lemma 3.5  Let 𝑛 𝜖(𝜎, 𝐽)  and  𝑟, 𝑠𝜖 𝐿  

i) [0𝐿 ↳ 𝑛](𝜎,𝐽 ) = (𝜎, 𝐽) 

ii) [1𝐿 ↳ 𝑛](𝜎,𝐽 ) =↓ 𝑛 

iii) [𝑟 ↳ 𝑛](𝜎,𝐽 ) ∩ [𝑠 ↳ 𝑛](𝜎,𝐽 ) = [𝑟 ⊔ 𝑠 ↳ 𝑛](𝜎,𝐽 ) ,  

where 𝑟, 𝑠𝜖 𝐿  

Proof:  i , ii follows from definitions.  To  prove iii , let  

𝑙 𝜖 [𝑟 ↳ 𝑛](𝜎,𝐽 ) ∩ [𝑠 ↳ 𝑛](𝜎,𝐽 )  ,then 𝜎(𝑟, 𝑙) ≤ 𝑛  and 𝜎(𝑠, 𝑙) ≤

𝑛  implies 𝜎(𝑟 ⊔ 𝑠, 𝑙)  hence 𝑙 𝜖 [𝑟 ⊔ 𝑠 ↳ 𝑛](𝜎,𝐽 ) . Therefore, 

[𝑟 ↳ 𝑛](𝜎,𝐽 ) ∩ [𝑠 ↳ 𝑛](𝜎,𝐽 ) ⊆ [𝑟 ⊔ 𝑠 ↳ 𝑛](𝜎,𝐽 ).  

Now , let  𝑚 𝜖 [𝑟 ⊔ 𝑠 ↳ 𝑛](𝜎,𝐽 ) then  𝜎(𝑟 ⊔ 𝑠, 𝑚) ≤ 𝑛  

implies 𝜎 𝑟, 𝑚 ∨ 𝜎 𝑠, 𝑚 ≤ 𝑛  

⇒ 𝜎 𝑟, 𝑚 ≤ 𝑛  and 𝜎 𝑠, 𝑚 ≤ 𝑛    ⇒  𝑚 𝜖 [𝑟 ↳ 𝑛](𝜎,𝐽 ) ∩

[𝑠 ↳ 𝑛](𝜎,𝐽 ).   

Thus [𝑟 ↳ 𝑛](𝜎,𝐽 ) ∩ [𝑠 ↳ 𝑛](𝜎,𝐽 ) ⊇ [𝑟 ⊔ 𝑠 ↳ 𝑛](𝜎,𝐽 ). 

Hence [𝑟 ↳ 𝑛](𝜎,𝐽 ) ∩ [𝑠 ↳ 𝑛](𝜎,𝐽 ) = [𝑟 ⊔ 𝑠 ↳ 𝑛](𝜎,𝐽 ) 

Theorem.3.6 The collection {  [𝑟 ↳ 𝑛](𝜎,𝐽 )  , for a  

𝑛 𝜖(𝜎, 𝐽) and  𝑟 𝜖 𝐿 } forms a basis for a topology on the 

L-slice  𝜎, 𝐽 . 
 

 

 

 Proof: Follows from the 

above lemma. 



International Journal of Innovative Technology and Exploring Engineering (IJITEE) 

ISSN: 2278-3075, Volume-8 Issue-4, February 2019 

276 

Published By: 
Blue Eyes Intelligence Engineering 

& Sciences Publication  Retrieval Number: DS2874028419/19©BEIESP 

V. L-PRIME ELEMENTS AND SPEC(𝝈, 𝑪) 

In this section, we introduce the concept of L-component . 

We construct a L-slice over a sup lattice . A complete L-

slice  is called a L-component , that is , it is the action of a 

locale on a sup lattice. 

Definition 4.1  Let L be a locale and C  be a sup lattice with 

bottom element 0C and top element 1𝐶   

L-component (𝜎, 𝐶)   is the  ‘action of L on 𝐶 ’ which is 

defined as a map 𝜎: 𝐿 × 𝐶 → 𝐶   such that it satisfies the 

following conditions in addition to the definition of L-slice  

i)𝜎 𝑎, ⋁𝑖 𝑥𝑖 = ⋁𝑖𝜎 𝑎, 𝑥𝑖  for {𝑥𝑖}𝑖∈𝐼  ∈ (𝜎, 𝐶)  , for some 

indexed set I 

ii)  𝜎 ⨆𝑖 𝑎𝑖 , 𝑥 = ⋁𝑖 𝜎 𝑎𝑖 , 𝑥  for { 𝑎𝑖}𝑖∈𝐼   ∈ 𝐿  , for some 

indexed set I. 

Now we investigate the possibility of existence of Zariski 

toplogy on L-component . 

Definition 4.2  L-prime  

An element ≠ 1𝐶  , of (𝜎, 𝐶)  is said to be L-prime element if 

for every  𝑟  ∈ 𝐿 and  𝑛 ∈ (𝜎, 𝐶) , 𝜎(𝑟, 𝑛) ≤ 𝑝 implies that 

either 𝑟 ∈ [1𝐶 ↳ 𝑝]𝐿  or 𝑛 ≤ 𝑝 . 

Example : If we consider the L-slice (⊓, 𝐿) then the L-prime 

elements are precisely the meet irreducible elements of L. 

Now we discuss some properties of L-prime elements 

Theorem 4.3 Let 𝑝  be a L-prime element and 𝑥 ∈ (𝜎, 𝐶) 

then [𝑥 ↳ 𝑝]𝐿 is a prime ideal of L. 

Proof: Let ∧ 𝑠 ∈ [𝑥 ↳ 𝑝]  , then 𝜎(𝑟 ∧ 𝑠 , 𝑥) ≤ 𝑝  implies 

𝜎(𝑟, 𝜎 𝑠 , 𝑥 ) ≤ 𝑝 .Then, 𝑝  being a L-prime element ,will 

satisfy 𝜎(𝑠 , 𝑥) ≤ 𝑝  or 𝑟 ∈ [1𝐶 ↳ 𝑝]𝐿. That is , either 𝑥 ≤ 𝑝  

or 𝑠 ∈ [𝑥 ↳ 𝑝]𝐿 or 𝑟 ∈ [1𝐶 ↳ 𝑝]𝐿 . We have from proposition 

2.4  that [1𝐶 ↳ 𝑝]𝐿 ⊆ [𝑥 ↳ 𝑝]𝐿  . Thus, 𝑠 ∈ [𝑥 ↳ 𝑝]𝐿   or 

∈ [𝑥 ↳ 𝑝]𝐿 . Hence, [𝑥 ↳ 𝑝]𝐿 is a prime ideal . 

Corollary 4.4  If 𝑝 is a 𝐿 - prime element , the [1𝐶 ↳ 𝑝]𝐿 is a 

prime ideal of a locale L. 

Proof: Follows from the above theorem. 

Theorem 4.5   If 𝑝 and 𝑞 are any two L-prime elements then 

so is 𝑝 ∧ 𝑞. 

Proof: Let (𝑟, 𝑛) ≤ 𝑝 ∧ 𝑞 , for some  𝑛 ∈  𝜎, 𝐶    and 𝑟 ∈ 𝐿  
. Then 𝜎(𝑟, 𝑛) ≤ 𝑝  and 𝜎(𝑟, 𝑛) ≤ 𝑞  .Since 𝑝 and 𝑞   are L-

prime elements ,we have the following statements:  

1. either 𝑛 ≤ 𝑝 or 𝑟 ∈ [1𝐶 ↳ 𝑝]𝐿  and  

2. either 𝑛 ≤ 𝑞 or 𝑟 ∈ [1𝐶 ↳ 𝑞]𝐿. 

From these two statements the theorem follows. 

Definition 4.6: The set of all 𝐿 -prime elements of (𝜎, 𝐶) is 

called the spectrum of (𝜎, 𝐶)and is denoted by Spec(𝜎, 𝐶). 

We now investigate the possibility of a Zariski toplogy on 

Spec(𝜎, 𝐶). 

VI. AN INVESTIGATION ON THE EXISTENCE OF 

ZARISKI TOPOLOGY ON SPEC(𝝈, 𝑪) 

Definition 5.1 For ∈ (𝜎, 𝐶) , define C(n)={ 𝑝 ∈Spec 𝜎, 𝐶 | 

𝑛 ≤ 𝑝 }. 

Proposition 5.2 : For 𝑛 ∈ (𝜎, 𝐶)  and 𝑝 ∈ Spec  𝜎, 𝐶  we 

have the following : 

i) C(0𝐶) = Spec 𝜎, 𝐶  
ii) C(1𝐶) = ∅ 

iii) ⋂𝑖𝜖𝐼  C(𝑛𝑖) = C(⋁ 𝑛𝑖𝑖∈𝐼  ) , for some indexed set I 

iv) C(𝑛)∪ C(𝑙)⊆ C(𝑛 ∧ 𝑙). 

Proof: i) C(0𝐶) = { 𝑝 ∈Spec 𝜎, 𝐶  | 0𝐶 ≤ 𝑝 }.Since 0𝐶  is the 

bottom element , 0𝐶 ≤ 𝑝  , for every 𝑝 ∈Spec 𝜎, 𝐶 . Hence 

C(0𝐶) = Spec 𝜎, 𝐶 . 
ii) C(1𝐶 ) = { 𝑝 ∈Spec 𝜎, 𝐶  | 1𝐶 ≤ 𝑝}. Since 1𝐶  is the top 

element , no  𝑝 ∈Spec 𝜎, 𝐶  belongs to C(1𝐶 ).Hence the 

latter is empty. 

iii)Let 𝑝 ∈ ⋂𝑖𝜖𝐼  C( 𝑛𝑖)  , implies 𝑛𝑖 ≤ 𝑝  , for every 𝑖 ∈ 𝐼 . 

Then we have ⋁ 𝑛𝑖𝑖∈𝐼 ≤ 𝑝  .Therefore, 𝑝 ∈  C(⋁ 𝑛𝑖𝑖∈𝐼 ) .That 

is  , ⋂𝑖𝜖𝐼  C(𝑛𝑖) ⊆ C(⋁ 𝑛𝑖𝑖∈𝐼  ) 

Now, suppose 𝑝 ∈ C(⋁ 𝑛𝑖𝑖∈𝐼 ) , then ⋁ 𝑛𝑖 ≤ 𝑝 𝑖∈𝐼    , 

⇒ 𝑛𝑖 ≤ 𝑝 , ∀ 𝑖 ∈ 𝐼  

⇒  𝑝 ∈ C(𝑛𝑖) , ∀ 𝑖 ∈ 𝐼 

Hence , C(⋁ 𝑛𝑖𝑖∈𝐼  ) ⊆ ⋂𝑖𝜖𝐼  C(𝑛𝑖). 

 Thus , we have   ⋂𝑖𝜖𝐼  C(𝑛𝑖)  = C(⋁ 𝑛𝑖𝑖∈𝐼  ) , for some 

indexed set I. 

iv)Let 𝑝 ∈ C(𝑛)∪ C(𝑙) , that is, 𝑝 ∈ C(𝑛) or 𝑝 ∈ C(𝑙) 

      ⇒ 𝑛 ≤ 𝑝 or   𝑙 ≤ 𝑝  

     ⇒ 𝑛 ∧ 𝑙 ≤ 𝑝  

     ⇒ 𝑝 ∈ C(𝑛 ∧ 𝑙). 

Hence , C(𝑛)∪ C(𝑙)⊆ C(𝑛 ∧ 𝑙). 
Theorem 5.3 : On Spec(𝜎, 𝐶) , Λ= { C(𝑛) | 𝑛 ∈  (𝜎, 𝐶)} 

forms a basis for some topology Ω (𝜎, 𝐶). 

Proof : Follows directly from the previous theorem. 

Definition 5.4 We define Spec∧(𝜎, 𝐶 ) = {  𝑝  | 𝑝  is meet 

irreducible element of 𝐶 and is L-prime of (𝜎, 𝐶)} 

Proposition 5.5 If 𝑝  ∈  Spec∧(𝜎, 𝐶 ) , then C(𝑛 )∪  C(𝑙 )= 

C(𝑛 ∧ 𝑙) 
Proof: We have  C(𝑛)∪  C(𝑙 )⊆ C(𝑛 ∧ 𝑙 ) . Now , let 𝑝  ∈ 

C(𝑛 ∧ 𝑙) then 𝑛 ∧ 𝑙 ≤ 𝑝 . 

𝑝 being meet irreducible,we have that either 𝑛 ≤ 𝑝 or 𝑙 ≤ 𝑝. 

That is, either 𝑝 ∈ C(𝑛) or  𝑝 ∈ C(𝑙). 
Hence 𝑝 ∈  C(𝑛)∪ C(𝑙). Therefore C(𝑛)∪ C(𝑙)= C(𝑛 ∧ 𝑙). 
Theorem 5.6 The collection 𝜗  = { C(𝑛)  : 𝑛  ∈ (𝜎, 𝐶)  } 

defined on Spec∧(𝜎, 𝐶) forms a family  of closed sets for 

some topology on Spec∧(𝜎, 𝐶). 

Proof: Follows from Proposition 5.2 and proposition 5.6 

Definition 5.7 The topology Ψ generated by the family of 

closed sets 𝜗 is called the Zariski topology on Spec∧(𝜎, 𝐶). 

VII. CONCLUSION 

Further study on the topology  Ψ on Spec∧(𝜎, 𝐶 ) can be 

done. As a sequel to this article we intend to investigate the 

properties of Ψ and Λ and relations between them. 
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