
International Journal of Innovative Technology and Exploring Engineering (IJITEE) 

ISSN: 2278-3075, Volume-8, Issue- 6S4, April 2019 
 

1021 

Published By: 

Blue Eyes Intelligence Engineering 

& Sciences Publication  
Retrieval Number: F12100486S419/19©BEIESP 

DOI: 10.35940/ijitee.F1210.0486S419 

Abstract: In this article the oscillation of difference equation 

with deviating argumentand nonnegative coefficients is 

considered. 

                             

Sufficient oscillation conditions involving limit inf are given. 

The iterative technique is used to improve the results. 

INTRODUCTION 

Consider the first order linear difference equation with 

advanced argument of the form 

                            (   

where  is aset of positive integers and           are 

sequences of nonnegative real numbers,           are  

sequences of integers such that  

     
 

  
           (1.1) 

where     is the smallest root of the transcendental 

equation       with         . 

and             (1.2) 

 denotes the backward difference operator       
             

Let              ,  is a finite positive integer if 

(1.2) holds. 

A solution of (  is a sequence of real numbers           

which satisfies(  for all      A solution          of (1) 

is called oscillatory, then the terms     of the sequence is 

neither eventually positivenor eventually negative. 

Otherwise, the solution is said to be nonoscillatory. An 

equation is oscillatory if all its solutions are oscillatory. 

In the past few years, there has been an increasing interest 

in the study of oscillatory behavior of solutions of difference 

equations; see, for example papers [1 -11] and references 

cited there in. Following this trend in this paper we study the 

oscillation of difference equation with deviating argument 

and nonnegative coefficients. The iterative technique is used 

to improve all other already available results. 

In this article,we are going to use the following notations: 
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and                 (1.4) 

The sequence     is non decreasing with            
    for all   . 

Lemma 2   [6] 

Suppose if (1.1) holds,     is defined by (1.6),     
    and      is an eventually positive solution of (1) 

   
   

   
      

       
       

Lemma 3    [6] 

Suppose that (1.1) holds,     is defined by (1.6), 

        and      is an eventually positive solution of 

(1). 

   
   

   
       

    
    

where  is smallest root of the transcendental equation 

      

MAIN RESULTS 

Theorem 1 

Let a subsequence     ,     of positive integers such 

that 

        
 

  
           (2.1) 

then all solutions of (1) are oscillatory. 

Proof Let      is eventually positive solution then Eq.(1) 

becomes 

                                     

Using (2.1)equation (1) becomes 
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where        as       contradicts to the 

assumption       for all       
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Theorem 2 

Suppose that (1.1) and(1.2) hold, and      is defined by 

(1.4). If for some     
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2.3) 

With               and    is the smallest root of the 

transcendental equation      , then all solutions of (1) are 

oscillatory. 

Proof 

Let           be an eventually negative solution of (1). 

Then there exists       such that                for 

all           equation (1) becomes  

 

                                  

Considering the fact that           

                                (2.4) 
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Using (2.4) and (2.5), 
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Appling the discrete Gronwall inequality, 
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Dividing (1) by      and summing up from    to     
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Combining (2.8) and (2.9) 
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Let       then (2.7) becomes 
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Consider (2.10) and (2.11),  
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Summing up (1) from   to      
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Assume       in (2.12), 
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using (2.13) and (2.14), 

            

          

    

     

          
 

          

    

     

    

     

 

   

Multiplying the last inequality by       
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Therefore                    (2.15) 

where 

        

        

      

    

     

          
 

          

    

     

    

     

   

Repeating the above argument leads to a new estimate, 
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Continuing by induction, for sufficiently large   
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Summing up (1) from to     , such that 
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Combining (2.17) and (2.18), we have, for all sufficiently 

large   , 
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The inequality is valid if we omit        in the left-

hand side : 
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Thus, as         0, for all sufficiently large  , 
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Since   may be taken arbitrary small, this inequality 

contradicts (2.2) 

The proof of the theorem is complete. 

Theorem 3 

Suppose that (1.1) and (1.2) hold,      is defined by (1.4) 

and        . If for some     
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 (2.20) 

where       is defined by (2.3), then all solutions of (1) 

are oscillatory. 

proofLet      is eventually negative solution of Eq.(1). 

Using (2.19) 
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Since   may be taken arbitrarily small, this inequality 

contradicts(2.20). 

The proof of the theorem is complete. 

Theorem 4 

Suppose that (1.1) and (1.2) hold,     is defined by (1.4) 

and        . If for some     
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where  
     is defined by (2.3), then all solutions of (1) 

are oscillatory. 
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RESULTS & DISCUSSIONS 

Let      is eventually negative solution of Eq.(1). Using 

(2.17) 
















  

  

)(

1)(

)(

1 1 ),(~1

1
)(exp))(())((

i

nrj

j

jm l mp
jpnrxix

 



(2.22) 

Summing (1) from   to      
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Let  may be taken arbitrarily small, this inequality 

contradicts (2.21) 

The proof of the theorem is complete. 
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Consider the first order linear difference equation with 

advanced argument 
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Using the Matlab software ,we get 
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Theorem 4 satisfied the condition for 1 .Then all of 

solution of (3.1) is oscillatory. 
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CONCLUSION 

In this article, the oscillation conditions for the solutions 

of (1) are established. These conditions are derived by using 

an iterative technique. The conditions are improved compare 

to the previously reported conditions which are reviewed in 

the introduction. The conditions of this article involve 

    ,the objective for future work can be established in 

some other technic in oscillation conditions. 
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