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Abstract— This project intends a general procedure to obtain 

the membership function of the performance measures in three 

stage tandem queues when the inter-arrival time and service time 

are in fuzzy. The basic idea is to diminish the crisp queue into 

fuzzy by applying the α-cut approach technique. A pair of 

parametric program is formulated to depict that family of crisp 

queue in which the membership functions of the system 

performance are acquired. 

Keywords— Fuzzy, queueing system, tandem queue, 

parametric programming, membership function. 

INTRODUCTION : 

Queueing theory is the mathematical diligence of waiting 

lines or queues. Queue lengths and waiting time can be 

signified by constructing the queueing model. The system in 

which single queues are affliated by a routing the  network. 

Queueing theory plays an important role in our daily life. It 

is not possible to exactly determine the arrival and departure 

of customers when the number and types of facilities as 

well as the essential of the customers are not known. 

Queuing theory techniques, in particular, can help us to 

determine suitable number and type of service facilities to 

be provided to different types of customers. The applications 

of the queueing theory [4]are traffic flow, programming the 

patients in hospital, facility design in bank and other 

institutions,programming of service facilities in a repair 

and maintenance in workshop, programming of limited 

transport fleet to a large number of user,programming of 

reconstruction of used engines and assemblies of aircrafts, 

missile system, transport fleet. 

The fuzzy queues are first proposed by R.J.Lie and 

E.S.Lee in 1989. In poisson arrival queuing system is a 

fairly reasonable appropriation where the arrival rate and 

service rate are really more possibilistic than probabilistic. 

But, in many practical situations the parameters λ(arrival 

rate) and µ (service rate) are frequently fuzzy and cannot be 

expressed in exact terms.  

TANDEM QUEUE:
 

Tandem queue is the simplest signal network of queue. 

The Jackson network is the first substantial result in the 

queue for which a proficient product from stationary 

distribution exists and the mean value interpretation which 
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concede average metrics such as throughput and sojourn 

times to be determined. 

Tandem queue is modeled for multi-hop wireless network 

which is proposed by Long Bao Le, Erkam Hossain in 2007. 

The queue performs the QOS routing and admission control 

in the network. And also, tandem queue is modeled for 

coupled processor which is proposed by Jacques Resing, 

Lerzan ö Rmeci in 2003. This project analyse the two 

dimensional markov process represent the number of jobs in 

the two stations. 

A customer server at point i forthwith joins the queue at 

the point i+1, departing the system only when all the stages 

have been accomplished. 

Many models have proposed tandem queue based upon 

the nature of fundamental process. 

In this paper, we analyse the three stage tandem queues in 

fuzzy environment with trapezoidal fuzzy number. 

THREE STAGE TANDEM QUEUES: 

A Tandem queue with three service station S1, S2, S3 with 

a poisson rate λ . The customers from outside enter into the 

station S1, after service in S1, moves to the station S2, then 

they join the station S3 in queue. After the termination of 

service at the station S3, the customers can abandon the 

queueing system. The queue formation is infinite and 

service time of station S1, S2, S3  are exponentially 

distributed with parameters  
 ,
  
 , 
  
 
 respectively. There must 

be an one customer is able to suffice of the service from 

each station at a time [6]. 

 

PERFORMANCE MEASURE: 

1. The average number of customers in the queue. 
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2. The average waiting time of customer in the queue. 
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3. The average number of customers in the system. 
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4. The average waiting time of customer in the system. 
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PROBLEM FORMULATION: 

STEP 1: When both inter-arrival time and service time 

are in fuzzy number, we use Zadeh’s extension principle 

(using 1.11) to construct the membership function.  

STEP 2: To derive the membership function, the 

beginning is to construct the α-cuts of µP(A,S) . 

STEP 3: Then, we lack either µA(a) α and µS(s)≥α or  

µA(a)≥α and µS(s) α  such that z P(A,S) to satisfy 

µP(A,S)(z) α. 

The above steps obtained from the parametric 

programming technique [1]. 

The corresponding parametric programming for finding 

the lower and upper bounds of the α-cut of µP(A,S)(z) are: 

FORMER CASE: 

mp α 
  minp a,s  (1) 

s.t.mA α  a n  α , s S α   

nP α 
  maxp a,s  (2) 

s.t.mA α  a nA α ,s   α   

LATTER CASE:  

mp α 
   minp a,s  (3) 

s.t.mS α  s n  α  ,a A α   

nP α 
   maxp a,s  (4) 

s.t.  mS α  s nS α ,a A α   

According to the definition 1.6 and a A(α), s S(α)can be 

displaced by a  m  α ,n  α   and s  m  α ,n  α  . Then 

equation (1),(2),(3),(4) can be written as in the form: 

mp α  minp a,s  (5) 

s.t. m  α  a n  α     

s.t    mS α  s nS α ,  

UPPER BOUND: 

nP α  maxp a,s  (6) 

s.t. mA α  a nA α     

s.t    m  α  s nS α ,  

since,{ mp α ,n  α       ,  }. 

The membership function µP(A,S)(z) can be derived by 

using left shape function  mp(α) =L(z) and right shape 

function np(α)=R(z). 

 

 

 

                                                    L(z),     q1 z  2 

                       µP(A,S)(z)      =          1,          q2 z  3 

 R(z),     q3 z  4 

 

 

Where q1  2  3  4 and L(q1) = R(q4)   . Otherwise, α-

cut lies in the nested system. 

NUMERICAL EXAMPLE & RESULTS 

Consider the three stage tandem queue where the inter-

arrival time and service time are represented in fuzzy by 

λ =[8,9,10,14],   
 
=[10,12,13,24],   

 
=[10,13,15,30], 

  
 
=[15,16,18,25]. 

The corresponding α-cuts in the interval are: 

[mA(α),nA(α)    α 8, 4-4α  

[mS (α),nS (α)     α   , 4-  α  

[mS (α),nS (α)     α   ,  - 5α  

[mS (α),nS (α)    α  5, 5-7α  

The parametric programs to be solved are:                  

m (α)= min a  
 

s  s -a 
 

 

s  s -a 
 

 

s  s -a 
   

subject to,         

            

       s1        

                         s2        

      s3       

n (α)= max a  
 

s  s -a 
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s  s -a 
   

subject to, 

            

       s1        

                         s2        

      s3       

To minimize the performance measure, a reaches its 

lower bound and s1, s2, s3  reaches its upper bound then, 

m (α)  (8 α)
2 

 

( 4-  α)(  -  α)

 
 

(  - 5α)( 4-  α)

 
 

( 5-7α)( 7-8α)
 and to maximize 

the performance measure, a reaches its upper bound and s1, 

s2, s3  reaches its lower bound. 

n (α)= (14-4α)2 
 

( α   )( α-4)

 
 

( α   )(7α-4)

 
 

(α  5)(5α  )
  

The inverse function of m (α)and n (α)exist. Then, we can 

obtained the membership function  µL(z) as: 
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The membership function for  
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The membership function for  
 

s as follows: 

The parametric programs to be solved are:                      

mW(α)= min
  

 s -a
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 α      s1    4-  α 

 α      s2     - 5 α 
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     - 

   
 ,                .      z    .48  

         µW(z) 1,                              .48    z    .5 
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CONCLUSION: 

In this project, the analysis of fuzzy three stage tandem 

queues has been done when the inter-arrival time and 

service time are in fuzzy.We derive the membership 

function for the performance measure of three stage tandem 

queue by using the parametric programming technique 

which is based on α-cut method, zadeh extension principle, 

right shape function  and left shape function. 
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