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Generalization of Singh’s Common Fixed
Point Theorem

J.Jeyachristy Priskillal, G.Sheeba Merlin

Abstract— In this article, I generalize Singh’s common fixed
point theorem for compatible mappings in fuzzy metric spaces.
Examples are given to support the results proved herein.

Index Terms— fuzzy metric space; compatible mapping;
common fixed point.

I INTRODUCTION

The author defined intuitionistic (y,n) contractive
mapping in [6]. Using the definition of y, we gave a
common fixed point theorem. The generalization of the
commuting mapping concept is compatible mapping which
is introduced by Gerald Jungck[3]. This concept was
generalized to fuzzy metric spaces by Mishra et al.[7].
Vasuki[13] proved a fuzzier version of the result of Pant[8].
She proved a common fixed point theorem using R-weakly
commuting. Further, some Mathematicians proved common
fixed point theorem for compatible mappings[11],[12],[10].
In the year 2000, Singh[1] proved a common fixed point
result for two compatible pairs of maps in fuzzy metric
spaces as follows:

Let A,B,S and T be self-mappings of a complete fuzzy
metric space (X,M,*) with a = b = min(a, b) satisfy the
following conditions:

() BXc SX,AX cTX,

(1) A,S and B, T are compatible,

(11N S and T are continuous,

(IV)M(Au,Bv,kt) > min {M(Su,Tv,t), M(Au,Su,t),

M(Bv,Tv,t),M(Su,Bv,2t), M(Au,Tv,t)}, for all u, v € X, t
>0andk € (0,1).

Then A,B,S and T have a unique common fixed point.

In our paper[6], v is defined as follows,

Let ¥ be the class of all mappings y : [0,1] — [0,1] such
that

(i)  is non-decreasing and lim "(s) = 1,vs € (0,1];
nN—o0
(i) w(s)>s, vs €(0,1);

(i) y(H) = 1;
Example21.1. [6] Define y : [0,1] — [0,1] by
S

Y(s) = g+ 1.¥s€ 0]

4s 8s
20y =3y = .
VO E e 1V O s
nS:—,VSE 0,1
VO ey Yo e
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n

2"s
(2" —1s+1
Clearly, y(s) >s, Vs € (0,1) and y(1) = 1.

limy"(s) = lim =1,vs € (0,1].
n—o0o n—oo

1. PRELIMINARIES

Definition 2.1. [9] A binary operation = : [0,1] x [0,1] —
[0,1] is called t-norm if the following conditions hold:

(a) = is associative and commutative;

(b)a*1=a, vae[01];

(c)a*b<c=*dwhenever a<candb<d, Vab,c,d €

[0,1].

If = is continuous then it is called a continuous t-norm.

Definition 2.2.[5] Let X be an arbitrary set, * be a
continuous t-norm, and M be fuzzy sets on X*x(0,0).
Consider the following conditions ¥ u, v, w € X and t > 0,

(i) M(u,v,0)=0;

(i) M(u,v,t)=1ifandonlyifu=v;

(iii) M(u,v,t) = M(v,u,t);

(iv) M(u,w,t + s) > M(u,v,t) * M(v,w,S);

(V) M(u,v,t) : (0,00) — [0,1] is left continuous;

The pair (M,*) is called fuzzy metric on X. The triple

(X,M,#) is called a fuzzy metric space.

Example 2.3. [2] Let (X,d) be a metric space. Denote

axb = ab,va,b € [0,1] and let Mqbe fuzzy set on

X x X % (0,+00) defined as follows:

Ma(u,v,t) = WVt > 0, then (X,Mg,*) is a fuzzy

t
t+d(u,v)
metric space.

Definition 2.4. [4] Let (X,M,*) be a fuzzy metric space. A
sequence {u,} in X is called

(a) convergent to a point u € X if and only if lim

n—oo

M(up,u,t) = 1,vt > 0,
(b) Cauchy if lim M(up,Unsp,t) = 1,vt >0 and p > 0.
n—oo

Definition 2.5. [4] A fuzzy metric space is said to be
complete if every Cauchy sequence in X is convergent.
Definition 2.6. [7] In a fuzzy metric space (X,M,*), two

self mappings A and B are said to be compatible if lim

n—oo

M(ABuU,,BAU,,t) = 1 whenever uj, is a sequence in X such
that lim Au, = lim Bu, = w for some w € X.

n—oo n—o0
Lemma 2.7. [8] If A and B are compatible mappings on a
fuzzy metric space X and Au,, Bu, — w for some w in X (u,
being a sequence in X) then ABu, —Bw provided B is
continuous (at w).
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1. MAIN RESULTS

Proposition 3.1. Let A and B be compatible mappings of
a fuzzy metric space (X,M,x) into itself. If Aw = Bw for
some

w € X, then ABw = BAw.

Proof. Suppose that {u,} is a sequence in X defined by

U, =w, = 1,2,...for some w € X and Aw = Bw.
Then we have Au,,Bu, — Aw asn — oo.

Since A and B are compatible mapping,

M(ABw,BAW,t) = [im M(ABu,,BAu,,t) = 1.
n—owo

Hence, we have ABw = BAw.

Since Aw = Bw, we have ABw = BAw.

Theorem 3.2. Let AB,S and T be self-mappings of a
complete fuzzy metric space (X,M,*) with a * b = min(a, b)
satisfy the following conditions:

m BX c SX,AX c TX,

(m A,S and B,T are compatible,

(nn One of A,B,S and T is continuous,

(v) M(Au,Bv,t)>y[min{M(Su,Tv,t),M(Au,Su,t),

M(Bv,Tv,t),
M(Su,Bv,2t),M(Au,Tv,1)}],
forallu,v e Xandt>D0.

Then A,B,S and T have a unique common fixed point.

Proof. Consider a point u, € X.

Since BX c SX and AX c TX, We can define a sequence
{v,} in X as follows:

there exists u; € X such that Aug = Tuy = v,.

there exists u, € X such that Bu; = Su, = v;.

there exists Usns1 € X such that Auz, = TUgner = Van.

there exists Usn+2 € X such that Bugpss = SUgns2 = Vons.

Now, for all t > 0,

M(V2n1V2n+l:t) = M(AUZmBuzml)

E\V[min{M(SuZn,TU2n+1,t),M(AUzn,SUth),

M(BUzn+1, TUz0+1,), M(SUzn, BU2n+1,2t),

M(AUZn:TUZnﬂvt)}]
= y[mMin{M(Van-1,V2n, 1), M(V2n,V2n1,1),
M(Van+1,V2n, 1), M(V2n-1,V2n+1,21),
M(VZn:Vvat)}]
= y[min{M(Van-1,Von,t), M(Vans1,V2n,t),
[M(Van-1,V2n, 1) *M(V2n,Vans1,1) ], 1}]
= Y[M(V2q-1,V2n,t), M(V2n,Von+1,1)]
= \V[min{M(Vzﬁ,VZn,t),M(VZn,V2n+1,t)}].

Since y(s) > s, for all s € (0,1),

M(V2n,Van+1,8) > W(M(V2q,Vans1,)) > M(V2q,Vonea,t) Which is
a contradiction.

Therefore, M(Van,Vont1,t) > W(M(vay-1,Van,t)).

That is, M(Vn,Vh+1,t) > W(M(Vy-1,Vn,t)).

Continuing this process, we can get

M(Vn,Vis1,t) = WM(Vo-1,Vn,t) = \|12(|\/|(an2,an1,'[)) E
>y (M(V1,Vo 1))

That is, M(Vp,Vns1,t) = y"(M(V1,Vo,t)).

Taking limit as n — oo and limy"(s) = 1, for all s €

n—o0

(011]1
lim M(vy,Vosa t) = 1.

n—o0

Similarly, we can prove
M(Vn+1:Vn+2at) Z \Vn(M(VLVllt))'
Ilm M(Vn+1,Vn+2,t) =1

n—o0
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Now for all p >0,
t t
M(Vn,Vn+p,t) > M(Vn7Vn+lv _) * X M(Vn+p—lvvn+pv - )
p p
Taking limit n — oo, we have,

) . t
M M(Vq,Voip,t) = M MV, Viig, — ) * ...
n—o0 p

n—owo

n—oo

. t
lim M(Vosp-1,Vieps 6)

>1*x...x1
=1.
That is, lim M(V,Vqsp,t) = 1.
n—o0

Hence,{v,} is a Cauchy sequence in X.
Since (X,M,*) is a complete fuzzy metric space, there

exists we X such that lim M(v,,w,t) = 1, for each t > 0.

n—o0

Since Auy, =TUnss = Vo and Buopsg = SUonsn = Vopsg are
subsequences of {v,},

Ilm AUZn: Ilm TU2n+1 = Iim BU2n+1 = Iim SU2n+2 =W.

n—o0o n—oo n—oo nN—o0

Case 1.Suppose A is continuous, since A and S are
compatible and by Lemma 2.7, AAu,, and SAu,, converges
to Aw as

n — .

Consider,

M(AAUZn,BU2n+1,t) > w[min{M(SAuZn,Tu2n+1,t),

M(AAUZmSAUth),

M(Buzn+1, TUzn+1,1),

M(SAUzq, Buzn+1,2t), M(AAU0, TUznsa, 1) 1.

Taking limit as n — oo, we get

M(Aw,w,t) > y[min{M(Aw,w,t), M(Aw,Aw,t), M(w,w,t),

M(Aw,w,2t), M(Aw,w,1)}]
= y[min {M(Aw,w,t), M(Aw,w,2t),1}]
= y(M(Aw,w,t)).

That is, M(Aw,w,t) > y(M(Aw,w,t)).

Since y(s) > s for all s € (0,1], it is possible only when

M(Aw,w,t) = 1.

That is, Aw = w.

Since AX c TX and hence there exists a point x € X such
that w = Aw = Tx.

We claim that w = Bx.

M(AAU2n,Bx,t) > y[min {M(SAug, TX,t),

M(AAUy,,SAU,,t), M(BX,TXt1),
M(SAuy,,Bx,2t), M(AAU,,, TX, D}

Takin limit as n — oo, we get

M(Aw,Bx,t) >

y[min {M(Aw,Aw,t),M(Aw,Aw,t), M(Bx,Aw,t),

M(Aw,Bx,2t), M(Aw,Aw,t)}].

That is, M(w,Bxt) =
y[min{1,1,M(Bx,w,t),M(w,Bx,2t),1}]
= y[M(w,Bx,p)].

That is, M(w,Bx,t) > y[M(w,Bx,t)].

Itis possible only when M(w,Bx,t) = 1. That is, w = Bx.

Since B and T are compatible and Bx = Tx,

by Proposition 3.1, BTx = TBx and Tw = TBx = BTx =
Bw.
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Also we have,

M(Au2n,Bw,t) > y[min {M(Suz,, TW,t), M(AUz,,Suzn,t),
M(Bw, Tw,t),

M(Suzq, Bw,2t), M(Auz, Tw,t)}].

Taking limit as n — oo, we get

M(w,Bw,t) > y[min {M(w,Bw,t), M(w,w,t),1,
M(w,Bw,2t),
M(w,Bw,1)}]
= y[M(w,Bw,t)].

That is, M(w,Bw,t) > y[M(w,Bw,t)].
It is possible only when M(w,Bw,t) = 1.
That isw=Bw = Tw.
Since BX c SX, there exists a point y € X such that
w = Bw = Sy.
We claim that w = Ay.
M(Ay,w,t) = M(Ay,Bw,t)
> y[min {M(Sy,Tw,t), M(Ay,Sy,t),
M(Bw,Tw,t),
M(Sy,Bw,2t), M(Ay, Tw,t)}]
Taking limit as n — oo, we get
M(Ay,w,t) > y[min {M(w,w,t), M(Ay,w,t),1, M(w,w,2t),
M(Ay,w,t)}]
> iv[M(Ay,w,t)]

Since y(t) >t for all t € (0,1) and y(1) = 1, M(Ay,w,t) =
1. Thatis, Ay = w.

Since A and S are compatible and Ay = Sy, by
Proposition 3.1, ASy = Say and hence Sw = SAy = ASy =
Aw.

Hence, w = Bw = Tw = Aw = Sw.

Therefore, w is a common fixed point of A,B,Sand T.

Case 2. Similarly, we can prove when B is continuous.

Case 3. Suppose S is continuous, since A and S are
compatible and by Lemma 2.7, SSu,, and ASu,, converges
to Sw as

n— oo,

Consider,

M(ASUZn,BU2n+1,t) > w[min{M(SSuZmTumﬂ,t),

M(ASUZn,SSUth),

M(Buzn+1, TUzn+1,1),

M(SSuzn,BUzq+1,2t), M(ASUz, TUzn+1,1) }
Taking limit as n — oo, we get
M(Sw,w,t) > y[min {M(Sw,w,t), M(Sw,Sw,t), M(w,w,t),
M(Sw,w,2t), M(Sw,w,t)}]
= y[min {M(Sw,w,t),M(Sw,w,2t),1}]
= y(M(Sw,w,t)).
That is, M(Sw,w,t) > y(M(Sw,w,t)).
Since y(s) > s for all s € (0,1], it is possible only when
M(Sw,w,t) = 1. That is, Sw = w.
Now, we claim that w = Aw.
M(AW,BU2p+1,t) > wlmin {M(Sw,Tuzn:1,t), M(Aw,Sw,t),
M(BU2n+1,TU2n+1,t),M(SW,BU2n+l,2t),
M(AW,TUZrH.l,t)}]
Taking limit as n — oo, we get
M(Aw,w,t) > y[min{M(w,w,t), M(w,w,t), M(W,w,t),
M(w,w,2t), M(w,w,t)}]
> y[1]
=1
Since y(t) > t for all t € (0,1) and y(1) = 1, M(w,Aw,t) =
1. That is, Aw = w.
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Since AX < TX and hence there exists a point z € X such
thatw=Aw =Tz
We claim that w = Bz.
M(w,Bz,t) = M(Aw,Bz,t)
> y[min{M(Sw,Tz,t),
M(Bz,Tz,t),

M(Aw,Sw,t),

M(Sw,Bz,2t), M(Aw,Tz,t)}].
> y[min {M(w,w,t),M(w,w,t),M(Bz,w,t),
M(w,Bz,2t),1}].
= y[M(w,Bz,t)].
That is, M(w,Bz,t) > y[M(w,Bz,t)].
Itis possible only when M(w,Bz,t) = 1. That is, w = Bz.
Since B and T are compatible and Bz = Tz, by
Proposition 3.1, BTz = TBz and Tw = TBz = BTz = Bw.
Also, we claim that w = Bw.
M(w,Bw,t) = M(Aw,Bw,t)
> y[min {M(Sw,Tw,t), M(Aw,Sw,t),
M(Bw, Tw,t),
M(Sw,Bw,2t), M(Aw, Tw,t)}].
> y[min {M(w,Bw,t),M(w,w,t),1,M(w,Bw,2t),
M(w,Bw,t)}].
= y[M(w,Bw,t)].
That is, M(w,Bw,t) > y[M(w,Bw,t)].
It is possible only when M(w,Bw,t) = 1. That is, w = Bw.
Hence w = Aw = Sw = Bw = Tw. Therefore, w is a
common fixed point of A,B,S and T.
Case 4. Similarly, we can prove when T is continuous.

Uniqueness:

Suppose w; is also a common fixed point of A,B,Sand T.
M(w,wy,t) = M(Aw,Bwy,t)

> y[min{M(Sw,Tw,t), M(Aw,Sw,t),

M(BW]_,TWl,t),

M(Sw,Bw;y,2t), M(Aw, Twy,t)}]

= y[min {M(w,wy,t), M(w,w,t), M(Wy,wy,t),

M(w,wq,2t), M(w,wy,t)}]

= W[M(Wswl!t)]
That is, M(w,wy,t) > y[M(w,wy,t)]
This is possible only when M(w,w;,t) = 1. That is, w =

wi. Hence the proof.

Example 3.3. Let X = (—o0,0) with the metric d defined by

d(u,v) =[u — v|, define M(u,v,t) = , for all u,v €

t+d(u,v)
X and t > 0. Note that, (X,M,*) where a * b = min(a,b) is a
complete fuzzy metric space.

The maps A,B,S,T : X — X is defined by

2+u
A(u) = T ,Bu)=3—-2u, S(u)=2—uand T(u)=u.

1
Letu,=(1— =).
n

Now, we verify that A,S is compatible.
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lim M(ASu,, SAU,t) = 1im M(A2 — u,,S2 + uy 3,t) 6.
n—oo nN—o
. 4-u, 4-u
=lim M( n oY) I.
n—o0 3 3
=1
lim M(ASu,,SAu,t) = 1. 8.
n—o0
1
2+(1--) 9.
. . +U, . n
Also lim Au, = lim =lim —— =1.
n—oo n—oo n—o0 3 10

. . . 1
limsu,=lim 2-y,=lim2-(1-=)=1.
n—oo n—oo

Therefore, A and S are compatible mapping.

Similarly, we can verify that B and T are compatible.
Also

BX c SX and AX c TX and T is continuous. 13.

2s
Define the map v : (0,1] — (0,1] by y(s) =—1 for each
S+

s € (0,1]. Now, we verify that
M(Au,Bv,t) > y[min {M(Su,Tv,t), M(Au,Su,t),M(Bv,Tv,t),
M(Su,Bv,2t),M(Au, Tv,t)}], for all u,v
€ X.
Consider the following:
Suppose u =4 and v = 10.
M(A4,B10,t) > y[min {M(S4,T10,t), M(A4,S4.t),
M(B10,T10,t),M(S4,B10,2t),
M(A4,T10,t)}]
if M(2,—17,t) >
M(2,-2,t),M(—17,10,t),
M(—2,-17,2t),M(2,10,t)}]
t t t

t+12 t+4 ' t+27"°

t t .
t+75 t+15

t

>
_W[t+27]

t

>
t+15 t+135
That is if 15 > 13.5.
Similarly, we can verify, for all u,v € (—o0,).
All the conditions of the previous theorem are verified.
Then, 1 is the unique fixed point.
Hence, A,B,S and T have the common fixed point in X.

y[min {M(=2,10,t),

That is if

t 5 > y[min{

That is if
t+15

That is if
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