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Qualitative Research of First Order Linear
Difference Equations

S. Sindhuja, J. Daphy Louis Lovenia, A.P. Lavanya, Gomathi Jawahar

Abstract: In this article the oscillation of difference equation
with deviating argumentand nonnegative coefficients is
considered.

Vx(n) —p(m)x(c(n)) =0, neN
Sufficient oscillation conditions involving limit inf are given.
The iterative technique is used to improve the results.

INTRODUCTION

Consider the first order linear difference equation with
advanced argument of the form

Vx(n) — p(n)x(o(n)) =0, neNQ)

whereN is aset of positive integers and (p(n)),»; are
sequences of nonnegative real numbers,(o(n)),»; are
sequences of integers such that

p(n) > % v neN(1.1)
0

whered, < 1 is the smallest root of the transcendental
equation 1 = eP* with 0 < B < 1/e.

ande(n) = n+ 1,vn € N(1.2)

Vdenotes the backward difference operator Vx(n) =
x(n) —x(n—1).

Let w = —min,,,0(n),w is a finite positive integer if
(1.2) holds.

A solution of (1)is a sequence of real numbers (x(n)),s¢
which satisfies(1)for all n = 1. A solution (x(n)),-00f (1)
is called oscillatory, then the termsx(n) of the sequence is
neither eventually positivenor eventually negative.
Otherwise, the solution is said to be nonoscillatory. An
equation is oscillatory if all its solutions are oscillatory.

In the past few years, there has been an increasing interest
in the study of oscillatory behavior of solutions of difference
equations; see, for example papers [1 -11] and references
cited there in. Following this trend in this paper we study the
oscillation of difference equation with deviating argument
and nonnegative coefficients. The iterative technique is used
to improve all other already available results.

In this article,we are going to use the following notations:

kiA(i)zO ﬁA(i):l
i=k andi:k

a(n)

2. p(i)

B = lim,_ inf 1=+

where A(i) € R,

(1.3)
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3 ifw>1/e
DW) = mmwm?if w e [0,1/e]

2

r(n)

2. p(i)

MA = limsup ="
n—oo
andr(n) = ming,, a(s). (1.4)
The sequence r(n)is non decreasing with o(n) = r(n) =

n+1foralln > 1.
Lemma2 [6]

Suppose if (1.1) holds, r(n)is defined by (1.6), 0 < 8 <
1/e and x(n) is an eventually positive solution of (1)

x(n+1)
) =P

lim sup

n—oo

Lemma3 [6]

Suppose that (1.1) holds, r(n)is defined by (1.6),
0 < B <1/e and x(n) is an eventually positive solution of

).
x(r(n)) > 2,
x(n)
wherel,is smallest root of the transcendental equation
A =ef?

lim sup

n—-oo

MAIN RESULTS

Theorem 1

Let a subsequencef(n) ,neN of positive integers such
that

p(O(n)) < % v neN(2.1)
0
then all solutions of (1) are oscillatory.

Proof Let x(n) is eventually positive solution then Eq.(1)
becomes

Vx(n) = p(n)x((f(n)) >0,
Using (2.1)equation (1) becomes
x(B(n)) = x(@(n - 1)) + p(B(n))x(a(e(n)))

< /11—0 x(@(n — 1)) + p(B(n))x(a(H (n)))
< % x(e(n - 1)) + x(9(n)) p(B(n))
:x(G(n — 1)) </11—0 + p(@(n))) >

o,for all 6(n) = n,
whered(n) » —oo as n —» —oo,
assumptionx(n) > 0 for all n = n,.

v¥O(n) =n,

contradicts to the
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Theorem 2 Combining (2.8) and (2.9)
Suppose that (1.1) and(1.2) hold, and r(n) is defined by x(a(])) x(n)
(1.4). If for some £ € N Z r() x(j) = x(k)
o(n) o (i) o(j) T
> pexp > p() [ 7=~ ( % n X0 o 5y X))
fim inf 77 L O (O R A (O R
" where Leta(j) > j,then (2.7) becomes
B,(n) = _ A0 ]
T o) Ko<l 15 0g
1)ex = " (2.11)
{ .%‘1 p(i) p(mzj‘ilp(l)mllll p,, (m) H Consider (2. 10) and (2 11),
p(n) a())
2.3) X
With Py(n) = 2op(n) and A, is the smallest root of the n < Zl O)lnl 1-PFy(i,€)
tran_scendental equation 2 = eP?4, then all solutions of (1) are ! ! (i)
oscillatory. x(k) < x(n)exp( Z p(J)H J
Proof or j=n-1 BEL pO(' €) (2.12)

Let(x(n)),»_,, be an eventually negative solution of (1).
Then there exists n, > —w such that x(n), x(a(n)) < 0 for
all n = n,, then equation (1) becomes

Vx(n) = p(n)x(a(n)) >0,
Considering the fact thatp(n) = r(n),
Vx(n) — p(n)x(r(n)) >0, n=n,24)
x(r(n) _ <

x(n)

ynz=n

limsup
e implies that for each € > 0 there
exists an(e)

xir(izn))) <Ay —¢, foralln =n(e) =n,(2.5)

Using (2.4) and (2.5),

Vx(n) —p(n)(Ay — €)x(n) > 0,n = n(e)
orVx(n) — Py(n, €)x(n) > 0,n = n(e)(2.6)
whereP,(n,€) = (A, — €)p(n)

Appling the discrete Gronwall inequality,

2
x(k) < x(n) =k 1=py(m,e) foralln = n(e)(2.7)
Dividing (1) by x(n) and summing up from n — 1to k,

V(D) ~ x(o (i)
Z TN Z (J)
j=n-1 x(J) j=n-1 x(1) (2.8)Since e* = x +
1, x>0

Summing up (1) from n to a(n)
a(i)

X(n) +x(o(m) + Z p(Hx(a (i) =0

Assumek = ¢ (i) in (2.12),

o (i) a(i)
X(o(0)) < x(n) exr{ 2 PO ﬁ]

(2.13)

j=n-1
(2.14)
using (2.13) and (2.14),
x(n) + x(a(n))
a(i) a(i) a(i) 1
+x(n) Z p(D exp( Z r() 1_[ m)
i=n+1 j=n+1 m=n+1 ’
>0
Multiplying the last inequality by p(n),
p()x(n) + p(n)x(a(n))
a(n) a(n) a(i) 1
+pxm Y p() exp< > oo [ ] m)
i=n+1 j=n+1 m=j+1 ’
>0

Then equation (1) becomes
Vx(n) + p(n)x(n)
a(n)

a(n) a(i)
1
+ p(n)x(n) Z p(@® exP( Z r() l_[ m>
m=j+1 ’

i=n+1 j=n+1

C V) N (2G-D)
= - -1 >0
j=zn—1 x(7) j=zn:—1( x() ) ie,
k
_1 Vx(n)
=— Z [exp (lnx()]c(]) )> - 1]
et +p() |1
< - Z [lnx(] ) +1- 1] a(n) a(i) a()
j=n-1 0 + Z p(i) exp Z () 1_[ —~1 x(n)
_ zk: —lnx(] -H_ o x(m isn+1 G mer 1T Po(m, )
A x(j) x (k) >0
) .
$ V) x0)
or I=n-1 X(J) X(k) (2.9)
Published By: ) ) _
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ThereforeVx(n) + P, (n, €)x(n) > 0(2.15)

where

P, (n,€e)

=pm)|1
a(n) a(i) a(j) 1

+ ) p0ew| ) 00 | 7505
| 40) exp<. r() 1_P0(m'6)>]
i=n+1 j=n+1 m=n+1

Repeating the above argument leads to a new estimate,
Vx(n) + P,(n, e)x(n) >0

where
Py(n,€)
= pn)|1
a(n) a() a(j) 1
+ Z p() exp(Z: 140)) H —1—P1(m,e)>]
i=n+1 j=n+1 m=j+1

Continuing by induction, for sufficiently large n
Vx(n) + P,(n, €)x(n) > 0(2.16)

where
Py(n,€)

= p(n) |1

a(n) o (@) a(j) .

s Soen( 30 [ =

i=n+1 j=n+1 m=j+1 —-1Mm, €
And

(o) <x(r(n) [f 0 ]
x(o(i)) < x(r(n))exp n(j

e mejal= P 1(m €)

17)

Summing up (1) fromnto r(n), such that
r(n)

x(n) +x(r()) +>_ p(i)x(a(i)) =0
i=n (2.18)

Combining (2.17) and (2.18), we have, for all sufficiently
large n,
a(i)

x(n) + x(r(n)) + X(f(”))[zexp 0 H 1- p1<m e>]

(2.19)

The inequality is valid if we omit x(n) < 0 in the left-
hand side :

x(r(n)) + x(r

r(n) a(n)
Zpl)exp[ lel)H1 S e)]

n i=r(n)+ m=j+1

Thus, as x(r(n)) <0, for all sufficiently large n,

r(n) a(n) a(j)
1
Z p(i)exp< Z () H T=F,mo 6)> > -1

j=r(n)+1 m=j+1
From which byletting n — oo,
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r(n) a(n) a(j)
}Lijgoinf;p(i)exp< Z p(® 1_[ m>

i=r(n)+1 m=j+1
>-1
Since € may be taken arbitrary small, this inequality
contradicts (2.2)
The proof of the theorem is complete.

Theorem 3

Suppose that (1.1) and (1.2) hold, r(n) is defined by (1.4)
and0 < g <1/e.Ifforsome ¢ €N
<D -1
- .( )D )
(2.20)

r(n) o(i)
—!iﬂ;inf(z p(i)eXp[ PIROLOR
i=n i=r(n)+1
whereP (n) is defined by (2.3), then all solutions of (1)
are oscillatory.
proofLet x(n) is eventually negative solution of Eq.(1).
Using (2.19)

a(j)

K(0)-+ X(r(m) + x(r(n»[zexp 0= e)j

r(n) a(i) a(j)
Zp(z)exp( > e || = P[(m 6)>

j=r(n)+1 m=j+1
x(n)
ST )
Which implies,
p i) exp p(]
lim mf j=r(n)+1 m= J+11 p((m )
n>_m—01 + lim supﬂ
T e x(r(m)
X(n
lim <" p(g)
By lemma 2 »ex(r(n )) holds, So the last

inequality leads to

r(n) o (i) a(i)

(Z p(i)exp[ > p(J)H

—_k . i=n j=r(n)+1 m= J+1
im inf

n-oo

)
=2D(p) -1

Since € may be taken arbitrarily small, this inequality
contradicts(2.20).
The proof of the theorem is complete.

Theorem 4
Suppose that (1.1) and (1.2) hold, r(n)is defined by (1.4)

and0 < B < 1/e. If for some £ € N
r(n) a(i) a(j)
lim mf[z p(l)exp(z p() [T T m )B <D(p)-1
- b
(2.21)
whereP,(n) is defined by (2.3), then all solutions of (1)

m=j+1
are oscillatory.
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RESULTS & DISCUSSIONS

Let x(n) is eventually negative solution of Eq.(1). Using
(2.17)

(i) a(i)
x(o (i) < x(r(n)) ex
(o (i)) < x(r(n)) p(jrz(nlm |0(J)m]_J[+11 5 1(m )J
(2.22)
Summing (1) from n to r(n)
i=r(n)

x() + x(r(n)) + Z p(Dx(a(D) = 0
Using (2.22), i

x(n) + X(T(n))
i=r(n) ) 70) 1
+ Z p(i)x(n)exp<z p() H m> >0
n j=n m=j+1 '
or
x(n) + X(T(n))
r(n)

+x(r(n))zp( )

o(n) a())
p (Z P H hon e))
>0
sufficiently large n

r(n) a(n) a(j) 1
; p(@) exp (; p(j) 1_[ m)

m=j+1
X))
x(n)
Letn - oo
f (i) (Of (i) ﬁ) J
pl1)exp pUJ
! winl- pf(m )
Jim inf
> 711_[}1;10 sup xE:((nr;)) _
By lemma 2,
r(n) a(n) a(i)
Immf[Z p(|)exp[z p(j) H 3 (m )Dz D(p) -1

Lete may be taken arbitrarily small, this inequality
contradicts (2.21)
The proof of the theorem is complete.

Example

Consider the first order linear difference equation with
advanced argument

283
Vx(n)—mx( o(n)=0,neN
n+3, ifn=5u+1
n+l, ifn=5u+2
n+5, ifn=5u+3, e N,
n+2,ifn=5u+4

n+1 ifn=54+5

3.1)

o(n) =
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n+2, ifn=5u+1
n+1, ifn=5u+2
n+3, ifn=5u+3, ueN,
n+2,ifn=5u+4
n+1 ifn=5u+5

To show that
o(n) 5u+3

=liminf = I|m =——=0.1415
p=lim J_:Zmp(J) JSZME(J) 2000

The smallest root of =4 is ﬂo =1.18206
1-D(p) =0.988175996

Where o =118206

p(n) = ﬂz —0.1415<1/ J_=0.845980745,by(2.33)

r(n) =

0.14154

which implies

The function F N =R,

1) o) o)
F,(n) = Zp(l)exp(Zp(l)Hl 5 (m )J

m=j+1

At n:5'u+3"ueNO’for every ! € N.

54+6 a(i) a(i)
RGu+3)= Y plexp D pi) ][]

i=5u+3 j=5u+3 m= j+11 P( )

- a(m) a(k) a(m) 1

R(m) p(m)[lj%a p(k)exp[wéf(W)gll_ %p(v)ﬂ
Using the Matlab software ,we get

F.(51+3) =1.0091

lim inf F,(n) =1.0091 > 1~ D(}3) = 0.988175996

Theorem 4 satisfied the condition for ¢ :1.Then all of
solution of (3.1) is oscillatory.

r(n) 54u+6
MA= lim supz p(j) = limsup > p(j)=0.566<1
=n j=bu+3

0.566 <1— (1—+/1— )% = 0.98994
r(n)

lim inf Z p(i)o;"(r(n),o(j))

54+6

lim inf D ()b (Gu+6,0(j))

j=bu+3
_ 283 0 Bu+6,0(5u+3)+b (B +6,0(5u+4)) +by”
2000 "= | (5u+6,0(5u+5))+b; (51 +6,0(51+6))
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= 283 1 2+1+1+¥3 =0.69862<1
2000 . 283 1 283
2000 2000
o r(n) ] o(i) 1
!mlanp(l) [] ——==309361<1

i=n j:r(n)+11_p1(J)
3.9361<1- D(f) = 0.988175996

CONCLUSION

In this article, the oscillation conditions for the solutions
of (1) are established. These conditions are derived by using
an iterative technique. The conditions are improved compare
to the previously reported conditions which are reviewed in
the introduction. The conditions of this article involve
minf,the objective for future work can be established in
some other technic in oscillation conditions.
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