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  Abstract: Detection and estimation of object in motion is crucial 

issue in tracking. In underwater object tracking, object 

parameters like course, range and speed of the object are 

estimated using passive mode operation of the sonar. In this paper 

particle filter combined with modified gain bearings-only 

extended Kalman filter (PFMGBEKF) and residual sampling are 

used. One of the main assumptions is that the object is moving 

with constant velocity. Bearing measurements are nonlinearly 

related to the state of the object and sub-optimal filter for a 

nonlinear approach is unscented Kalman Filter (UKF). But UKF 

is unreliable under non-Gaussian noise environment. Particle 

filter is an advanced filter that processes nonlinear data in 

non-Gaussian noise environment but hassample degeneracy 

problem. So, PFMGBEKF is applied and the operation is 

analysed based on the solution convergence time. Simulation of 

algorithms on numerous scenarios which are close to reality is 

done using MATLAB. 

Index Terms: Bearings-only tracking, Modified gain 

bearings-only extended Kalman filter, Particle filter, Residual 

sampling, Statistical signal processing.  

I.   INTRODUCTION 

Inactive sonar is used to take bearing measurements in x-y 

plane. The analysis of the movement of the object is termed 

as Object Motion Analysis (OMA). The general 

complication in OMA is estimation of velocity and path of 

the object from the sensor data tampered by noise [1]. 

Tracking with the help of bearings-only measurements, 

popularly known as bearing-only tracking (BOT), has a wide 

range of applications like underwater object tracking, aircraft 

surveillance, etc. Bearing is the angle made by the line of 

sight from observer to object, measured with respect to some 

reference axis in clock wise direction. Using this bearing, 

object motion parameters like course, range and speed are 

estimated. Course is angle made by heading direction of an 

object with respect to some reference axis measured in clock 

wise direction. Range is the distance between observer and 

object. Bearing is obtained from Hull mounted sensor of the 

observer. In the considered scenario of the ocean 

environment, the observer monitors passively sonar bearing 

from the single object which is presumed to have a constant 

velocity. This type of system is intuitively nonlinear. From 

the measurements prior to an observer manoeuvre, a few of 

the object states are unobservable [2]. In this work, 

commonly used S – manoeuvre is followed for tracking the 

object. 
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BOT has been studied extensively since 1980’s [2-3]. The 

tracking process is unobservable if observer follows straight 

path and constant speed. By making use of S-manoeuvre the 

process is made observable. For underwater scenarios, the 

observability criteria are discussed in [4-6].  Kalman filter is 

an appropriate filter for linear system. In practical approach 

bearing data are nonlinearly related to object state vector. 

Assumption that object is moving with constant velocity is 

made. According to S. C. Nardone and V. J. Aidala one can’t 

estimate the object parameters unless the observer makes 

changes in its course or speed which is called manoeuvring 

[5]. Although the object velocity assumption reduces 

nonlinearity, the disturbance in object velocity is assumed as 

white Gaussian noise.The intrinsic challenges encountered in 

this object motion parameters estimation are nonlinearity in 

the estimation process, obtain signal to noise ratio as low as 

possible, baffling of sensors, reduction of fading in the 

acoustic signals, presence of high clutter, uniqueness in the 

properties of state Observability [7-9]. Extended Kalman 

filter (EKF) is an appropriate filter for nonlinear model [10]. 

In this EKF, by using Taylor series nonlinear system is 

converted to a linear system and then Kalman filter is 

applied. This approach of EKF is arduous to adjust and 

regularly gives unpredictable estimates if the system 

nonlinearity in the measurements is severe. Recursive way of 

estimating output using individual particle is followed in this 

approach. Unscented Kalman Filter (UKF) is only an 

approximate nonlinear estimator. Based on the small set of 

trail points UKF is not a truly global approximation.The 

systems with covariance matrices that tend to singular 

values, the performance of UKF is not well enough. It can 

only be applied to models driven by Gaussian noises. The 

particle filter (PF) is an advanced stochastic filtering 

algorithm for estimation and often preferable at times where 

conventional Kalman filter fails [10]. This approach 

overcomes the EKF by considering the properties of a set of 

particles instead of taking individual particle properties. In 

this particle filtering algorithm, based on initial probability 

distribution function (PDF), randomly N state vectors called 

particles are generated. These particles are updated based on 

the bearing measurements. Updated particles are assigned 

with weights based on the PDF of particles. The estimated 

particles aresampled to reduce sample impoverishment and 

sample degeneracy problem.One method to reduce sample 

impoverishment is to combine PF with other filters. In this 

paper PF is combined with Modified Gain Only Bearing 

Extended Kalman Filter (PFMGBEKF). In this paper 

performance of PFMGBEKF is evaluated in the presence of 

Gaussian noise. Mathematical modelling for this algorithm is 

discussed in detail in section II.   
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Section III gives thesimulation and results obtained from 

MATLAB environments. Overall summary of work is given 

in section I 

II. MATHEMATICAL MODELING 

Consider an observer with   𝑠𝑥𝑟(𝑙), 𝑠𝑦𝑟(𝑙)as velocities in X 

and Y direction and𝑔𝑥𝑟(𝑙), 𝑔𝑦𝑟(𝑙)as ranges. Initially the 

object is at ‘O’ position and is moving with constant speed 

and course. The state vector of the observer at time instant 𝑙is 

represented as 

𝑣𝑟(𝑙) = [ 𝑠𝑥𝑟(𝑙) 𝑠𝑦𝑟(𝑙) 𝑔𝑥𝑟(𝑙) 𝑔𝑦𝑟(𝑙)] 𝑇                     (1) 

As the observer follows ‘S’ manoeuvring there will be 

change in position of observer and change in position can be 

obtained by speed and course as  

𝑑𝑔𝑥𝑟(𝑙) = 𝑠𝑥𝑟(𝑙) ∗ sin(𝑜𝑐𝑟) ∗ 𝑡(2) 

𝑑𝑔𝑦𝑟(𝑙) = 𝑠𝑦𝑟(𝑙) ∗ cos(𝑜𝑐𝑟) ∗ 𝑡(3) 

The change in x coordinate and y coordinate is given by 

𝑑𝑔𝑥𝑟(𝑙)and 𝑑𝑔𝑦𝑟(𝑙)and the observer course angle is given 

by 𝑜𝑐𝑟and 𝑡is the time period of one second. 

Now consider an object with velocities 𝑠𝑥𝑏(𝑙)and 𝑠𝑦𝑟(𝑙) in x 

and y direction and   𝑔𝑥𝑏(𝑙), 𝑔𝑦𝑏(𝑙) as ranges. The state 

vector of the object at time instant 𝑙is represented as 

𝑣𝑏(𝑙) = [𝑠𝑥𝑏(𝑙) 𝑠𝑦𝑏(𝑙) 𝑔𝑥𝑏(𝑙) 𝑔𝑦𝑏(𝑙)] 𝑇(4) 

The change in object position in x and y coordinate is given 

by 𝑑𝑔𝑥𝑏(𝑙)and 𝑑𝑔𝑦𝑏(𝑙) and 𝑏𝑐𝑟is object course angle and 𝑡 

is the time period of one second 

𝑑𝑔𝑥𝑏(𝑙) = 𝑠𝑥𝑏(𝑙) ∗ sin(𝑏𝑐𝑟) ∗ 𝑡(5) 

𝑑𝑔𝑦𝑏(𝑙) = 𝑠𝑦𝑏(𝑙) ∗ cos(𝑏𝑐𝑟) ∗ 𝑡(6) 

The relative state vector for object with reference to observer 

is given as  

𝑣𝑣(𝑙) = [ 𝑠𝑥(𝑙) 𝑠𝑦(𝑙) 𝑔𝑥(𝑙) 𝑔𝑦(𝑙)] 𝑇(7) 

Where 𝑠𝑥(𝑙), 𝑠𝑦(𝑙), 𝑔𝑥(𝑙), 𝑔𝑦(𝑙)  are the relative 

complements of velocity and range in x and y directions for 

object. 

For the next time period based on the present time state 

vector the relative state vector is given as 

𝑣𝑣(𝑙 + 1) = 𝑃(𝑙)𝑣𝑣(𝑙) + 𝑤𝑅(𝑙)(8) 

Where 𝑃(𝑙)  represents state matrix and the value is given as 

𝑃(𝑙)  =[

1 0 0 0
0 1 0 0
𝑡 0 1 0
0 𝑡 0 1

]  (9) 

and  𝑅(𝑙)  represents process noise and 𝑤 is given as 

𝑤 =

[
 
 
 
 
𝑡            0 
0          𝑡

𝑡2

2
         0    

0         
𝑡2

2 ]
 
 
 
 

(10) 

The covariance of the process noise is given as   

𝑄(𝑟) = 𝐸[(𝑤𝑅(𝑟))(𝑤𝑅(𝑟))
𝑇
] (11) 

𝑄(𝑟) = 𝜌2 [

𝑡2 0 𝑡3 2⁄ 0

0 𝑡2 0 𝑡3 2⁄

𝑡3 2⁄
0

0
𝑡3 2⁄

𝑡4 2⁄
0

0
𝑡4 2⁄

](12) 

where 𝜌2 is the variance for the process noise. 

Using the bearing angle 𝛼(𝑘) the measurement equation is 

represented as 

𝛼(𝑙) = tan−1(𝑔𝑥(𝑙) 𝑔𝑦(𝑙)⁄ )(13) 

The degraded bearing measurement due to noise is given as 

𝛼𝑚(𝑙) = 𝛼(𝑙) + 𝑛(𝑙)(14) 

Noise in the measurement is represented by 𝑛(𝑙) and the 

system measurement equation is given as 

𝑁(𝑙) = ℎ(𝑙)𝑣𝑣(𝑙) + 𝛽(𝑙)(15) 

where 𝛽(𝑙) is the measurement noise matrix and  ℎ(𝑙)   

represents measurement model matrix 

 

A. MGBEKF algorithm 

The noises in plant and measurements are presumed to be 

independent to each other. Using Taylor series expansion, 

linearization of nonlinear equation is done. The 

measurement model matrix is calculated as 

𝐻(𝑙 + 1) =

[
 
 
 

0
0

𝑔𝑦(𝑙 + 1) 𝐺2(𝑙 + 1)⁄

𝑔𝑥(𝑙 + 1) 𝐺2(𝑙 + 1)⁄ ]
 
 
 
𝑇

(16) 

Since the actual values of range will not be known, 

the estimated range values will be used in the above 

equation. The predicted covariance matrix is calculated as 

𝐴(𝑙 + 1) = (𝑃(𝑙 + 1)𝐴(𝑙)𝑃𝑇(𝑙 + 1)) + 𝑤𝑅(𝑙 + 1)wT  (17) 

The Kalman gain is 

𝑌(𝑙 + 1) = 𝐴(𝑙 + 1)𝐻𝑇(𝑙 + 1)[𝜌𝐵
2 + 𝐻(𝑙 + 1)𝐴(𝑙 +

1)𝐻𝑇(𝑙 + 1)]−1 (18) 

The updated state matrix is calculated as 

𝑣𝑣(𝑙 + 1) = 𝑣𝑣(𝑙 + 1) + 𝑌(𝑙 + 1)[𝛼𝑚(𝑙 + 1) −

𝑀(𝑙 + 1, 𝑣𝑣(𝑙 + 1))](19) 

where 𝑀(𝑙 + 1, 𝑣𝑣(𝑙 + 1))  is the bearing measurement 

obtained from predicted estimate at time index (𝑙 + 1). The 

updated covariance matrix follows the below equation   

𝐴(𝑙 + 1) = [𝐼 − 𝑌(𝑙 + 1)𝑚(𝛼𝑚(𝑙 + 1), 𝑣𝑣(𝑙 + 1))]𝑃(𝑙 +

1)[𝐼 − 𝑌(𝑙 + 1)𝑚(𝛼𝑚(𝑙 + 1), 𝑣𝑣(𝑙 + 1))]
𝑇

+

𝜌𝐵
2𝑌(𝑙 + 1)𝑌𝑇(𝑙 + 1)(20) 

where𝑚 is the modified gain function and iscomputed as 

follows 

𝑚 =

[
 
 
 
 
 

0
0

(
cos 𝛼𝑚

𝑔𝑥 sin 𝛼𝑚+𝑔𝑦 cos𝛼𝑚
)

(
−sin 𝛼𝑚

𝑔𝑥 sin 𝛼𝑚+𝑔𝑦 cos𝛼𝑚
)
]
 
 
 
 
 
𝑇

(21)  

B. Particle filter 
Particle filter is a non-linear state estimator and more 

computational effort is required for higher performance of 

the particle filter [10]. For recursively calculating the 

posterior probability density function of a state vector gives 

system and measurement equations as follows 

𝑥𝑙+1 = 𝑓𝑙(𝑥𝑙 , 𝑤𝑙)(22) 

𝑦𝑙 = ℎ𝑙(𝑥𝑙 , 𝑣𝑙)(23) 

where {𝑤𝑙} and {𝑣𝑙} are independent white noise processes 

with known PDF’s. 

Generate N initial particles randomlybased on the assumed 

initial state PDF 𝑝(𝑥𝑜) . These particles are denoted by 

𝑥0,𝑖
+ (𝑖 = 1,… , 𝑁).  

For 𝑙=1,2, . . ., do the following  

(a) Using the process equation and known PDF of the 

process noise a time propagation step is performed to obtain 

a priori particles𝑥𝑙,𝑖
− . 

𝑥𝑙,𝑖
− = 𝑓𝑙−1(𝑥𝑙−1,𝑖 

+ , 𝑤𝑙−1
𝑖 )  (𝑖 = 1, … , 𝑁)(24) 
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𝑤𝑙−1
𝑖  is the randomly generated noise vector. 

(b) The relative likelihood𝑞𝑖of each particle 𝑥𝑙,𝑖
−  conditioned 

on the measurement 𝑦𝑙 is computedby evaluating the PDF 

𝑝(𝑦𝑙|𝑥𝑙,𝑖
− ) and the PDF of the measurement noise 

  (c)  Scaling therelative likelihoods obtained in the above 

step as follows: 

𝑞𝑖 =
𝑞𝑖

∑ 𝑞𝑗
𝑁
𝑗=1

(25) 

  d) Based on the above relative likelihoods a set of posteriori 

particles𝑥𝑙,𝑖
+  are generated. This is the re-sampling techniques 

in particle filter. Residual re-sampler is used as the 

re-sampling technique. 

C. Particle filter combined with modified gain 

bearings-only extended Kalman filter 

(PFMGBEKF): 

Improving particle filtering is done by combining particle 

filter with another filter like MGBEKF. In this methodat the 

measurement time each particle is updated using the 

MGBEKF, then using the measurement residual re-sampling 

is performed [10]. This is like running a bank of N number of 

Kalman filter (one for each particle) and then adding a 

residual re-sampling step after measurement. The state 

𝑣𝑣(𝑙 + 1, 𝑙) is updated to 𝑣𝑣(𝑙 + 1, 𝑙 + 1) according to the 

following MGBEKF equations. 

𝐴(𝑙 + 1, 𝑙)𝑖 = (𝑃(𝑙 + 1, 𝑙)𝑖𝐴(𝑙, 𝑙)𝑖𝑃
𝑇(𝑙 + 1, 𝑙)𝑖) + 𝑤𝑅(𝑙 +

1)wT(26) 

𝑌(𝑙 + 1)𝑖 = 𝐴(𝑙 + 1, 𝑙)𝑖𝐻
𝑇(𝑙 + 1)𝑖[𝜌𝐵

2 + 𝐻(𝑙 + 1)𝑖𝐴(𝑙 +
1, 𝑙)𝑖𝐻

𝑇(𝑙 + 1)𝑖]
−1(27) 

𝑣𝑣(𝑙 + 1, 𝑙 + 1)𝑖 = 𝑣𝑣(𝑙 + 1, 𝑙)𝑖 + 𝑌(𝑙 + 1)𝑖[𝛼𝑚(𝑙 + 1) −
ℎ(𝑙 + 1, 𝑣𝑣(𝑙 + 1, 𝑙)𝑖)](28) 

𝐴(𝑙 + 1, 𝑙 + 1)𝑖 = [𝐼 − 𝑌(𝑙 + 1)𝑖𝑚(𝛼𝑚(𝑙 + 1), 𝑣𝑣(𝑙 +
1, 𝑙)𝑖)]𝑃(𝑙 + 1, 𝑙)𝑖 × [𝐼 − 𝑌(𝑙 + 1)𝑖𝑚(𝛼𝑚(𝑙 + 1), 𝑣𝑣(𝑙 +
1, 𝑙)𝑖)]

𝑇 + 𝜌𝐵
2𝑌(𝑙 + 1)𝑖𝑌

𝑇(𝑙 + 1, 𝑙)𝑖(29) 

Where 𝑌(𝑙 + 1) represents the Kalman gain, 𝐴(𝑙 +
1, 𝑙)represents priori estimation error covariance for the 𝑖𝑡ℎ 

particle and m(.) is modified gain function. m(.) is given by  

𝑚 =

[
 
 
 
 
 

0
0

(
cos 𝛼𝑚

�̂�𝑥 sin 𝛼𝑚+�̂�𝑦 cos𝛼𝑚
)

(
−sin 𝛼𝑚

�̂�𝑥 sin 𝛼𝑚+�̂�𝑦 cos𝛼𝑚
)
]
 
 
 
 
 
𝑇

(30) 

 
D. Re-sampling: 

Particle filter mainly involve three steps, propagation of 

particles, calculation of particle weights and sampling of 

particles based on weights. The first two operations are 

discussed in part ‘c’ of section II. In re-sampling, it replaces 

one set of particles and their weights of another set. The 

re-sampling step isglobal and generally state dimension free. 

Without re-sampling particle filter will produce a degenerate 

set of particles, i.e. a set in which a few particles dominate 

the rest of particles with their weights. Due to this 

deterioration the obtained estimates will be inaccurate and 

will have unacceptable large variances. To avoid this 

problem re-sampling techniques are high essential for 

particle filter. Re-sampling methods has more importance 

and different re-sampling methods are viewed [11-15]. Out 

of different methods in re-sampling in this paper residual 

re-sampling approach has been used. Residual re-sampling 

depends on set of particles instead taking the entire particles 

as the process followedin sampling methods and it is a 

different approach to re-sample. In this method many particle 

progenies 𝑛𝑖 can be regulated without any sorting of the 

random particles, which is done by considering the integer 

part of 𝑁𝜔𝑖 . In order to maintain the native number of 

particles, more particles are added called residual particles 

which are selected randomly from the original particles with 

modified weights[10]. 

Allocate 𝑛𝑙
′ = [𝑁𝜔𝑙]  copies of the particle 𝑣𝑙  to the new 

distribution and re-sample 𝑚 = 𝑁 − ∑𝑛𝑙
′  particles from {𝑣𝑙}  

by making 𝑛𝑙
′′ copies of particle 𝑣𝑘where the probability for 

selecting 𝑣𝑙  is proportional to 𝜔𝑙
′ = 𝑁𝜔𝑙 − 𝑛𝑙

′  using one of 

the re-sampling methods. 

III. SIMUATION AND RESULTS 

MATLAB PC environment is used for the performance 

analysis of the particle filter. Assumption is made such that 

estimation measurements are available regularly for every 

second. The observer is manoeuvring in its course. So, the 

observer initially has the course of 900 for two minutes and 

then turns 1800in order to attain first leg in manoeuvring and 

has a course of 2700.The observer is considered to take it for 

four minutes for complete manoeuvre of 1800. The object is 

assumed to be having different initial ranges, speeds and 

courses in different scenarios, which is given in the Table I. 

The object state vector’s initial estimate for PF combined 

with MGBEKF is taken as 𝑣𝑣(0,0) =
[5        5        5000 𝑠𝑖𝑛𝛼𝑚 5000 𝑐𝑜𝑠𝛼𝑚]         (31) 

The availability of only angle measurement makes difficult 

for the prediction of velocity components of the object. So, 

they are each assumed as 5m/s. The object initial position is 

calculated based on the Sonar Range of the Day (SRD), 

which is assumed to be 5000m. The initial state covariance 

matrix can be taken as a diagonal matrix if the uniform 

distribution of the initial state estimate is considered and 

given as  

𝑄(0,0) = 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙

[
 
 
 
 
4𝑠𝑥

2(0,0)/12

4𝑠𝑦
2(0,0)/12

4𝑔𝑥
2(0,0)/12

4𝑔𝑦
2(0,0)/12]

 
 
 
 

                            (32) 

 
Table I  Scenarios for PFMGBEKF 

Scenario 

Parameters 

Range 

(m) 

Bearing 

(degrees) 

Object 

Speed 

(m/s) 

Object 

Course 

(deg) 

Observer 

Speed 

(m/s) 

1. 5000 0 8 135 12 

2. 3500 0 12 110 8 

3. 3000 0 12 135 8 

4. 3000 0 12 140 8 

 

The simulation and filtering process for 100 particles with  
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1200 samples are carried out for above-mentioned scenarios 

in MATLAB software.  The performance is analyzed based 

on the Root-Mean-Squared (RMS) error of the object 

parameters. The convergence time is obtained and listed in 

Table II, based on the below acceptance criteria  

The acceptance criteria for this particle filter combined with 

MGBEKF is assumed as  

1. Range error estimate <= (8%)/3 of the original range 

2. Course error estimate <=10. 

3. Speed error estimate <=0.33m/s. 

 
Table II  Convergence in time in seconds for PFMGBEKF 

Scenario 

Convergence times in seconds 

Range Course Speed 

Overall 

convergence 

time 

1 438 664 538 664 

2 362 383 362 383 

3 293 353 325 353 

4 267 349 325 349 

 

 
Figure 1 Observer and object movements 

 
Figure 2 Error in estimates of range 

 
Figure 3 Error in estimates of Course 

 
Figure 4 Error in estimates of Speed. 

 

From Table 2 for scenario 1 within the acceptance criteria, 

the estimate range, estimated course and estimated speed of 

obtained from simulation at 438, 664 and 538 seconds 

respectively using PFMGBEKF. The overall convergence 

time for scenario 1 is 664 seconds. 

Figure 1 shows the observer, object and estimated object 

movements in 2-dimensional plane and observer follows ‘S’ 

manoeuvring for the validation of observability criteria. 

Figure 2-4 shows the RMS errors in the estimates of range, 

estimates of course and estimates of speed of the object for 

the PF combined MGBEKF 

IV. CONCLUSION 

In this paper, an effort is made to analyse PFMGBEKF for 

four different scenarios in the MATLAB environment. 

Taking into consideration of computational effort 100 

particles are considered for simulation, which can be 

increased for better estimation of OMP. Better convergence 

time can be obtained if the number of particles is increased 

by compromising on consideration of computational effect. 
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