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Abstract: The point of this paper is to present and analyze a 

numerical method to illuminate fuzzy initial value problems 

(FIVPs) including nonlinear fuzzy differential equations. The 

primary thought is based reformulate the six stages Runge Kutta 

strategy of order five (RK65) from crisp case to fuzzy case by 

taking the advantage of fuzzy set theory properties. It is appeared 

that the comes about demonstrate that the strategy is 

exceptionally compelling and basic to apply and fulfil the 

properties of the fuzzy solution. The capability of RK65 is 

outlined by fathoming to begin with arrange nonlinear FIVP 

taken after by usage of the convergence theory. Thus, the strategy 

can be executed and utilized to allow a numerical solution of 

nonlinear FIVPs. 

 
Keywords: Fuzzy set theory, Fuzzy differential equations, Six- 

Stage Fifth Order Runge Kutta Method. 

I. INTRODUCTION 

The most excellent definition of uncertainty is a term 

utilized in unobtrusively different ways in a number of 

fields, including reasoning, insights, financial matters, fund, 

protections, brain research, building and science. Most 

dynamical genuine life issues can be defined as a scientific 

either as a framework of ordinary or partial differential 

equations [1-3]. Fuzzy differential equations (FDEs) are an 

excellent tool to demonstrate a dynamical framework when 

the behavior of most of the data is insufficient or imperfect. 

Fuzzy initial value problem (FIVP) shows up when the 

modeling of these issues was defective or not clear and its 

nature is beneath vulnerability [4]. Fuzzy ordinary 

differential equations are reasonable real models to 

demonstrate dynamical frameworks in which there exist 

vulnerabilities or unclearness. These models are utilized in 

different applications such as population models [5,6], 

medicine fields [7], mathematical physics [8]and soon one 

of the objectives for examining fuzzy set theory is to create 

the technique of details and to discover solutions of 

problems that are as well complicated or ill-defined to be 

satisfactory for examination by ordinary methods.  
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In this manner, fuzziness may be considered as a sort of 

imprecision that stems from a gathering of components into 

classes that do not have correct characterized boundaries [3] 

An ordinary differential equation involving linear FIVP 

can be the least difficult case to test the adequacy of 

proposed strategies for find in the solution of FDE. The one-

step Runge-Kutta methods with various orders have been 

widely successfully implemented for the solution of first 

order linear FIVPs in [9-12].  

According to the Runge-Kutta methods in [9-12], we 

concluded that of the first order FIVPs that have been solved 

by are linear. Furthermore, it is noted that the method of the 

Six- Stage Fifth Order Runge Kutta Method (RK56) has not 

been employed yet on first order nonlinear FIVP. It would 

be of interest to investigate the feasibility of fifth order 

Runge -Kutta method for first order nonlinear FIVPs. 

The efficiency of Runge-Kutta methods depend on 

increasing the number of function evaluations per step [13].  

Our primary objective is to show and analyze the utilize 

of (RK65) in arrange to get the numerical solutions of 

nonlinear by using fuzzy set theory properties. The structure 

of this work is as follows. We will begin in Section 2 with a 

few essential definitions for fuzzy sets. In Section 3 we 

characterized the defuzzification method of first order 

nonlinear order FIVP followed by formulation and detailing 

RK56 in fuzzy domain. In Section 4, we test and actualize 

RK65 on first order nonlinear FIVP followed by the 

impanation convergence theory in [1] on the obtained 

results. Finally, deliver the conclusions is given in Section 5. 

II. SOME FUZZY CONCEPTS 

Definition 2.1 [14]: The r-level (or r-cut) set of a fuzzy 

set  , labeled as   , is the crisp set of all      such that 

      i.e. 

                       . 
The r-level set is the interface between the fuzzy space 

and the crisp space. In that case we can utilize the 

preferences of the hypotheses in crisp space in the fuzzy 

space. 
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Fig. 1 Nested r-level sets 

From Fig. 1, we concluded that the degree of fluffy 

enrollment work [4] is associated with the values of r-level 

setsfor all        . In other hand when the esteem of r-

level set is approach to 1 that implies the fuzzy range ended 

up and near to crisp space. 

Definition 2.2: Fuzzy numbers are a subset of the real 

numbers set and represent uncertain values. Fuzzy numbers 

are connected to degrees of membership which state how 

genuine it is to say in case something has a place or not to a 

decided set. A fuzzy number   is called a triangular fuzzy 

number [15] that characterized by three parameters     
 where the graph of       (see Fig. 2) is a triangle with the 

base on the interval       and vertex at      and its 

membership function has the following form: 

           

 
 
 

 
 

                                 
   

   
                                

   

   
                                

                               

         (1) 

 

 

Fig. 2 Triangular Fuzzy Number 

From Eq. (1) the r-level set [16] of the triangular fuzzy 

number for all         is: 

                            . 
The class of all fuzzy subsets of real number  satisfy the 

following properties [9, 17]: 

1.      is normal, i.e        with         . 

2.      is convex fuzzy set, i. e.              
                             , 
3.   upper semi-continuous on  , 

4.              is compact. 

Definition 2.3 [18]: Define the r-level set     ,     
                      ,where                  is 

compact [9] which is a closed bounded interval and denoted 

by                       . In the single parametric form 

[18], a fuzzy number is represented by an ordered pair of 

functions                 ,        which satisfies:  

1.         is a bounded left continuous non-decreasing 

function over      . 

2.        is a bounded right continuous non-increasing 

function over       .  

3.                ,           A crisp number r is 

simply represented by            ,          

Toward to end the solution of the FIVP must satisfy the 

properties 1-3 of triangular fuzzy number.  

Definition 2.4 [19]: If    be the set of all fuzzy numbers, we 

say that      is a fuzzy function if 

       

Definition 2.5 [9]: A mapping       for some interval 

    is called a fuzzy function process and we denote r-

level set by: 

                                      . 

The         sets of a fuzzy number are much more 

compelling as representation shapes of the fuzzy set. Fuzzy 

sets can be characterized by the families of their         
sets based on the determination character hypothesis. 

Definition 2.6 [20]: Each mapping       induces 

another mapping               defined for each fuzzy 

interval   in   by: 

           
                               

                                             
  

This is called the Zadeh extension principle. 

III. ANALYSIS OF RK 65 IN FUZZY 

ENVIRONMENT 

Concurring of the defuzzification strategy in [9], consider 

the nonlinear first order FIVP of the following type: 

                                       

          

             (2) 

where      : is a fuzzy function of the crisp variable   such 

that                          , and    : is fuzzy nonlinear 

function of the crisp variable   and the fuzzy variable  , such 

that              
 

                      . We note that 

               ,      (3) 

where        
 

                   such that           is 

the inhomogeneous term. The fuzzy coefficients in Eq. (3) 

are triangular fuzzy numbers denoted by              and 

    
 

        for all the fuzzy level set        . 

       : is the first fuzzy H-derivative [17,19] such 

that                     
 
       , 

    : is the initial condition triangular fuzzy numbers denoted 

by                          .        

Also, we can write  
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                  (4) 

Let                             such that        

            and by using the fuzzy Zadeh extension 

properties as in Definition 2.6, we can define the following 

membership function  

 
                                        

                                        
  (5) 

where 

 
                       

 
               

                       
 

               

  (6) 

The RK65 for the numerical solution of crisp initial value 

problems was presented in [21]. According to Section (2), 

we modify Eq. (2) in to taking after conditions 

                                  

          

   (7) 

 
 
                                

         
 

                         (8) 

On solving Eq. (7) using RK65, we have: 

Let                       , 

                   
 

  
                        

32 5( )+7 6( )  ,      
where 

            
   ; 

                       
              

   

; 

      

                 
                      

   

; 

                       
              

   

; 

                        
                    

9 4( )/16( ); 

                   
                         

12 4( )+8 5( )/7( ). 

On solving Eq. (8) using RK65, we have: 

Let                       ,  

 
 
                

 
 

  
                       

                 

where 

            
   ;                        

    

( 1( )2)( ) 
      

                 
                      

   
; 

                       
              

   
; 

                        
                    

9 4( )/16( ); 

                   
                         

12 4( )+8 5( )/7( ), 

Thus, we have        
   =          

   , and 

           = 
   

      
    for i = 1. . . N. we note that where 

j=1,2,3,4,5,6. 

IV. NUMERICAL EXAMPLE 
 

Consider the first order nonlinear FIVP 

                           
                                                                                                                          
(9)                                                                

         
Using MTHEMATICA version 11, to obtain the exact 

analytical solution of Eq. (9) for all 0 ≤ r ≤ 1 as follows  

                    
   

  
  , 

                    
   

  
  . 

Figure 3 show the exact solutions of Eq. (9) i.e. 

(       and         where         , and 0 ≤ r ≤ 1): 

 

 

Fig. 3 Exact solutions of Eq. (9) i.e.           

 

Fig. 4 Exact solutions of Eq. (9) i.e.           

According to Section 3,         we have  

             

   
  , with initial point           ,    

     (10)  

             
   

  , with initial point           .                                                           

     (11) 

On utilizing Eqs. (10-11) in RK65 in Section 2, we have 

obtained the numerical solution of Eq. (9). 
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Table 1 show the exact solutions and the numerical 

solution generated by RK65 in Section 3 with selected step 

size         for different values of          

Table. 1 Compassion between exact solutions and lower and upper bound solutions of Eq. (9)  

generated by RK65 at     with         for all         

r Exact solution          RK65          Exact solution         RK65           

0                                                                             

0.2                                                                             

0.4                                                                             

0.6                                                                             

0.8                                                                             

1                                                                             

 

 

Fig. 5 RK65 numerical solutions (y) and the exact 

solutions (Y) of Eq. (9) at t =1 

Following the definition of convex fuzzy number in 

Section 2, one can see that the outputs in Fig.5 and Table 1 

the fuzzy number conditions and approach to one solution 

for the upper and lower bound solutions of Eq. (8).Finally, 

we define error bounds of RK65 for        as follows: 

   
      

     
  ,   

      

     
  ,  

such that,   

                  
   

                     

            
   

  
   , 

                  
   

          
   

              

tan−11− 10. 

Since    
          

  
    , hence             then 

   , we note that                          

 (6) ( ). 

For        ,         and         then the global 

errors and the error bounds of the numerical solution of Eq. 

(9) can be written as: 

   
 

                    

             
    

    
          

                         

  
   

       
    

    
        . 

Table 2 show the absolute errors and the errors bound for 

the numerical solution solved by RK65 for Eq. (9). 

Table. 2 Absolute errors and the errors bound of Eq. (9) of the numerical solutions  

by RK65 at t=1 with step size         

r   RK65     RK65   

0                                                             

0.2                                                             

0.4                                                             

0.6                                                             

0.8                                                             

1                                                             

From Table 2 one can see thatfor all         such that 

   
 

                    , and                          . 

V. CONCLUSIONS 

In this article, we presented a numerical a scheme for 

solving first fuzzy order differential equation. The scheme is 

based on the six stages fifth order Runge Kutta method for 

solving first order nonlinear FIVP. Numerical example was 

provided and the RK65 is a competent and precise scheme. 

The testing of the convergence theorem 5.6 of RK65 in [1] 

was successfully connected of numerical solutions generated 

by RK65.  Moreover, the gotten outcomes obtained from 

RK65 fulfil the properties of triangular fuzzy number and 

fuzzy differential equations. 
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