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On Square Binormaland square n-binormal
Operators

K Meenambika, C V Seshaiah, N Sivamani

Abstract: In this paper, a new class of operator called square
binormal and square n-binormal are introduced.The objective of
this paper is to study conditions on B which imply square
binormal[sgBN] and square n-binormal[sqgnBN].A result is
proved stating that every binormal operator is square binormal
and an example is given stating that the converse is not true.lt is
also proved that square n-binormal operator and n-isometry
operators are independent classes.

Index Terms: Hilbertspace,
Binormaloperator, Isometry operator.

Normaloperator,

I. INTRODUCTION

Throughoutthis paper H is a Hilbert space and L(H) is
defined as the algebra of all bounded linear operators acting
on a Hilbert space H. An operator B = L(H) js called
normalif B*B = BB~ n-normal if B"B" =B"B" |n
[4]Panayappan S and Sivamani N introduced a new class of
operators  calledn-binormalandit  is  defined as
B"B"B"B" = B"B"B"B" Meenambika K et al.,[1]have
defined and analysed some of the properties of a new class of
operator called Skew binormal operator and defined as
(8"BBB")B = B(BB*B"B) In [8]
MahmoodKamilShihab defined an operator called square

normal operator defined as B>(B") = (B ) B and an
example is given to show that the square normal operator is
not normal operator.In this paper, we investigate some basic
properties of square n-binormal operator.

1l. SQUARE BINORMAL AND SQUARE N-BINORMAL
OPERATOR

An operator B < L(H) js called square binormal if
(B")B°B2(B")f =B(B")(B") B?

and square n-binormal if
(B*)Z B2n BZn (B*)z — BZn (B*)2 (B*)z BZn
Theorem 1.1

If B is a square n-binormal operator and B is any scalar

which is real then #B is also square n-binormal operator.
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Proof:

Since B is a square n-binormal operator,we have
CRERERICE RGO CR R

(1.2)
it B is any scalarthen (8B) = pB° also  we

* n n * 2
have,((ﬂB) ) =B (B )
Using the results in (1.1),
() Tl o1 () | = p7(6°) 587 pvme (3
=,34,34n g4n (B*)A
1.2)
[ﬂB]zn [(,BB)*]Z[(ﬂB)*]Z[,BB]m =ﬁznanﬁz(B*)zﬂz(B*)zﬂanzn
=ﬁ4nB4nﬂ4(B")4
(1.3)
From (1.1),(1.2) and (1.3) we see that #B is also square
n-binormal operator.
Theorem 1.2

Every binormal operator is square binormal.
Proof:

An operator Be I‘(H)is binormal if B'BBB" =BB'B'B
B”B’B’B” =(B"BBB"f
— B°'BBB'B*BBB"
- BB'B'BBB'B'B
- (BB"B"B)
=B’B'’B"'B?

Hence B is square binormal operator.

The following example shows that square binormal operator
need not be binormal.

Example 1.3

| |
B= 0 .
Let -l be an operator acting on a two

dimensional Hilbert space. Then B is square binormal but not
binormal.

Theorem 1.4

If B is a square n-binormal operator which is a self-adjoint

operator,then B isalso square n-binormal operator.
Proof:
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If B is a square n-binormal operator,we have
(& F e (e} - e (e F () 8) (1a)
Since B is self-adjoint, B* = B

Replace Thy T in (6.4),we get

(&) FE )y EF(e)f-6FeE

B%)“BWW
=B F ("6 E) (15
Also
(o) ey Fef - e Fe )

e

, BB B FE (16

From (1.5) and (1.6), B”isalso square n-binormal.
Theorem 1.5:
If B is self adjoint operator,then B is square n-binormal
operator.
Proof:
Since B is self-adjoint, B"=B
Now,
(B*)2 BZFIBZH (B*)2 — BZBZH an BZ

— B4 B4n

_ 4+4n

=B (L.7)
BZn (B**)2 (B*)Z BZn — BZn BZ BZ BZn

— B4B4n

— B4+4n

(1.8)
.- B is square n- binormal operator.

Theorem 1.6
If B is any operator on a Hilbert space H.Then

,(B+5)

i) BB is square n-binormal.

is square n-binormal.

iii) B'Bis square n-binormal.

iv) | +B'B,1+BB are square n-binormal.

Proof:

i)Let N=B+B

N*=(B+B") =B"+B=N
Hence, Nis a self-adjoint operator.

We know that every self-adjoint operator is square
n-binormal

Therefore, N = B + B js square n-binormal operator.
iiy(B8°) =B"B" = BB"

Hence, B'B is self-adjoint operator , so BB is square

n-binormal operator.

iv)(1 +B°B) =(1"+B'B")=(1+B'B)

(1+BB*) =(1"+B"B")=(1+BB")

I +B'B,1 +BB" are
| +B*B,l +BB”

Hence,

self-adjointoperator,so
n-binormal operators.

are square

Theorem 1.7

Let B be a square n-binormal operator on a Hilbert space
H.Let L be self adjoint operator for which B and L
commute,then LB is also square n-binormal operator.

Proof:

Since L is self-adjoint operator,we have L" =L and also
since L and B are doubly commuting, we get

LB =BL

L'B =BL"

LB" =B'L

Hence (LB) = (BL)

Since B is a square n-binormal operator,we have
(B"FB>B>(B") =B>"(B")’(B") B™".

From LB=BL it is easily seen that

BL" =L"B , B"L"=L'B" , L"B* =B"L"

n__pngn 2n _ p2ny2n
(LB) =B"L icn implies (LB) =B7L
Consider,

(o) sy oy fusy - oeefo ]
Teresre )
Tereree e
Jerereiefe]
Tereree
Ul eee)
;ww%) (s |

Fp (LU f 7 (B°f

el e
oo e Ter
-l el e
T

Hence LB is square n-binormal operator.

. . Theorem 1.8
Hence, BB is self-adjoint operator , so BB s square
n-binormal operator.
iiiy(B'B) =B'B” =B"B
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If B is a self-adjoint operator,then B~ is also square
n-binormal operator.

Proof:

Since B is considered to be a self-adjoint operator, B"=B
=B =) =8"

-1
= B s self-adjoint

-1
= B s square n-binormal.
Proof verification:

1 ) _p-t
Since B is self-adjoint, (B ) B
Now consider,

ey ey e e -6E1rE e ey

:(B*)“"" (1.9)
Flevtey ey -e e e ey
=(8" )” (1.10)
From (L.9) and (1.10) B™is also square n-binormal
operator.
Theorem 1.9

Let B be a self adjoint operator on a Hilbert space H and L be

any operator on H, then L'BL s square n-binormal
operator.
Proof:

Since B is considered to be a self-adjoint operator, B"=B
consider (L'BL) =L'B"L=LBL

Therefore L BL self-adjoint which implies L'BL js square
n-binormal.

Proof verification:

Consider,

ey Fismsy sy fisms) T -[s s ts) (s rs) s 1s

_ (S T )4+An

(UBLy” [(L*BL)” ]2 [(L’BL)”]E(L‘BL)Z“ =By [(LeL)f(LeL)f(UeL)y”

(L" BL)AMn

(1.11)

(1.12)
From (1.11) and (1.12),

L'BL js square n-binormal.
Theorem 1.10

If B is a square binormal operator if and only if B? is
binormal.

Proof:

Let B be a square binormaloperator,then

(B feei(s f =8(6 (e fB?
o (p?) B282(B?) =B2(B?)(B?) B?

2, .
<> B ishinormal.

Theorem 1.11
f Be quN ,then so are,

i)any b < L(H) that is unitarily equivalent to B.
ii)the restriction B/M of B to any closed subspace M of H that
reduces B.
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Proof of (i):
et LeLl(H) be unitarily equivalent to B then there is a

unitary operator Ue L(H) such that
L?" =U"B?*"'U,L" =U"B"U

Consider,
(e f = BufuB*ufu B ufUBUY
= frfuferurferuruferfu?
=(f(e"fere (e fu
=(U-f(er) B (1.13)
(L f (e fe =uerufuBufuBufUB U
=(urfBurU f(E U f (e fururfehu?
- Farfrfir et
~(uf(B")B*U?
(1.14)
L € sgBN

From (1.13) and (1.14)
ii) If B is square n-binormaloperator,then
(B FB>"B> (B ) =B>"(B")*(B" ) B™".
Consider,
(Brmy Fermp @ (M) f =(B M) (E= B2 M) 1M
—[B* 1w g e 1w
=B B"B¥B" /M
=B*B"’B B /M (©TissqnBN)
=B /M)B M (B M f (BT M)

~(Brm (81w ) f{(Brm) firmy”

= B/M €[sqnBN].

The following examples show that square n-binormal and
n-isometry operators are independent classes.
Example 1.12

1 1)
= 2
Consider the operator [1 OJon R , which is square
3-binormal but not 3-isometry.
Example 1.13
1

(o 4]
2
Consider the operator O 1),mR , which is
square 3-isometry but not square 3-binormal.
Theorem 1.14

Let B,,B,..B, be n-binormal operators in L(H).Then

(B,®B,®..®B,)

and
(B, ®B, ®...®B,) are square n-binormal
operators.
Proof:
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[e.e8,0.08,)[( 8,0.08, )@ 08,608, [808,6.08,)]
-[8,e8,0..08,)(8,08,0..08,)( 85,668, (8,@8,0..08,) |

=(8,©8B,0..68,)(8,®B,0..68,)'(8,®8,0..08,)(8,©8B,0..68, )
(8,©8,0..98,)(8,®8B,6..68,)'(8,®8,6..98,)'(8,®8,9..68B, )

=(8,©8B,0..68,)'(8,®B,6..08,)(8,®B,0..08,) (B,®8,6..08,)
(8,©8,0..98,)'(3,®B,9..68B,)(B,®B,®..98,)(8,®8,..68,)

-[8,e8,0..08,)( ®8,0.28,)(6,®8,6..08,)(6,©8,6..e8, [

-(8,08,0..08, /|8 08,0..08,)[[s.e8,0.08,) (6 08,08,

Hence (B.1®B,®..®B,)

operator.

Now 0 Xz X € H |

is square n-binormal

-[5.08,0..88,)](6,08,8..88,(5,08,0..98, |5, 8,6..08, [ (x ©x,6..0x,)
. . R 2 n nYp 2 n n\g . W
=6, ®8,0..98, (6" 88,7 8..08," [5." ©8," ©..08," |p; ©8, ®..88, [ (x ©x,8..8x,)
2 2 2 n n nYp 20 n g 2 W2 W2
:(B1 08, 0..88," |57 08, 0..08, |87 957 0.8, XBl 88,°9..88, lxl®xz®...®xm)
- (Bl'zBf" B'8,"x ®8, 8,8, "B, %, ®..8B, "B, "B,” Bm'zxm)

- (Bf"Bl‘zB;zBf”x1 ©8,"8,"8,B,"x, 8..0B,” Bm'zBm’zBmf"xm)

(B,®B,®..®B,) js

Hence n-binormal

operator.

square

I1l. RESULTS
The following results are proved in this article.
1. If B is a square n-binormal operator and B is any scalar

which is real then pB is also square n-binormal operator.
2. Every binormal operator is square binormal.

i
B= .
3. Let 0 -1 be an operator acting on a two
dimensional Hilbert space. Then B is square binormal but not
binormal.
4. If B is a square n-binormal operator which is a self-adjoint

operator, then B isalso square n-binormal operator.

5. If B is self adjoint operator, then B is square n-binormal
operator.

6. If B is any operator on a Hilbert space H. Then

i) (B +B )is square n-binormal.

i) BB"js square n-binormal.

iii) BB is square n-binormal.

iv) | +B'B,1+BB are square n-binormal.

7. Let B be a square n-bhinormal operator on a Hilbert space

H. Let L be self adjoint operator for which B and L
commute, then LB is also square n-binormal operator.
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8. If B is a self-adjoint operator, then B " isalso square
n-binormal operator
9. Let B be a self adjoint operator on a Hilbert space H and L

be any operator on H, then L"BL s square n-binormal
operator.

2
10. If Bis a square binormal operator if and only if B%is
binormal.

IV. CONCLUSION

This paper has presented a deserving class of operators
called Squarebinormaland square n-binormaloperators.
Some of the characters of square n-binormal operators were
studied. The described work is focused on relationship
between self- adjoint and squaren-binormal operators.
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