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Subtract Divisor Cordial Labeling

J.T. Gondalia, A.H. Rokad

Abstract—A subtract divisor cordial labeling is bijection r: Z
(G") = {1,2,..,|V(G")|} in such a way that an edge uv give the
label 1 if r(u) - r(v) is divisible by 2 otherwise give the label 0, then
absolute difference of number of edges having label 1 and O is at
most 1. A graph which fulfill the condition of subtract divisor
cordial labeling is called subtract divisor cordial graph. In given
paper, we found ten new graphs satisfying the condition of
subtract divisor cordial labeling.

AMS Subject classification number: 05C78.

Index Terms—Wheel, helm, flower, star graph

1. INTRODUCTION

The graphs conceived are undirected, simple, finite and
connected. We will have the basic symbols and expressions
of graph theory as in [1]. For a dynamic survey of various
graph labeling, we refer to Gallian [2].

The idea of sum divisor cordial labeling motivated us to
introduce new idea called subtract divisor cordial labeling.

Definition 1.1: Let G* is a simple graph and r: Z(G") —
{1,2,...,|V(G")[}is a bijection. For every edge uv, give the
label 1if 2| (r(u) —r(v)) and otherwise give the label 0. The
function g is called a subtract divisor cordial labeling if

le(1) — e(0)] < 1. A graph which fulfill the condition of
subtract divisor cordial labeling is called a subtract divisor
cordial graph.

2. MAIN RESULTS

Theorem 2.1:The path P,, is subtract divisor cordial graph.
Proof Let P, is a path with gradual vertices {z;,2,...z,}.

Then P, is of size " —Land order N .

Define the labeling r: Z(P”) L2 1

Case 1: N iseven.
i—1 if i =0(modulo4)
r(v,)=4i if i =1,2(modulo4)
i+1 if i =3(modulo4)

Case 2:N isodd. Forl<i<n.
i—1 if i=3(modulo4)
r(v,)=1i if i =0,1(modulo4)
i+1 if i=2(modulo4)

We notice that,
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Thus, |e/(1) —e(0)] £1
Thereby, the path P, is subtract divisor cordial graph.

Example 2.1: A subtract divisor cordial labeling of Py can
be seen in Figure 1

Ficure 1.

C“(n eN, n 23) is subtract

divisor cordial graph, excluding for n = 2(modulo4)
Proof: Let Z (C,) ={z1, 25, . . . ,Zn}. Then the size of C, isn
and order is also n.
Define the labeling r: Z (G") — {1, 2,3, ..., n} as below.

Theorem 2.2:Cycle

Case 1: Forn =0, 1,3(mM0dulo 4
For1<i<n:
i—-1 ifi=3 (modulo4)
r(v,)=4i if i=0,1(modulo4)
i+1 ifi=2 (modulo4)
Case 2: For 1= 2(modulo4)

Then C, is not subtract divisor cordial graph. As per

fulfillment of the edge condition for subtract divisor cordial
n

graph it is necessary to give label 1 to 2 edges and label 0 to
n

2 edges from total n edges. The edge label will increase at
n n
- --1
least 2 edgeswith label 1and at most 2 edges with
label 0 from total n edges. Therefore |e;(1) — e(0)|=2 So the
edge condition is go against for subtract divisor cordial
graph.

Thereby C,, is not subtract
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divisor cordial for n = 2(modulo 4).
From the look of above labeling pattern,

Case of n Edge condition
n=0 (mod4) e(0) =e(1) = %

=1 (mod4 (0) = 2 (1) = 2
n=1 (mod4) e(0) = 5 | er(1) = >

=3 (mods ©=|2 | em=|>
n=3 (mo ) €r = 2 ) €r = 2

Evidently it fulfill the conduction |e(1) —e/(0)| < 1.
Thereby C, is a subtract divisor cordial graph.

Example 2.2: Subtract divisor cordial labeling of C; can
be seen in Figure 2.

»-

5 4

FIcure 2.

Theorem 2.3: C, (n €N, n > 4) having one chord is a
subtract divisor cordial graph.

Proof: Let z;, z,,....,z, is the gradual vertices of cycle C,
and e = z,z, is the chord C,.

Then C, is of size n+1 and order n.

Define the labeling r: Z(G*) —{1,2,3,...,n} as below.

Case 1: For n = 3(modulo 4).

r(v) =n—1,1(vp1) =N

i+1 Ifi=3 (modulo4)
i—-1 Ifi=0 (modulo4)
(@) = i Ifi=1,2 (modulo4),1<i<n-2

Case 2: Forn=2,1,0 (mod4)

i—-1 Ifi=0 (modulo4)
i If i=1,2(modulo4)
((z) = i+1 Ifi=3 (modulo4),1<i<n.

From the look of above labeling pattern,

Case ofn Edge condition
n=0,2,3 (mod4) n+1 n
er(0) = e(1)=| =
2
n=1 (mod4) e:(0) = ex(1) = "Zi

Evidently it fulfill the condition |e/(1) — e/(0)| < 1.
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Thereby, C,, having one chord is a subtract divisor cordial
graph.

Example 2.3: Subtract divisor cordial labeling of Cg
having one chord can be seen in Figure 3.

FICURE 3.

Theorem 2.4:Cycle having twin chords C, 3 (n € N, n>5)
is a subtract divisor cordial graph.

Proof: Let zy, z,, . ..z, is the gradual vertices of cycle C,
and take e; = z, z, and e, = z, z3 as the chords of C,. |E(Cp3)| =
n+2and|V (Cy3)|=n.

Define the labeling r: Z (Cy3) — {1,2,3, ..., n}as below.
Case 1: For n =1, 2(modulo 4)
Forl<i<n:
i-1 ifi=0 (modulo4)
r(v,)=qi ifi=1,2 (modulo4)
i+1 ifi=3 (modulo4)
Case 2: For n = 3(modulo 4)
Forl<i<n-2:
r(z)=n-1r(z1)=n
i-1 ifi=0 (modulo4)
r(v,)=qi ifi=1,2 (modulo4)
i+1 ifi=3 (modulo4)
Case 3: For n = 0(modulo 4).
For1<i<n:
i-1 ifi=3 (modulo4)
r(v,)=<i if i=0,1 (modulo 4)
i+1 ifi=2 (modulo4)

From the look of above labeling pattern,

Case of n Edge condition
n+2
n=0,2 (mod4) er(1) =e((0) = T
n=1 (mod4) |e(1)= ’7n—+2—‘ ,er(0) = {LHJ
2 2
n=3 (mod4) er(1) = [EJ, er(0) = lrﬂ—‘
2 2

Evidently, it fulfill the condition |e/(1) — e,(0)] < 1.
Thereby, C, 3 is a subtract divisor cordial graph.

Example 2.4: Subtract
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divisor cordial labeling of Cq 5 can be seen in Figure 4.

FIGURE 4.
Theorem 2.5:C,(1,1,n-5) is a subtract divisor cordial
graph, except for n = 3(mod4)
Proof: Let z, z,, ...,z is the gradual vertices of cycle C,
and e, = 7371, €= 7,123,
€3 =2,-1Z; be the chords of C,.. |E (Ci(1, 1, n-5))|=n+ 3, |V
(Cn(1,1,n-5))]=n.
Define the labeling r: Z (G) — {1, 2, 3, ..., n} as below.
Case 1: For n = 2(modulo 4)
Forl<i<n-2
rz,)=n-1,r(z.1)=n.
i—-1 ifi=3 (modulo4)
r(v,)=-i if i=0,1 (modulo4)
i+1 ifi=2 (modulo4)
Case 2: For n = 0,1(modulo 4)

Forl<i<n:
i-1 ifi=0 (modulo4)
r(v,)=-i ifi=1,2 (modulo4)
i+1 ifi=3 (modulo4)

Case 3: For n = 3(modulo 4).

Then cycle C, having triangle is not subtract divisor
cordial graph.

In order to fulfillment of the edge condition for subtract

n+3
divisor cordial graph it is necessary to give label 1 to 2
n+3

edges and label 0 to 2 edges from total n+3 edges. The
n+3

edge label will increase at least 2 + 1 edges with label 1
n+3

and at most 2 —1edges with label O from total n edges.
Therefore |e(1) — e(0)] =2. So, the edge condition is go
against for subtract divisor cordial graph.

Thereby, cycle havingh triangle is not subtract divisor
cordial for n = 3 (mod4)

From the look of above labeling pattern,

Case ofn Edge condition
n+3
n=1 (mod4) er(1) =e(0) = T
_ PO L B et
n=2 (mod4) | e(1) = > ,er(0) = >
n+3 n+3
n=0 (mod4) | e(1) = LTJ ,er(0) = IVT—l

Evidently, it fulfill the condition |e/(1) — e,(0)| < 1.
Thereby, Cn(1, 1,n— 5) is a subtract divisor cordial graph.
Example 2.5: Subtract divisor cordial labeling of cycle
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Cio(1, 1, 3) with triangle can be seen in Figure 5.

(s3]
¢
(4}

FIGURE 5.
Theorem 2.6:W, is a subtract divisor cordial graph except
for n = 3(modulo 4).
Proof: Let z4, 7, . .
central vertex of W,,.
Also order and size of the wheel graph is n+1 and 2n
respectively.

. ,Zn 1S the rim vertices and v, be the

Define the labelingr: V (W,) > {1,2,3,......,n+ 1} as
below.

Case 1: For n = 2(modulo 4)

Forl<i<n,

r(zo) =2

i+2 ifi=0 (modulo4)
r(v,)=<i ifi=1 (modulo4)
i+1 ifi=2,3 (modulo4)

Case 2: For n =0, 1(modulo 4)

Forl<i<n:

r(zo) = 1.

i+2 ifi=2(modulo4)
r(v,)=-<i if i=3(modulo4)
i+1 ifi=0(modulo4)

Case 3: n=3(modulo 4)

Then W, is not subtract divisor cordial graph.

In order to fulfillment of the edge condition for subtract
divisor cordial graph it is necessary to give label 1 to n edges
and label 0 to n edges from total 2n edges. The edge label
will increase at least n-1 edges with label 1 and at most n+1
edges with label 0 from total 2n edges. Therefore, |e/(1)-
e«(0)| = 2. So the edge condition is go against for subtract
divisor cordial graph.

Thereby W, is not subtract divisor cordial, for n =
3(mod4).

From the look of above labeling pattern,

Caseofn Edge condition

n=2, 1, 0(mod4) er(1)=e(0)=n

543

Evidently, it fulfill the condition |e,(1) — e,(0)] < 1.
Thereby, W, is a subtract divisor cordial graph.

Example 2.6. Subtract divisor cordial labeling of wheel
W, can be seen in Figure 6.
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FIGURE 6.

Theorem 2.7:Helm H, is a subtract divisor cordial graph.

Proof: Let vy is the central vertex, z;, z 5, . . . ,Z, is the
vertices of degree 4 and y;, ¥ 2, . . ., Y » be the pendant
vertices of H,. Also order and size of the helm graph is 2n+1
and 3n respectively.

Define the labeling r: V (H,) > {1,2,3,...,2n + 1} as
below.

r(zo) = 1.

To label the residual vertices, conceive the below cases.

Case 1: n =1, 3(mod4).
rz,)=2n+1
n-1
M(z)=4i-1;1<i< 2.
n-1

() =4i-2;1<i< 2
r(y)=g (v)+2;1<i<n-1L
r(y,) =2n.

Case 2: n= 2,0 (modulo 4).

rey)=r@)+2;1<i<n.
n

r(za)=4i—1;1<i< 2

n
r(za)=4i—2;1<i < 2

From the look of the above labeling pattern,

Case of n
n=2,0 (mod4)

Edge condition

3n
er(1) =e(0) = ?

-3 |- 3]
e(l) = > ,er(0) = >

n=1,3 (mod/4)

vertices of degree 4 and y3, y », . . .
degree 2 in fl,.

Theorem 2.8:fl, is a subtract divisor cordial graph.
Proof: Let vq is the central vertex z4, 25, ..., Z » is the
,Yn be the vertices of

[E(fl)|=4n0 0 00 VL =2n+1.

Define the labeling r: Z(fl,) 200 {1,2,3,....2n+1} as below.
r (Zo) =1

r(z)=2i,1<i<n.

ry)=2i+1;1<i<n.

From the look of the above labeling pattern, we have

Case ofn
n=3, 2,1, 0(mod4)

Edge condition
er(1)=e:(0)=2n

Evidently it fulfill the condition |e(1) — &/(0)] < 1.
Thereby, fl, is a subtract divisor cordial graph.

Example 2.8: subtract divisor cordial labeling of fls can be

seen in Figure 8.

FIGURE 8.

Theorem 2.9:The gear G, is subtract divisor cordial graph.
Proof: Let G' = G,. Let Z(G) ={z, ¥, zi : 1 <i<n} and

E(G)={zz;, ziy: 1 <i<n; uViy : 1 <i<n—1;y,23} Also
order and size of the gear graph is 2n+1 and 3n respectively.

Define the labeling r: Z (G) —» {1, 2, ..., 2n + 1} as below:
n
rz)=1rzi-1)=4i-1,1<i S[E
n

rzz)=4i; 1 < i SM

H
r(ya)=4i-21<i<!?

n
r(ya)=4i+1;1 SiS{ZJ

From the look of the above labeling pattern,

Caseofn Edge condition

Evidently, it fulfill the condition |e,(1) — e,(0)| < 1.
Thereby H, is a subtract divisor cordial graph.

n =3,2,1,0(mod4)

" rmJ © (Bnl
e(D)=| — |, e(0)=| —
2 2

Example 2.7. Subtract divisor cordial labeling of helm Hg
can be seen in Figure 7.

FIlcURE 7.
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Evidently it fulfill the condition |e,(1) — e,(0)| < 1.
Thereby G, is a subtract divisor cordial graph.

Example 2.9: A subtract divisor cordial labeling of G; can

be seen in Figure 9.
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is of size n and order n + 1.
Define the labeling r: Z (Kyn) > {1,2,...,n+ 1} as
below:
ry) =1,
riyp=i+1,1<i<n.
We notice that,
n
5 n even
eM=1"
—— nodd
2
n
— neven.
2
¢0)= n+1
—— nodd.
2

Evidently it fulfill the condition |e/(1) —e/(0)| < 1.
Thereby K, 7 is a subtract divisor cordial graph.

Example 2.10. A subtract divisor cordial labeling of K, ;
can be seen in Figure 10.

Ficure 10.

3. CONCLUSION

We introduce here new idea of subtract divisor cordial
labeling. This will add new dimension to the research work in
the area connecting two branches graph labeling and number
theory. Here we have investigated ten new graph families
which acknowledge subtract divisor cordial labeling. The
results proved in this paper are novel. Examples are provided
at the end of each theorem for wider grasping of the pattern of
labeling defined in each theorem. To explore some new
subtract divisor cordial graphs is an open problem.
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