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Numerical Solution of First Order Nonlinear
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Fifth Order Runge Kutta Method
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Abstract: The point of this paper is to present and analyze a
numerical method to illuminate fuzzy initial value problems
(FIVPs) including nonlinear fuzzy differential equations. The
primary thought is based reformulate the six stages Runge Kutta
strategy of order five (RK65) from crisp case to fuzzy case by
taking the advantage of fuzzy set theory properties. It is appeared
that the comes about demonstrate that the strategy is
exceptionally compelling and basic to apply and fulfil the
properties of the fuzzy solution. The capability of RK65 is
outlined by fathoming to begin with arrange nonlinear FIVP
taken after by usage of the convergence theory. Thus, the strategy
can be executed and utilized to allow a numerical solution of
nonlinear FIVPs.

Keywords: Fuzzy set theory, Fuzzy differential equations, Six-
Stage Fifth Order Runge Kutta Method.

I. INTRODUCTION

The most excellent definition of uncertainty is a term
utilized in unobtrusively different ways in a number of
fields, including reasoning, insights, financial matters, fund,
protections, brain research, building and science. Most
dynamical genuine life issues can be defined as a scientific
either as a framework of ordinary or partial differential
equations [1-3]. Fuzzy differential equations (FDESs) are an
excellent tool to demonstrate a dynamical framework when
the behavior of most of the data is insufficient or imperfect.
Fuzzy initial value problem (FIVP) shows up when the
modeling of these issues was defective or not clear and its
nature is beneath wvulnerability [4]. Fuzzy ordinary
differential equations are reasonable real models to
demonstrate dynamical frameworks in which there exist
vulnerabilities or unclearness. These models are utilized in
different applications such as population models [5,6],
medicine fields [7], mathematical physics [8]and soon one
of the objectives for examining fuzzy set theory is to create
the technique of details and to discover solutions of
problems that are as well complicated or ill-defined to be
satisfactory for examination by ordinary methods.
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In this manner, fuzziness may be considered as a sort of
imprecision that stems from a gathering of components into
classes that do not have correct characterized boundaries [3]

An ordinary differential equation involving linear FIVP
can be the least difficult case to test the adequacy of
proposed strategies for find in the solution of FDE. The one-
step Runge-Kutta methods with various orders have been
widely successfully implemented for the solution of first
order linear FIVPs in [9-12].

According to the Runge-Kutta methods in [9-12], we
concluded that of the first order FI\VVPs that have been solved
by are linear. Furthermore, it is noted that the method of the
Six- Stage Fifth Order Runge Kutta Method (RK56) has not
been employed yet on first order nonlinear FIVP. It would
be of interest to investigate the feasibility of fifth order
Runge -Kutta method for first order nonlinear FIVPs.

The efficiency of Runge-Kutta methods depend on
increasing the number of function evaluations per step [13].

Our primary objective is to show and analyze the utilize
of (RK65) in arrange to get the numerical solutions of
nonlinear by using fuzzy set theory properties. The structure
of this work is as follows. We will begin in Section 2 with a
few essential definitions for fuzzy sets. In Section 3 we
characterized the defuzzification method of first order
nonlinear order FIVP followed by formulation and detailing
RK56 in fuzzy domain. In Section 4, we test and actualize
RK65 on first order nonlinear FIVP followed by the
impanation convergence theory in [1] on the obtained
results. Finally, deliver the conclusions is given in Section 5.

Il. SOME FUZZY CONCEPTS

Definition 2.1 [14]: The r-level (or r-cut) set of a fuzzy
setl, labeled asl,, is the crisp set of all t € T such that
Ug =rie.

U.={t€Tlug =>rre[01]}

The r-level set is the interface between the fuzzy space
and the crisp space. In that case we can utilize the
preferences of the hypotheses in crisp space in the fuzzy
space.

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

Exploring Innovation


mailto:3alifareed@uum.edu.my

Numerical Solution of First Order Nonlinear Fuzzy Initial Value Problems by Six- Stage Fifth Order
Runge Kutta Method

0.1
0.3

035
0.7

Fig. 1 Nested r-level sets

From Fig. 1, we concluded that the degree of fluffy

enrollment work [4] is associated with the values of r-level
setsfor all » € [0,1]. In other hand when the esteem of r-
level set is approach to 1 that implies the fuzzy range ended
up and near to crisp space.
Definition 2.2: Fuzzy numbers are a subset of the real
numbers set and represent uncertain values. Fuzzy numbers
are connected to degrees of membership which state how
genuine it is to say in case something has a place or not to a
decided set. A fuzzy number w is called a triangular fuzzy
number [15] that characterized by three parameters o < £ <
mwhere the graph of u (x) (see Fig. 2) is a triangle with the
base on the interval [, y] and vertex at x = £ and its
membership function has the following form:

( 0, ifx<a
jﬁ ifa<x<p
uwG;a,py) = . 1)
|ﬁ iff<x<y
k , if x>y
“(x)
1
05
0 X
@ 8 Ve

Fig. 2 Triangular Fuzzy Number

From Eq. (1) the r-level set [16] of the triangular fuzzy
number for all r € [0, 1]is:
[ul; =la+ r(B-—a)y — r(y = B)].
The class of all fuzzy subsets of real number Rsatisfy the
following properties [9, 17]:
1. u(t) isnormal, i.e 3t, € R with u(t,) = 1.
2. u(t) is convex fuzzy set, i. e. u(At+ ({1 —2As) =
min {u(t), u(s)} vt,s € R,1[0,1],
3. p upper semi-continuous on R,
4. {t € R:u(t) > 0} is compact.
Definition 2.3 [18]: Define the r-level setx € R,[u], =
{t\u) = r},0 < r < 1,where[u], = {t \ u() > 0}is
compact [9] which is a closed bounded interval and denoted

by [u [,u(t)(r) #(t)(r)] In the single parametric form
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[18], a fuzzy number is represented by an ordered pair of
functions[ﬁ(t)(”,H(t)(r)], r € [0,1]which satisfies:
1. E(t)(” is a bounded left continuous non-decreasing

function over [0,1].

2. u(®)Mis a bounded right continuous non-increasing
function over [0,1] .

3. u@®D <u®®, relo1].
simply represented by u(r) = u(r) =r,r € [0,1].

Toward to end the solution of the FIVP must satisfy the
properties 1-3 of triangular fuzzy number.

Definition 2.4 [19]: If H be the set of all fuzzy numbers, we
say that f(t) is a fuzzy function if

fIR-T

Definition 2.5 [9]: A mapping f: K — Hfor some interval
K < His called a fuzzy function process and we denote r-
level set by:

F®l = [fOOF©] t ek reo1].

The r —level sets of a fuzzy number are much more
compelling as representation shapes of the fuzzy set. Fuzzy
sets can be characterized by the families of their r — level
sets based on the determination character hypothesis.
Definition 2.6 [20]: Each mapping f:T — Y induces
another mapping f:F(T) — F(Y) defined for each fuzzy
interval Uin T by:

Ao = {Suptef 1 H(©),if y € range(f),

,if y & range(f).
This is called the Zadeh extension principle.

A crisp number r is

I1l. ANALYSIS OF RK 65 IN FUZZY
ENVIRONMENT

Concurring of the defuzzification strategy in [9], consider
the nonlinear first order FIVVP of the following type:

¥ () = NF®)+h(), t€lab], @
y(a) = Yo,
where 7 (t): is a fuzzy function of the crisp variable ¢ such
that[ ()], = [y(®)®,y(©)™], and N : is fuzzy nonlinear
function of the Erisp variable t and the fuzzy variabley, such
that [N (& 7()], = [N (&), N(£,5)®]. We note that
h(t) = éx(t) + d, 3)
where [R(8)] = [A(©)®, h(t)™] such that &x(¢) + d is
the inhomogeneous term. The fuzzy coefficients in Eq. (3)
are triangular fuzzy numbers denoted by [¢], = [¢,c], and
[d] . = [d d], for all the fuzzy level set r € [0,1].
7'(t) is the first fuzzy H-derivative [17,19] such
that[y (1)), = [y (0,5 O]
Vo :is the initial condition triangular fuzzy numbers denoted
by[y(@], = [y@®, 5@
Also, we can write
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{w(t))m =L[yy] . “

NGO =U]y.y]
Let N(F(®)+h(t) =G(t, 7)) such that F'(t) =
G(t,5(t)) and by using the fuzzy Zadeh extension

properties as in Definition 2.6, we can define the following
membership function

{Q(ﬁ(t))“) = min{G (¢, A(r)|A(r) € ()} )
G = max{G(t, A(r)|ar) € 3(©)}
where

GO =1|tyy] =1(tyO")

_ i 3 (6)
Gy ="ty y] =v (L)

The RK65 for the numerical solution of crisp initial value
problems was presented in [21]. According to Section (2),
we modify Eg. (2) in to taking after conditions

Yy =L1(t, 7)), t € [a,b]

7
X(a)(r) = XO ( )
YD = U (t50)), t€lab]
() = T (8)
y@' =y,

On solving Eg. (7) using RK65, we have:

Let f(t,y) = L' (£, 7(©)T) ,

Y (™) = Y (5 7) + 5o (720(r) + 3223(r) + 122,(r) +
32z5(r)+726(7) |

where

z(r) = hf ()T

2,(r) = hf (t + (0/2), y(E) + (Q(r)/z))m;
z3(r) =
hf (4 (/9,0 + Bz +20)/16)
2.0 = hf (& + (0/2), Y€ + @) /D)
25(r) = hf (t + /9,y (t)D + (-3z,() + 6z,(r) +
9z4(r)/16(7),
26(r) = hf (t + hy(t)® + (1) + 42, (1) + 62, () —
1224(r)+825(7)/7(7).
On solving Eg. (8) using RK65, we have:
Let f(£)™ = U*(t, 7(O)®),
¥ (tis) = ¥t 7)
+ % (72, (r) + 3225 (r) + 122, (r)

+32Z5(r) + 7Z4(7))
where
7, (1) = hf (£)®;
(z1(r)2)(7)
Z3(r) =
RF (& + (/4,5 + BZ, (1) +7,(1)/16))";
Za(r) = hF (& + (h/2), 7)) + @) /2))";
Zs(r) = hf (t; + Bh/4),Y(t)® + (=3Z,(r) + 6Z5(r) +
924(r)/16(7),
Ze(r) = hf (t; + LY D + Z,(r) + 4Z,(1) + 625(r) —
1224(r)+825(7)/7(7),

Z,(r) = hf(t; + (h/2),7(t)@ +
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Thus, we have  y(t,)@=y©(t,)",  and

V(ti )= (t,,)® for i = 1. . . N. we note that where
j=1,2,3,4,5,6.

1IV. NUMERICAL EXAMPLE

Consider the first order nonlinear FIVVP
y®)=3t)*+1, te[01]
7(0) = [0.17 — 0.1,0.1 — 0.17]
9)
vr € [0,1]
Using MTHEMATICA version 11, to obtain the exact
analytical solution of Eq. (9) for all 0 <r <1 as follows

Y(®)™ =tan (t —tan™? (i))

10

Y™ = tan (t +tan~! (2))

10
Figure 3 show the exact solutions of Eg. (9) i.e

(Y (£)Mand Y (t)™) where t € [0,1], and 0 <r<1):

Fig. 4 Exact solutions of Eq. (9) i.e. (Y(£)™)

According to Section 3,vr € [0,1] we have
i(t)(r) = X(t)z(r) +1, with initial point = 0.1r — 0.1 ,
(10)
OO = y(t)?,, + 1, with initial point =0.1—0.1r .
(11)
On utilizing Egs. (10-11) in RK65 in Section 2, we have
obtained the numerical solution of Eq. (9).
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Table 1 show the exact solutions and the numerical
solution generated by RK65 in Section 3 with selected step

size h = 0.001 for different values of r € [0,1].

Table. 1 Compassion between exact solutions and lower and upper bound solutions of Eq. (9)
generated by RK65 at t = 1 with h = 0.001 for all r € [0.1]

r | Exactsolution Y()® | RK65 y(£)® Exact solution Y(¢)™ | RK65 y(t)™

0 |1.2610161027250700 | 1.2610161027250760 | 1.9631502630951700 | 1.9631502630951752

0.2 | 1.3137270341669371 | 1.3137270341669358 | 1.8704522697333880 | 1.8704522697333883

0.4 | 1.3694410412854570 | 1.3694410412854585 | 1.7841242587987440 | 1.7841242587987420

0.6 | 1.4284222884131477 | 1.4284222884131474 | 1.7035314459814652 | 1.7035314459814654

0.8 | 1.4909668585991664 | 1.4909668585991669 | 1.6281206791009462 | 1.6281206791009453

1 | 1.5574077246549000 | 1.5574077246549010 | 1.5574077246549000 | 1.5574077246549010
Y&y m = min | YOO, 7700 = [r©©)®| =
20.__ RK85 — -
19 v o Exact — tan (t — tan™ (1_0))’

RN m © )" 70| = 7P 0m
. - m =max|[y Q)07 0| =7 ©)®|=tan(t +
'M
17 T~ - tan—17-710.
T~ -~ . af(t‘J/(l’))
16 | | | | -;_‘ B Since L = |T| =2y, hence f(t,y(t)) <2 then
e e o R A L=2 we note that b=1(withm=|y©©)®|m =
14 _==" Y6)t(r).
-
=

VL= For 7 € [0,1], h = 0.001 and ¢ € [0,1] then the global

Fig. 5 RK65 numerical solutions (y) and the exact

errors and the error bounds of the numerical solution of Eq.
(9) can be written as:

solutions (Y) of Eq. (9) att=1 [E]r _ |Z(1)(r) Cy)®| <o
Following the definition of convex fuzzy number in e —1
Section 2, one can see that the outputs in Fig.5 and Table 1 S RAGK >880 (0.001)°,
the fuzzy number conditions and approach to one so_lution [e]. = |7(1)(r) _ 7(1)@' <7 =
for the upper and lower bound solutions of Eq. (8).Finally, _(g) 5y
we define error bounds of RK65 for ¢ € [0, b]as follows: |Y ()| (0.001)°.
o~ mEt RS T ~ ettt 6 Table 2 show the absolute errors and the errors bound for
— 1440l 1440L the numerical solution solved by RK65 for Eq. (9).
such that,
Table. 2 Absolute errors and the errors bound of Eq. (9) of the numerical solutions
by RK65 at t=1 with step size h = 0.001

r e RK65 a e RK65 a

0 6.661338 x 1071¢ | 3.057824 x 10715 | 6.661338 x 10716 | 3.057824 x 10715

0.2 | 1.332267 x 10715 | 3.773415 x 10715 | 1.332267 x 107> | 3.773415 x 107>

0.4 | 1.554312 x 10715 | 4.690146 x 1075 | 7.554312x 107" | 4.690146 x 107"

0.6 | 2.220446x 107'° | 5873566 x 107"° | 2.220446 x 107'° | 5.873566 x 107"

0.8 | 4.440892x 107 | 7.413527x 107" | 4.440892x 107'° | 7.413527 x 107"

1 ] 1.332267x 107" | 9.434334x 107" | 1.332267x 107" | 9.434334x 10~"

From Table 2 one can see thatfor all € [0,1] such that

le] = |X(1)<T) —y@W®| < g and[e], = [F(DP -y |<7.

V. CONCLUSIONS

In this article, we presented a numerical a scheme for
solving first fuzzy order differential equation. The scheme is
based on the six stages fifth order Runge Kutta method for
solving first order nonlinear FIVP. Numerical example was
provided and the RK65 is a competent and precise scheme.
The testing of the convergence theorem 5.6 of RK65 in [1]
was successfully connected of numerical solutions generated
by RK65. Moreover, the gotten outcomes obtained from
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RK65 fulfil the properties of triangular fuzzy number and
fuzzy differential equations.
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