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Abstract: The experimental data of fatigue crack growth 

scatter even under identical experimental conditions, including 

constant amplitude loading. Thus, it is important to take into 

account the data scatter of crack growth rates by using statistical 

approach analysis. In this study, the distribution of the fatigue 

crack growth life was estimated using Markov chain approach 

based on the modified Paris law equation to consider the 

variability in the growth of the fatigue crack. In this regard, in 

the Markov Chain model, the Paris law equation was integrated 

with the probability distribution of the initial crack length to 

calculate the probability transition matrix. The result shows that 

the initial probability distribution was represented by lognormal 

distribution and it can be said that the initial crack will happen 

only in state 1 and state 2. The consideration of probability 

distribution into Paris law equation to represent the physical 

meaning of fatigue crack growth process. The fatigue life 

estimation using the Markov chain model are found to be agreed 

well with experimental results and the value of R2 showed the 

model is good. The results provide a reliable prediction and show 

excellent agreement between proposed model and experimental 

result. This indicates that the model can be an effective tool for 

safety analysis of structure. 

Keywords: Fatigue crack growth, Markov Chain model, 

probability distribution, randomization Paris law equation 

I. INTRODUCTION 

It is important to estimate fatigue lifetime with less or 

more accuracy and durability. In this regard, fatigue 

phenomenon is difficult due to its highly complex nature 

(Drewniak & Hojdys, 2015).  
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In addition to the scattering statistical fatigue test results. 

Thus, predicting system lifetime is crucial to ensure the 

safety, reliability and availability of the system could be 

maintained (Le, Fouladirad, Barros, & Levrat, 2013), (He, 

Hong, Wang, & Lu, 2018). This maintenance operation will 

help to improve people’s life and assures customer 

satisfaction (Castro, 2011). However, it can be very difficult 

to the estimate fatigue lifetime as well as observe physical 

degradation, especially when real-time observations are 

required (Zhou, Serban, & Gebraeel, 2011). 

This study applied statistical distribution to represent the 

process of fatigue crack growth. The statistical distribution 

is determined by analysing the scattering of the test results 

of the experiment. On the other hand, bootstrap analysis was 

conducted to determine the statistical distribution. This is 

because the number of observations has been deemed as too 

small since the  experiment was only conducted on 10 

specimens. In this regard, an analysis  in the work by (Januri 

et al., 2017) found that lognormal distribution is the best 

distribution to represent the data. Therefore, this distribution 

was integrated with the stress intensity factor function to 

represent the physical meaning of the fatigue crack growth 

process.   

Accuracy, durability and fatigue strength are important 

factors to determine structural safety. In the meantime, 

fatigue crack growth modelling could be used to 

characterise the evolution of state; a complete fatigue crack 

growth problem present the whole process from the 

beginning to material’s complete failure state (Zhou et al., 

2011). In this light, fatigue crack growth process is an 

integration of random factors such as  in homogeneity of 

real material, manufacturing processes, load spectrum, 

geometry of component, randomness or cracking process 

technological condition (such as quality of manufacturing) 

and environmental conditions (Kocańda & Jasztal, 2012), 

(Ellyin, 1997). These random factors explained the influence 

of the uncertainty factors to the fatigue crack growth process 

and how it contributes to the scattering of the crack size. 

Consequently, there is a significant number of research 

works that focused on fatigue crack growth models, 

including models presented in (Becker, Cannon, & Ritchie, 

2002), (Alkhateb, Al-Ostaz, & Alzebdeh, 2009), (Sanches, 

de Jesus, Correia, da Silva, & Fernandes, 2015), (Li, Jiang, 

Han, & Li, 2015). Many of these models have relied on the 

experiments.   
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As fatigue crack growth data reflect a materials statistical 

nature, therefore the data and analysis could be applied 

statistically (Wu & Ni, 2004). Many random factors have 

been considered  to describe the whole fatigue crack growth 

problem. In this light, probabilistic method has brought 

great interests in works focused on replacing the 

deterministic method in determining fatigue life prediction 

(Makkonen, 2009), (Rastogi, Ghosh, Ghosh, Vaze, & Singh, 

2016). Probabilistic is also known as stochastic with two 

types of crack growth model, first, randomisation of the 

deterministic model with fatigue crack growth model by 

providing the distribution of random time and second, 

randomisation of the Paris–Erdogan equation (Kocańda & 

Jasztal, 2012), (Wu & Ni, 2003). Randomization the Paris-

Endorgan equation which involves enhancing the random 

factors into the equation. In this study, probability 

distribution of the random factors was introduced into the 

Paris law equation to analyse the fatigue lifetime by using 

the Markov chain model.  

One important application of fatigue crack growth 

modelling is predicting the lifetime of the material in the 

field. There are many statistical models that can be used to 

predict the fatigue life such as Bayesian estimation (Doh & 

Lee, 2018) and Weibull modelling (Lan et al., 2018). 

Factors that contribute to fatigue life include Gumbell 

distribution of initial crack length (Anderson & Daniewicz, 

2018) and the effect of mean stress (Morgantini, Mackenzie, 

Comlekci, & Van Rijswick, 2018). A Markov Chain 

approach was introduced to evaluate and model the 

stochastic behaviours of fatigue crack growth data. 

Furthermore, probability distribution of initial crack length 

was introduced to explain the initial probability distribution 

and randomisation Paris law equation was used to explain 

the fatigue crack growth process. This study aims to study 

the effect of probability distribution of initial crack length in 

the cooperation with Paris law equation in Markov Chain 

modelling to predict the fatigue lifetime. 

II. METHODOLOGY 

Markov Chain model is defined as a mathematical model 

for predicting the future state that depends only on the 

current state. For a given system, the Markov model consists 

of the number of possible states, the possible transition paths 

between these states, and the probability values of these 

transitions. Figure 1 explains the changes in the transition 

probabilities from the state to the next. This process is 

known as Markov Chain model. Each circle represents a 

state, while the arrows denote the transition path between 

states. The process starts from the initial state,  and end 

with the failure state, .  

 

Fig. 1 Markov Chain model with a circle represents a 

state.  and  are probabilities in particular  state and 

changing state, respectively (Gansted, Brincker, & 

Hansen, 1991). 

In Markov model, it is an important element to introduce 

a duty cycle. Duty cycle as a time to reach crack growth or 

as the group of the number of cycles accumulated to make a 

transition to next crack length (Kozin & Bogdanoff, 1983). 

Consequently, the growth process of fatigue crack length 

was defined as a discrete both in time and states stochastic 

process.  

The whole procedures of estimating the probability 

distribution of the states involves several steps. Initially, 

time,  is measured by the number of duty 

cycles. This is followed by the  number of damage states, 

 where state  denotes a failure state. The duty 

cycle is specified in a  probability transition matrix,  

as shown below, 

 

 (1) 

 
Where 

 

Next, the number of states, where the state reflects crack 

length increment was determined. The states are assumed to 

be discrete with the states, , with  

corresponds to the failure state. In the Markov Chain model, 

it is assumed that crack length  increases by stage. The 

calculation of each state is presented in Equation (2).  

    (2) 

where,  is crack length in state , and  is 

initial crack length .  

Markov Chain model has two important elements: the 

initial distribution and the transition probability distribution. 

Defining the probability distribution of the initial state is 

represented in the form of (3). 

    (3) 
where 

  and . 

It is assumed that  means that no component is in 

the failed state  in initial state. As the values of the initial 

distribution are derived from analysing the distribution of 

the initial crack, three distributions were compared to 

determine the distribution of the initial crack. These 

distributions are normal, lognormal and Weibull 

distribution. The chosen distribution was based on the value 

of Kolmogorov- Smirnov and the best distribution represent 

the distribution of initial crack in fatigue crack growth 

process. Lognormal distribution was chosen as the best 

distribution to describe the initial crack length through  
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comparing the Kolmogorov Smirnov values of all three 

distributions (Lognormal, normal and Weibull) (Januri et al., 

2017). 

Subsequently, the transition probabilities matrix  

was computed. In this study, the transient probability  was 

obtained by applying the Paris law equation with integrating 

the lognormal distribution into the model to represent the 

physical meaning of fatigue damage. The probability of 

changing to next state,  can be defined as stress intensity 

factor function in Equation (4) which was derived from 

Equation (5). 

    (4) 

Paris law equation:   (5) 

where = crack length increment (mm), = number of 

cycles increment, = material constant, = stress 

intensity factor range  with 

 and  , 

and  lognormal distribution. The lognormal 

distribution is as follows: 

   
(6) 

Here,  is a shape parameter and  is a scale parameter of 

the length of the initial crack. The  transition probability 

matrix values were then computed to determine the presence 

of the fatigue crack growth process. Classical Paris law 

equation integrated with the lognormal distribution was 

applied to compute the probability values.  

Lastly, Markov property value was computed by using 

Equation (7).  

     (7) 

Equation (7) explains the probability of value changes due 

to time changes. Comparisons were conducted several times 

in order to ascertain the future probability in any time (duty 

cycle), .  

As mentioned, this study focuses on the performance of 

the Markov Chain model to estimate the probability 

distribution of damage state. In this paper, transition 

probability matrix was calculated using the randomisation 

Paris law equation. Meanwhile, the initial probability 

distribution of the initial state was computed based on 

Lognormal probability distribution which could describe the 

distribution of the initial crack length more accurately.  

The Fatigue Crack Growth Data 

The data used in this analysis were drawn from secondary 

data. Fatigue crack growth data consists of three stages, 

initial crack length, fatigue crack growth and failure stage. It 

is worth noting that this analysis only limited to the stable 

region. The material used was Aluminium Alloy A7075-T6. 

Its characteristics are tested at room temperature under 

constant amplitude loading of 45kN stress load and 0.1 fixed 

stress ratio, while, the dimension of the specimens was fixed 

at 160 mm wide and 60.0 mm thick.                                                                                                                                                                                    

The results from the experiment as shown in Figure 2 

shows there are five stages of fatigue crack growth starting  

from initial  crack length to the failure part. The crack 

lengths are plotted against the number of cycles in Figure 3. 

Measurements started at different initial crack lengths while 

the probability distribution for this part was determined by 

lognormal distribution.    

 

Fig. 2 Material surface of the aluminium alloy 7075-T6 

from the experiment 

 

Fig. 3 Crack length plotted against the number of cycles 

in Al 7075-T6, R=0.1 

III. RESULTS AND DISCUSSION 

Initial Probability Distribution 

In this paper, the Markov property was used to 

demonstrate the probability distribution for damage state 

and the Markov Chain model was constructed with duty 

cycles are 2000 cycles and . The probability 

distribution of initial state and transition probability matrix 

will be discussed in the proceeding section. Figure 4 shows 

the probability values of initial state,  which was 

determined as the lognormal distribution. Lognormal 

distribution was chosen as the best distribution to represent 

the initial crack length with parameter estimation  

and . In the meantime, states could be defined as 

the crack length increment. The state starts with initial crack 

length and ends with failure. The highest probability values 

of initial crack length have been implied logically at the first 

and second state, with 66% and 33%, respectively. The 

values then decrease gradually through the states where all 

the values are approximately 0%. Therefore, it is safe to say 

that the initial crack length could not happen in other states 

except at the first and second state. 

 

 
 

Fig. 4 Initial probability values for each state 
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 Probability Transition Distribution 

The transition probabilities matrix was calculated from the 

randomised Paris law equation as shown in Figure 5. The 

resulting matrix  was used to determine the probability 

distributions for interesting fatigue crack lengths. The values 

explain that the lower states will lead to lower probability of 

cracks occurrence in the same states. Meanwhile, the 

probability of the crack changed to the next is quite high as 

the values are larger than 60%.  

                    

 

Fig. 5 Transition probability values 

As simple illustration of the Markov Chain model is given 

in Figure 6. It is assumed that the number of damage states 

is 50 and the state of damage is considered after 10 duty 

cycles. This indicates that the probability of being in a state, 

e.g. state 2, after 10 duty cycles depends greatly on the 

transition probability. Thus, the probability of crack being in 

state 3 changed from the initial value 0.0001 to 0.2568, 

respectively. 

                  

 
 

Fig. 6  Probability distribution of the states 

 

Fatigue Lifetime Prediction 

The capability of the model is shown in the Figs. 7 and 8. 

Figures 7 and 8 present the examples of cumulative 

distributions obtained by using the Markov Model. These 

figures include cumulative distribution derived from 

experimental data to validate the model. The advantages of 

the Markov Chain model its capability to easily calculate the 

probability of state of damage at any time, , using Markov 

property when all the parameter values have been 

determined. The model shows good agreement with the 

empirical data with the value of R
2
 shows 74.71% and 

94.75% for life estimation of 9 mm and 16 mm, 

respectively. The R
2
 also proves that the model is good 

model to predict the life estimation. The random factor is 

integrated in the probability transition matrix which known 

as randomised Paris law which was used in calculating the 

transition probability matrix explained by the lognormal 

distribution.    

 

Fig. 7 The probability distribution for crack length 

9mm, R
2
 = 0.747 

 

Fig. 8 The probability distribution for crack length 

16mm, R
2
 = 0.9475 

IV. CONCLUSION 

In this study, the Markov Chain model was used to 

analyse the probability distribution of the damage state of 

the Aluminium Alloy, A7075-T6 material. It was found that 

the factors that contributing to the fatigue are the initial 

crack length and the stress intensity factor including the 

width and the length on the specimen, the number of loading 

cycles and the stress ratio. Meanwhile, the initial crack 

length was classified as the lognormal distribution and the 

probability distribution of the initial crack length is 

important to determine probability distribution for 

interesting fatigue crack length due to the uncertain of this 

variable. As mentioned, this study focuses on the random 

factors in the model to calculate the transition probability 

matrix and visualises the performance of the model for 

capturing fatigue life prediction. The result for fatigue 

lifetime prediction shows that the model has good 

agreement with the experimental data and R
2 
proves that the 

model is able to make the prediction.  This highlights the 

capability of the Markov Chain model in capturing the 

results. Moreover, it was observed that once the model 

parameters have been determined, the state of damage in the 

given structure could be assessed at any time using the 

Markov property. This shows that the model is able to 

represent all statistical information about the damage 

process. 
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