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Transient Analysis of K-node Tandem Forked
Queuing Model with Bulk Arrivals Having
LLoad Dependent Service Rates

M. Sita Rama Murthy, K.Srinivasa Rao, V.Ravindranath, P.Srinivasa Rao

Abstract: In this paper a K-node series and parallel queuing
model with load dependent service rates is introduced and
analysed. It is assumed that the customers arrive to the initial
queue in batches and wait for service. After completing the
service at first service station they may join any one of the (K-1)
parallel queues which are connected to first queue in series and
exit from the system after getting service. Here it is assumed that
the arrival and service completions follow Poisson processes and
service rates depend on number of customers in the queue
connected to it. Using difference-differential equations the joint
probability function of number of customers in each queue is
derived. The system performance measures such as average
number of customers, waiting time of customer, variation of
number of customers in each queue, throughput of each service
station, utilization of each server are derived explicitly. The
sensitivity of the model is analysed through numerical
illustration and observed that the performance measures are
significantly influenced by state dependent service rates. This
model also includes the earlier models as particular cases for
specific values of the parameters. This model is useful in
analysing the practical situations such as communication
networks, production process and cargo handling.

Index Terms: Bulk arrivals, forked queuing model, Load
dependent service rates, Performance of system, Poisson
Process, Tandem queue.

I. INTRODUCTION

Queuing reflects organized behaviour of large numbers
whether it involves persons , items machines thoughts,
services etc., For homogeneous services with small numbers
simple queues will solve the problem. However when the
situation involves large groups bulk arrivals seeking various
services the complexity increases. Handling such situations
needs mathematical modelling and analysis because
mathematical modelling gives a picture of all theoretical
possibilities and combinations before working out real time
situations. The advantage of forming and analysis of
mathematical model is that they are time and cost effective
,always give scope for comparing with practical situation
and modify the theoretical model approximately, can be
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tested with generic data and go back to real time situation for
implementation. Various forked queuing models with load
dependent service rates have been developed to analyse
mathematical situations allowing bulk arrivals. The present
study is motivated by Srinivasa Rao et al., [1][2][3][4],
S.P.Niranjan.et al.,[5], Raja Sekhar Reddy et al.,[6]. Several
gueuing models have been developed and analysed in order
to evaluate the performance of several systems for control
and monitoring. Queueing models formulate a prerequisite
for design and and development of several systems arising at
places like Communication networks, ATM scheduling,
Transportation systems, Production processes etc.,(Boxima
0.J., [7] , Bunday.B.D., [B] , Srinivasa Rao et
al, [1]1[2]1[3][4], charan Jeet Singh et al., [9] Kin
L.Leung et al[10]). Recently much work has been reported
regarding Tandem Queueing models. In Tandem Queueing
models the output of one Queue formulate the input of the
other. Jackson Paul [11] , Srinivasa Rao et
al., [1][2][3][4] , Armuganathan et al [12]

Raghavendran et al[13]and others have developed various
tandem Queueing models with the assumption that arrivals
and services are independent. But in practical situations the
service time is to adjust depending upon the number of
customers in the Queue. This type of Queueing models are
called load dependent Queueing models. Srinivasa Rao et
al., [1][2][3][4] Suresh Varma et al., [14], Tirupathi
Raoetal., [15], Nageswara Rao et al., [16], Subhashini et

al., [17][18] [19], Anyue Chen et al., [20] have
developed Queueing models with the assumption that the
service rates are dependent on the number of customers in
the Queue. In all these papers they assumed that the nodes
are connected in tandem and single. But in several practical
situations after getting service from the first Queue the
customer may join one of the several Queues connected to it
for service .For example in Communication networks after
getting service from the first transmitter the data/voice
packets are to be routed to one of the several buffers
connected in parallel for forward transmission. This type of
scenario is also visible in Production processes such as Glass
manufacturing, where the raw material is converted as liquid
glass. Itisthen transferred to several production lines which
are parallel for making different types of glass ware. This
type of Queueing models may be called as 2-node series and
K parallel Queueing systems, referred as forked Queueing
models.
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Sita Rama Murthy. M et al., [21] have developed a K-node
Tandem Queueing model in which customers or units arrive
individually at the first server and after getting service there
they may join in any one of (K-1) parallel queues connected
in series. In this paper they assumed that the customers
arrive single and wait for service. But in other practical
situations like store and forward communications network
the arrival messages are converted in to random number of
packets depending upon size of the messages. Also in
railway yards and ports also the cargo handling is done in
batches of random size. For analysing such situations one
has to consider queuing models with bulk arrivals. The bulk
arrival queuing models were initiated by Erlang solution of
M/E/1 model [22] Brockmeyer etal., [23] and
O.Brain[24].Later several authors developed queuing
models  with  bulk arrivals.  Subhashini A.V.S
etal., [17][18],[19]developed tandem queuing model of
2 servers with non homogeneous Poisson bulk arrivals. Sadu
Atchuta Rao et.al., [25] have developed a tandem queuing
model of 3 servers with non homogeneous Poisson arrivals
having state dependent service rates. Very little work has
been reported in literature regarding K-node tandem
queuing model with load dependent service having bulk
arrivals. Hence in this paper we developed a K-node tandem
queuing model with K servers having state dependent
service rates.

Here it is assumed that the arrival processes and service
processes follow Poisson processes. It is further assumed that
the service rate of each service station depends on the
number of customers in the Queue connected to it. Using the
difference—differential equations the joint probability
generating function of the number of customers in each
Queue is derived. The performance of the model is analysed
by deriving explicit expressions for the system
characteristics such as average number of customers in the
Queue, Probability of idleness of each service station,
Throughput of the nodes, Average waiting time customers in
each Queue, Utilisation of each server etc., The sensitivity
analysis of the model is carried with a numerical illustration.

Il. QUEUEING MODEL

In this section a queuing model with K buffers E;. B2, ... By
of infinite capacity and K servers 5,.5-.... 5 connected as
forked network is considered. It is assumed that the
customers arrive in bathes to the first queue and after getting
service at first server they may join any of the (K-1) queues
connected to the servers 5..5;. ... 5; which are parallel and
connected to first server in tandem , with some probability
i.e., the customers after getting service at 5, in batches may
join second buffer with probability & or third buffer with
probability & or K ™ buffer with probability & _;.Let us
assume that the actual number of customers in any arriving
module is a random variable X with probability C(X).Let
Aybe the arrival rate of batches of size x and 4 is the
composite arrival rate. Then 4 = ¥ 4. Therefore the arrival
process follows a compound Poisson process with arrival
rate 4. Ei{x)} .Further it is assumed that the service
completion in each service station is random and follows a
Poisson  process with service rates — iy ps by e i
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respectively. Here we assume that service rate in each server
is linearly dependent on the content of buffer connected to it
and queue discipline is first come first serve(FCFS).

The schematic diagram representing the queuing model is
shown in fig.1.
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Let P(n,.n....m;t) be the probability that there are
nycostumers in first gqueue, nz customers in second queue
and my, customers in & th queue at time t. The customers
arrive in batches of size X .The probability generating
function of X is C(Z} = E5 ., Cpz™.

Then difference differential equations governing the system
are
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Let

P(z2,.2,...2t) =
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probability generating function of p(n, . ..n ; £).
Multiplying equations (1) to (10)with probability generating
function and summing over ;. #1.... 71 from 0 to &= we get
the Joint Probability generating function of number of
customers in first, second,....k™ queues respectively at any
timetas
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11l. CHARACTERISTICS OF THE MODEL

Putting z; = 0.z. = 0.....z; = 0in(11)and expanding we get the probability that the k-server system is empty at any time

t.as
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I1l. A. PERFORMANCE ANALYSIS OF FIRST
QUEUE

Putting z. =l.zg =1....z; =1 in (11) we get
probability generating function of first queue size as

P':leﬂ =

= tn T 1 — gtk
DRMEAWCEERIE
e R S " 17

grp

(13)
Mean number of customers in first buffer is
Emn:hmzfu—wWEWJ (14)

Where E(X} is the mean of batch size arrivals to first queue
and is given by E(X) =E5_,m.Cppy

Putting £, = 0'in (13) we get the probability that the first
queue is empty as
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Average waiting time of a customer in first queue is

Coefficient of variation of the number of customers in it

W () = D —eHt)E(x) queue is CV;(t)
W lt) = — = —RIT L)
9 [ ) ) e e el
Variation of the number of customers in first queue is =Ry E i) o
: (28)
vz) =V ) = AZ5[(T).Cpn {(1 i )+ 111.C. PERFORMANCE MEASURES OF THE
L—gmRiE = MODEL WHEN BATCH SIZE DISTRIBUTION IS
(u—)}] UNIFORM
[ o |
(19) .
Coefficient of variation of the number of customers in first The performance of the model is influenced by the batch
queue is size arrival distribution. It is assumed that the number of
() = NG +100 = customers in any arriving model is random and follows
PG| - uniform distribution with parameters a and b. The
A“ [im).c {l._ﬂ—-.u.t NEE .J|h|‘,|] probability mass function of uniform batch size distribution
TR L B 00 iS Cpp = - - for m = aa+1, ,b The mean number of
—[L—e'ﬂlt':Eu:x:. * pavt
H1 ' 20) customers in a batch is E(x) = == and variance of batch
I11.B. PERFORMANCE ANALYSIS OF i QUEUE  Sizeis V() = Z[(b+a -1 - )
FORi=2,3,.k The Joint Probablllty generating function of number of
Putting =z =l.z;, =Lz =1L..z_, =1 we get customers in first, second,....k"™ queues respectively at any
probability generating function of i"  buffer size timet is
distribution as m .rx . A )
etz 33 3 5 LS ()0 (-4
{z,~1) iy byt }"'-.' 1| ”"' -:_1I § J"'- -1 ! r”"‘ o -1 o
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Where E(X) is the mean of batch size arrivals to first queue (29)
and is given by E(X) =X _, m.Cpy, I1l. D. CHARACTERISTICS OF THE MODEL
Putting z; = 0 in (21)we get the probability that the i Putting z; = 0.z = 0,....z; = 0in (29) and expanding
queue is empty as we get the probability that the k-server system is empty at
Pu-;-[,ll.:c}: }{ } . } [ }] anytimetis
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(26) Where E(X) is the mean of batch size arrivals to first queue
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Putting £, = 0'in (31) we get the probability that the first

queue is empty as
Fl0,..... tE) =

o [AE: _EE?' '{ L]h'n r.'+1_l( )': 1N {L’w}]

0Ty
(33)
Utilization of first server is UL (th=1-rPi0...... i)

e BT T () o
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(34)
Throughput of first server is Thpl(t) = u,.U, ()

o BT g () 0 (22

exp (15520 0
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Average waiting time of a customer in first queue is
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Variance of the number of customers in first queue is

Vl:zj_:l = V]_I:t] =
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(37)
Coefficient of variation of the number of customers in first
queue is £V, () = Y 100 =
_,—ZH r _p k1L
f‘lzgtm: [(T}[b—:zﬂ}[l:‘ 1y 1j+l:1 Ky : j}]
x100 (38)

P Gmemsry

I11.F. PERFORMANCE ANALYSIS OF i QUEUE
FORi=2,3,..k

Puttingz; = 1.z. = L.z = L...z;_; = 1in (29) we get
probability generating function of i"" queue size
dlstrlbutlon as AZ;:t) =

22 lz (- lz'f‘{a_;u Cf)(?)
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Mean number of customers in i qu[eue is )
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Probablllty that the i queue is empty IS PG, 0, =
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Utilization of i™ server is U (t)= 1= P(....0;1) =
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Throughput of i"" server is Thy; (t)=u;.U; (t)

Retrieval Number: G6135058719/19©BEIESP

2128

ISSN: 2278-3075, Volume-8 Issue-7, May, 2019

sy )
(43)

Average waiting time of a customer in jth
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Coefficient of variation of the number of customers in i"

queue is CVi(t) = NAD) £ r100=

e e ) ) e

[J.BHZ(B-# b) [1 (e #19"‘")}
2

[

queue is

(46)
IV. NUMERICAL ILLUSTRATION
For numerical illustration we take k=4 and calculate
equations and performance measures
The Joint Probability generating function of number of
customers in first, second, third and fourth queues
respectively at any time tis P(Z,.Z,.Z5.Z,:t) =

T i e e (e

tz=p ta=p
BL#LCZz 1 " Bty fzy — 1 i Baptylzy — 1)}” o EBL#L(-ZZ - 1)}'2_'3
[t B!

st [t R ! g =y
[ 1— E—Lu‘(ﬁ —tplpalrg—tal+ gt —ty )+ Lty It H

exp

[(zL_ 1+

2
[E?zpll(z, - 1)}“‘
iy —

™ Bapiylzs — 1)}“
e =y !

il —ml e -l iy — )4 pen
(47)

IV. ACHARACTERISTICS OF THE MODEL

Putting z; = 0.z =0,z =0z, =0 in (47) and

expanding we get the probability that the 4-server system is

empty at any time t as PL0.0,0.0; t] =

99500 300 2 S i [ 9 9T S

91.“1 By im Fa_1i4 By 1V E By 3
(1+"61_"1‘J s~ —-::u (e .J)+ Lr(lu}g' J_+'ulk)r - Jg-'ua;.l'?l)
53#1)1 1 — g TR e =T el gy =T Iy }
(m—m mlry =)+l —rgd + palry — )+ pyry
(48)
IV . B. PERFORMANCE ANALYSIS OF FIRST
QUEUE

exp

T1 e

Puttingz. =1,z; = 1.z, =1 in(48) we get probability
generating function of first queue size as

P(2410) = exp [ 5, B € (7) i D (S]]

By

(49)
Mean number of customers in first queue is
EQV) =L, @) = () @ - e#)ED (50)
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Where E(X} is the mean of batch size arrivals to first queue
and is given by E(X) =E5_, m.Cpp,

Putting £, = 0 we get the probability that the first queue is
empty as . PO, t)=

ST e

gxp

(51)
Utilization of first server is U, (t) = 1 — P(0......;:t) =
1-exp 4T3, IR, GO GL (M) 22 62

By

Throughput of first server is Thpl{t] =, U, =
@y L
“L{J-_g-rﬁ' [ﬂzﬂ j_Er, SL=1nc, ( ]{ﬁ}]}

By
(53)
Average waiting time of a customer in first queue is
|__ s )(1-e P14

Ly

‘!’F:p,:ru {L—FIE'[AEITI IEll.'lI I

1-1-'1'&:] = -,’{|_a|J|I|L':| )
piry 4
(54)

Variance of the number of customers in first queue is

Vl:zj_:l = V]_I:t] =

MR e e I

Coefficient of variation in number of customers in first

queue is
JV i)

i [] ——x100 =

() 5

(i) (1 —g=#tECX)

-—L"IE,,|”

v () =

NESENICS

x100

(56)
IV.C. PERFORMANCE ANALYSIS OF SECOND
QUEUE

Putting z; = 1.z; = 1.z; = 1 in (48)we get probability
generating function of SECOND queue size distribution as

= 1 1
A2 2 e
el ty=1 ta=p T
{ﬁ‘lmtzz - 1}}"‘ {1 — gl -*=J+M=fszH
e =y (57)
Mean numberLof cuitormers in ie(r:j)nd gueue is E(Ma] =
B RCTLNRL T
[(_) {1 lpge M e H Eon
e (e the) (58)
Where E{X7} is the mean of batch size arrivals at second
queue and E(X)} =X, m.Cp,

Putting z- = 0 we get the probability that the second queue
is empty as F{,0,...: ) =

foar, M Ty 91#1 e 1 BLH Cry—t 41 ty)

= [ﬂz Zr,_ Zr, ,,(' = Cm I: )(?z)iﬂz ."11_E Hylry —72) +.“z""2l]
(59)

Utilization of second server is t¥; () = 1 — BL 0, ;&) =

- o+t 41
-emfa), 37 5 e ()7

i-— E_Lu &1_7’:)*‘.‘-’!: ::'rJ
[ i1 (ry = 7o) + ity (60)
Throughput of second server isT fp, (£ = pq. 0y () =

it t
YN e,
=1 fal i

P(E,:t) = pxp

polry — )+

T2mn

tha |1 — exp
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R (T ¢ O A P TI
MO ) @

Average waiting time of a customers in the second queue is

_ L8
s
[ R N o

I en gy g [ Baity (L g PO E
[1_ e [ﬂEm:lE'""Er*-D(_l) Cm (f‘)(ﬁ)[L‘z _LL U vy — T + pate I]
(62)
Variation of the number of customers in second queue is
Viz.)=W(t)
2 - r 1 — g MeHb 1 — g2t
)=<( J+ (=)
fta iy g

Byfty I m 11—
ﬂ[(ﬂz_ﬂl) zm=1(2)'c"‘r[( iy ;
g 1 —p ™ i—pg~H:
e () ()]
fg =y iy Mg (63)
Coefficient of variation of the number of customers in
second queue is CV; (t) =X [v.(c) — x100

._;.. 1A

(64)
IV.D.PERFORMANCE ANALYSIS OF THIRD

QUEUE

Putting z; = 1.z; = L.z, = 1in (48) we get probability
generating function of third queue size distribution as

2. 2 cme()0)

{32#1[23 - 1]}“ {1 — gl -faJﬂ*afanH
3 T Hy ol =l +

P(Eyt) = exp

(65)

Mean number of customers irLtpird queu”eris EfdN) =

E.‘ M _ o
NGE [( ){1 - (#’E B )} E(X

i1 -y (66)
Where E{X) is the mean of batch size arrivals at third
queue and E(X) =X, m.Cp,
Putting z; = 0 we get the probability that the third queue
is empty as B0 =

n e . My e Bty ?1'1 1 — gLl =l gt
i [ﬂ;LZr,_LZrFD(_l) Cm ("1) (7’::] 1,{:3 — ity [ ity {7y — 79l + gty
(67)

Utilization of third server is & (£ =1 — F(,,..0..:t) =

ki Y r‘ [T G T
menf ), 57 3 eorenen () (i |

(68)
Throughput of third server is Thp, (£ = jiq Fq () =
_ tn L ntyHy my iy
N [ﬂ;,_zﬁ-izf,:n[ L Cm (Tl) (rg)
I Paity Ir1 1 — g Mttt ity
Ham [“lifl—fﬂwsfsr” (69)

Average waiting time of a customer in third queue is

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

Exploring Innovation



International Journal of Innovative Technology and Exploring Engineering (1JITEE)

Wy (1) = = —

Thp<(T)

{3 (e 15—, e 7HAE))
[| 0z )y P e ) ﬂa.x.

Wg® | 13—} ]
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Coefficient of variation of the number of customers in
fourth queue is €V, (r) = “ “xmn

raflrsf |-|J E1{F1- P s

{L PIEI[.:I.H“ -1...!"1-1E:1_I —ymirag, |‘.| \IIf.1

(70)
Variation of the number of customers in third queue is
iz, ) = 150 =

a 2 ea m 1 — g2t 1 — p~HaHE 1 — g2l
(zﬂi)z ().cm )_4 )+ )
fl3—Hy =t "2 iy fgt oy fiq

—p—ilb — gl
e () () o)
fig—ly iy g (71)
Coefficient of variation of the number of customers in third

L tl
1o x100
‘-’3
) - (B (A (P ) (2

Kl

queue is CV; () =

Pl e = Jjzer]
) [EE - BT e
(72)
IV.E. PERFORMANCE ANALYSIS OF FOURTH
QUEUE

Putting z; = 1.z, = 1,z; = 1 in (49)we get probability

generating function of fourth queue size distribution as

AE.q.J' t:' =

orp [AT5 - TR B S0 Ca (7))
BaptqEy—137 " {1—5“”1 Fi-tap+ “*"43[}]

{ M=l } MUyt Lty (73)

Mean number of customers in fourth queue is E(i,) =

L, = [(ﬁ) {1 _ (#49_-”15 _ I".-!-LE".HHJH -
iHa gty (74)

Where E{X is the mean of batch size arrivals at fourth
queue and E(X) =X, m.Cpy

Putting =, = 0 we get the probability that the fourth queue
isemptyas FL....00t) =

A i z"\ zn (=11 (m) (?"L) T }r' {1 - Etu‘(r‘—n)w‘ulr}
e iR P m n M 1!“4_#1. #1.(""1. _""4)"‘#4"21

wp
(75)
Utilization of fourth server is U, (t) =1 —P(.,...0:t)
= 1-exp[AZn., B0 B -1 f...l.r:':':'lr:f:'[ﬁ} [1,.—,,]
(76)

Throughput of fourth server is Ty, () =pally ) =

RO 5

I Eguuj_ I 1[ — ELH1':f1_f4:'+H4f4.‘|rJ:|
g — My

iy — 7+ gty
Average waiting time of a customer in fourth queue is

(77)

e (0, () =i =
(G2 - ety o

[1 — exp [AE; (R

=

Fatty et [ Baiy 4 11 - gtu.(r.—n)m,,mr.r]
=1 Cin (1’\) (n) [T —#1} MCETA T

(78)
Variance of the number of customers in fourth queue is
LI’-J =V, -’.:}
[I"”‘ g X [Ir —

-sp'-[1:-'
I'rJU-Ju:" Lo

)og (B | e

L= ¥

)+ (=

|J'|:-|'||

(79)
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) g () T, |

| (2 o

.| =
A=
)

T X100
[ )

(80)
IV. F .NUMERICAL ILLUSTARTION WITH

UNIFORM DISTRIBUTION

The performance of model is influenced by the batch size
arrival distribution .1t is assumed that number of customers
in any arriving module is random and follows uniform
distribution with parameters a and b. The probability mass
function of uniform distribution is ¢, - . - for

m=a, a+1 .b. Mean number of customers in batch is
E(x) ==
The Joint Probability generating function of number of
customers in first, second, third and fourth queues
respectively atanytimet isP(Z. 5y, Bq.20it) =

DDA M [l W =

1)}"“2 [em(zz - 1)}'2"‘
e =y

Bxp

By lz, — 10 + Bajy 2y — 10
e =y 3 =y

Bapty {2y —
Ha =y

E(zL_ 1+

[E?z,tq(z, - 1)}""‘ (BaitalEs — 1)1"[

1— E—Lu‘(ﬁ —talpalrg—tal+ gt —ty )+ Lty It H
iy — L e =y !

il —ml e -l iy — )4 pen
(81)

Putting =, = 0.z, =0....5z, =0 (81) and expanding we get

the probability that the 4-server system is empty at any

timetas

F{n,0, III i) =

D N 1

imp tamp
( Baits )""‘
g = Hy

Eﬂluj_ i—g SRR SR T AR R T A AT TR ] 4
(.'3‘4 - .“1) [.“1':?'1 — 7o) Ha (T — ]]

-t -t

g B
u”1+ 2#1+

B
(1+ 4 k—1H1
Ha—= ity Hg—Hy

T,
M — ﬂj_)

( Biiy )”
fig = iy

Fod + Lty — Tyd 4 ety
(82)
IV.G. PERFORMANCE MEASURES OF FIRST
QUEUE
Putting =: =1.z; =1,..., =1in (11) we get probability

generating  function of first queue _ s_ize as
P(z.t) =exp[AZhT0, —— () (= - 0 [==]] (83)
Mean number of customers in first queue is E(N;} =
Aot b
L, (&) = [M] (1 — g~}
afhy (84)

Putting Z.=10in (83) we get the probability that the first
queue is empty asPil0,.....;t) =

— gtk
Z Zn 1.[ o (h —c1a+ 1) (?"'1) {1 P:""l H

(85)
Utilization of first server is &y () =1 — P(0,.,...:t) =

gxp
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(86)

Throughput of first server is Thpl(t) = p, 0008 =

1 1 —gHifat
#L{ ty= l: 1" (b—o+1) (""'1){ #1711 }]}

87)
Average waiting time of a customer in first queue is
L(t) [A S ] (4 — 7

2ty
S e P o ey =
(88)

Variance of the number of customers in first queue is

1 1— g2t 1— g tE
ra-nw=1%, (e (=) (5]

(89)
Coefficient of variation of the number of customers in first

queue is £V, () = hd xlI:II:I =

[ e T

Mot 8l (3 gowit)
=2

Wy (t) =

100

(90)
IV. H. PERFORMANCE MEASURES OF SECOND
QUEUE
Putting =, = 1.z, = 1.z, = 1) we get probability generating
functlon of second queue size distribution as A.Z,;t) =

t = 11 B (T o TR e
YT T () (e oy

wip

tz=p

(91)
Mean number of customers in second queue is
EiN) =L, (e)

[.131_ I:R + &) { (I.-_,!_Eg—.uﬂ _ #lg—uzr)H
2#2 oy (92)

Putting £; = 0 in (91) we get the probability that the

second queue is empty as Fi.0,...:t) =

i L Ty Y Ty ey 3 gl
e [ﬂzﬂzq :1zrl_,(_l)ri+r‘m (?'1_) (72) [ﬂf—#ﬂ LE [1-“1_("'1. ORI rﬂ
(93)
Utilization of second server is U, (£ =1 — F{, 0, ..;:t) =
— exp [A B BN T 0 s (T ()
M ty 1_ [l F1-ra) buakal
{:“ . } ;1(1'1_1":)"'.”:?': ‘}]
(94)
Throughput of second server is Thp, () = p, Uy (tl=

LAY TR l—gk‘-(""!)ﬂ‘:”l)‘}
(1) (b a+1)(71)( ){-“x_-“l} {ﬂ1(?1—73)+ﬂ3?'3

(95)

e [1 exp |4

=L

Average Waltlng time of a customers in second queue is
W, (fh=—""=

A4y sl -“;'-u':'“.'-u‘:ll
BT \ Ha_ M ||

P P T L R '.--'.—,_'___::-'_I::_:IZ%ZI':—' — :||
(96)
Variance of the number of customers in second queue is
Viz) =10 =
—) - )+

[f }E*.-
o+ }f } }[‘ L'.""}}]

97)
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Coefficient of variation of the number of customers in
second queue is cv.(e) ::'—'f:mu

i

[y
|2y

(98)
IV.l. PERFORMANCE MEASURES OF THIRD
QUEUE
Putting =, = .=, = 1.z, =1in (81) we get probability
generating function of third queue size distribution as

P(Eyut) =
e-x_a:-[).E:‘:..::E:'THE::._.':_H" . }{ }igi ‘Jul 1} L.- - ;L}]
(99)

Mean number of customers in thir% queue is E[;!"-’g]' =
A, (e+ h = T
i, (8] = [ o i :'{1 _ (#':1 *1 )H
2ty Ha- (100)

Probability that the third queue is empty is PL....0,.; t)=
b n e rotr, 1 my [ Baiy T1] — gllalry—radeparale
> [AZ“ZYMLZYFD(—I) b-a+1) ("l)("’h] l#: - .“1.} { ol —md 4 pany }]
(101)
Utilization of third server ist, (3 =1 —-F(,..0..: ) =
my Ty Bg,ul M — g e L
e 3 5 o e (I ) )
(102)
Throug hput of third server is Thpy (&) = p. Uy (8 =
R— 1 ¢ By 3 [ — el Grmrearlr
L r;:p(_ljvgm b—e+1) (?‘1) (‘r‘,){'a, fgl} { piln — )+ pamy }]
(103)
Average waiting time of a customer in third queue is

S L
W = )

[Asg(a +af; (P‘sg‘”“ — e”m

2id L Ha iy

_ " w o 1 = e Bapy (] gl tra—rodbagrsde
[1 oo 138 AT g () ) [ ) [ e

(104)
Variance of the number of customers in third queue is
Viz) =v(ed =

a 2k 1 1 — g b 1 — g~ Hatp)E 1 — g2l
,F[( z,ul)z (m) . 8 )_4 8 )+ 8 )
gty m=c"2/(b—a+1) iy fg + oy g

(R (=) (5]

Hae L —

(105)
Coefficient of variation of the number of customers in third
gueue is £ (£ = “:’((r;:'xluu =

Jﬂ[(%f%ﬂ"ﬁ o) B e (505N

Ermey
(106)

1V.J. PERFORMANCE MEASURES OF FOURTH
QUEUE
Putting =, = 1,=, = 1.z, =1 we get probability generating
function of fourth queue size distribution as P(Z,:t) =

B, [z,— 13 ST (R T A
i zzf LZ o (E‘ R+1)C:)(r:){ gfn.;:z“ﬁx } {#1;’1 "'a)+|“4""}
(107)
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Mean number of customers in fourth queue is E(N,) =L, (2}

N

(108)

Putting z4 = 0 in (107) Probability that the fourth queue is
emptyis PC.....00t) =0

]

n 1 s 1 ey B 171 gl e rpgnde
l;ﬂZf‘=Lzr4=n(_1) b—a+1) (?«L) (?;) lp:— ;L} { woln —nd 4 pan }

(109)

Utilization of fourth serveris &, {tj =1 —F{.,....0: £)=
ot e gy Bau, 1 (1 — gttt
e 537 5 e i ] )
(110)

Throughput of fourth server is Thp, (t0 = i, U, () =

it " i 1 fmy Bap, 17 (1 — gt Er—re ke
= 1 "q.u(71) ' b—o+1) \rl)(ﬂll)[/‘qs_;ﬁ] [#1(?"1_“)"'.“474]
(111)

Average waiting time of a customer in fourth queue is

Ly (2
w‘ {r} ) m . —iE ik
7 e |

wp

iy |1—exp(d

_ b owm T gyt e 1 ey ey [ Bty 17 1= et
[1 w[ﬂ"‘=°2“-‘z"‘:‘°( v '(b—a+1)(f‘)(':)[#4—m] oy (ry — ral+ 7

(112)
Variance of the number of customers in fourth queue is
|_"|:+ | = |_"+|[| =
Baity 2k m 1 1 — p 2l 1 — g HatIE 1 — pEab
ﬂ[(m] Zm:a(z)tb—aﬂ)‘[( iy )_4( fig iy )+ ( i )]
( Bty )(a + b:l [(1 - E““‘r) (1 - g““‘r)]]

Mgty 2 fy Hy (113)
Coefficient of variation of the number of customers in
fourth queue is W, iz) = “L"*(':r;:'xluu =
J" [(55';)255'”(? e [

=0)-s ) R e -]

T

(114)

V.NUMERICAL ILLUSTRATION
The transient behaviour of the model is studied by
considering uniform batch size distribution and the
performance measures are calculated by varying system
parameters as

t=010.2030405 4 =1011.12.13.14 u; =
10,11.12,13.14;i = 1234 6, = 0.1.0.203.0.40.3; 5 =
1.2,a = 12,345 and b =10,15,20,25,30.

The mean number of customers in each buffer
Ly.L., Ly, Ly is calculated along with mean number of
customers L{t} in the entire system by varying the
parameters  £.4 py, o g8 8,8, one at atime
keeping all other fixed and the calculations are recorded in
Tablel.The probability of emptiness of each server and
also the utilization of servers are calculated
correspondingly for each value of parameters as above and
the values are tabulated in Table2.The throughputs of four
servers Thp,.Thp,, Thp;, Thp, along with average
waiting times of customers in four buffers W, W., W;, W)
are also computed and tabulated in Table3.The Variance of
the number of customers V.V, ¥.¥, along with
coefficient of variation of the number of customers in each
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queue are calculated and the values are tabulated in Table
4.

From Tablel. It is observed that as time t increases from 0.1
to 0.5 the mean number of customers is also increasing in
each buffer. The same phenomenon is reflected in mean
number of customers in the entire system. Also if service
rate u; increases from 10 to 14 Kkeeping p-.iig.iiy
unchanged the mean number of customers in first server
L, () gets decrease, the mean number of customers in the
remaining queues are increasing and number of customers
in the entire system L{t} is decreased.. Similarly when -
increases L. (t) decreases, uz increases Ly (t) decreases
and no change in the other queues.The same phenomenon
is observed with the fourth queue. Thus the improvement in
performance of first server improves the performance of
entire system. In the same pattern when the probability
&, (er &) that the customers from first server join second
(or third server) increases the buffer at second server
L.(t)(or at third server Ly{t) ) is increasing
correspondingly. As the batch size distribution parameters
‘a’ is increasing then L, (£}, L. (£).L; (£) and L, (£} are
increasing .The same phenomenon is observed with the
parameter ‘b’.

Table 2. indicates that the probability of emptiness has
shown decrease with respect to increase in time. In
particular it has sudden decrease when t=0.1 and
decreasing normally thereafter when t=0.2,0.3,0.4,0.5.
Similarly with increase in mean arrival rate 4 the
probability of emptiness at each server is decreasing while
the utilizations of servers U,.U., U3, U, are increasing.
This clearly indicates that the system performs in
accordance with time. As the service rate 1, increases from
10 o 14 the probability of emptiness in each service
station increases while utilization of each server decreases.
The probability of emptiness decreases as the probability of
customers joining a particular server increases while its
utilization gets increased. Thus as #&; increases from 0.1 to
0.5 system emptiness decreases marginally from 0.2254 to
0.2252 and probability of emptiness of second server
decreases from 0.8595 to 0.5573.This has an impact on the
fourth server since the joining probability of fourth queue is
directly dependent on &,and 8. ( 8; =1 -8 —8.)
.Therefore the probability of emptiness at fourth server
increases from 0.4944 to 0.6846 and it’s utilization
decreases from 0.5056 to 0.3154.Similarly with increase of
& from 0.1 to 0.5 the probability of emptiness of third
server decreases from 0.8631 to 0.5639 and it’s utilization
increases from 0.1369 to 0.4361. It is observed that as the
batch size distribution parameter ‘a’ is increasing the
probability of emptiness of the system as well as servers
decrease. The same phenomenon is observed with respect
to batch size distribution parameter ‘b’.From table.3 it is
observed that the throughputs Thp, , Thp..Thps. Thp,
and mean waiting times of each of the queues
Wy, W5 W5, W, have shown increase with increase in
time. Similarly an increase in A led to an increase in
throughputs as well as
mean  waiting  times.
Further we can observe that

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

Exploring Innovation



Transient Analysis of K-node Tandem Forked Queuing Model with Bulk Arrivals Having Load Dependent
Service Rates

the increase in service rate at second, third and fourth
servers lead to increase in throughputs and waiting times
except at first server where increase in u;leads to increase
in Thp, and decrease in W .As the probability of joining
second queue increases from &, =0.1 to 0.5 the throughput
Thp. increases correspondingly from 0.9835 to 3.0989
,this in turn increase the waiting time W. from 0.1651 to
0.2621.As this influences on &; which decreases from 0.7 to
0.3 ,the throughput Thp, decreases from 4.8078 to 3.4083
while mean waiting time W} decreases from 0.2543 to
0.1793. Similar phenomenon is observed with variation in
g-, the probability of joining third queue after being served
at first queue .From Table.4.it is observed that the variance
of the number of customers in first, second and third
queues increases with increase in time. On the other hand
the coefficient of variation of the number of customers in
first, second and third queues get decrease as time
increases. But the variance and coefficient of variation of
the number of customers at fourth queue increases with
increase in time. Similarly increase in A leads to increase in
variance in each of the four queues. Further we observe that
the increase in service rates u-.tg.t4 led to decrease in
variance of each queue .But the increase in u; leads to
decrease in ¥ and increase in V=.V;. ¥, . The probability of
joining the second or third queue, &; or & increases the
variances in second or third queues increases where as the
variance in fourth queue decreases. Itis also observed that
the increase in batch size parameter ‘a‘ increases the
variances ¥, 5 .V; and ¥, The same phenomenon is
observed with other batch size parameter ‘ b °.
VI .SENSITIVITY ANALYSIS
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In this section the sensitivity analysis of model with the
values of parameters as t=0.1,
A=15, Wy =12, W= :14, g =11, 1 =13, EJ_ =0.3 ,
8.=0.2,a = 5and b =20 is considered. The effect of
varying the parameters on performance measures
L,.L,. L, L, LW, W, W;and W, with change of
+15%,+10% and +5% was computed and are presented
in Table 5.

From Table 5. we observe that as time t increases the
valuesof L,.L..L;.L, LW, W,, W; and W, are
increasing.. The same phenomenon is observed with
variation in arrival rate A .1t is also observed that as
increases L, . L. W, decrease whereas

L. Ly.Ly W.,W; and W, increase. When u- increases
L. .Land W, decrease whereas L;.L, . W; and W,
remain constants. When pg increases Ly .L.W; decrease
whereas L,.L..L, . W,, W,and W, remain constant.
When pg increases Ly L. W; decrease whereas

L;.L,, Ly W, W.and W, remain constant Similar
phenomenon is observed with 1, .We also observed that
with increase in 8; the performance measures L. .L.W.
are increasing , L, . W), are decreasing whereas
L,.L;.W;and W; remain constant .Similarly with
increase in 8- the performance measures L; .L.W; are
increasing , Ly and W), are decreasing whereas

L;.L,, W, and W remain constant. We also observed
that with increase in batch size distribution parameters  a
‘and ‘b’ the performance measures

L,.L..Ly L, . LW, W, W; , W, increase.
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Table 1.Values of Expected Number (Mean) of Customers in the Queue in Transient State.

t a | b | A4 | iy | M | M3 | Mg & & t AT Lot AT L] L)
01 |1 ]10|15]| 6 7 8 9 01 | 02 | 07 6.2038 0.1624 | 0.3150 1.0697 7.7509
02 |1 |10]|15| 6 | 7 8 9 | 01 (02| 07 | 96086 | 04375 | 08269 | 27400 | 13.613
0.3 1 |10 | 15 6 7 8 9 0.1 0.2 0.7 | 11.4771 | 0.6808 1.2601 4.0971 | 17.5151
04 | 1 |10|15| 6 7 8 9 01 | 02 | 07 | 12.5026 | 0.8602 1.5663 5.021 19.9501
05 | 1 |10 15 6 7 8 9 01 | 02 | 07 | 13.0654 | 0.9814 1.7651 5.6008 | 21.4127
01 |1 ]10]10]| 6 7 8 9 01 | 02 | 07 | 4.1359 0.1083 | 0.2100 0.7131 | 5.1673
01| 1]10|12| 6 7 8 9 01 | 02 | 07 | 4.5495 0.1191 | 0.2310 0.7844 | 5.6840
01| 1]10|12| 6 7 8 9 01 | 02 | 07 | 4.9631 0.1300 | 0.2520 0.8557 6.2008
01 |1 ]10]13]| 6 7 8 9 01 | 02 | 07 | 5.3767 0.1408 | 0.2730 0.9271 6.7176
01| 1]10|14| 6 7 8 9 01 | 02 | 07 | 5.7903 0.1516 | 0.2940 0.9984 | 7.2343
01| 1 |10|15 | 10 7 8 9 01 | 02 | 07 | 5.2150 0.2394 | 0.4638 1.5735 7.4917
01| 1 |10|15| 11 7 8 9 01 | 02 | 07 | 5.0035 0.2556 | 0.4952 1.6798 7.4341
01| 1 |10|15| 12 7 8 9 01 | 02 | 07 | 4.8043 0.2709 | 0.5247 1.7794 | 7.3793
01| 1 |10|15 | 13 7 8 9 01 | 02 | 07 | 4.6166 0.2852 | 0.5523 1.8727 7.3268
01| 1 |10|15 | 14 7 8 9 01 | 02 | 07 | 4.4397 0.2987 | 0.5782 1.9602 7.2768
01| 1]10|15| 6 10 8 9 01 | 02 | 07 | 6.2038 0.1483 | 0.3150 1.0697 7.7368
01| 1]10|15| 6 11 8 9 01 | 02 | 07 | 6.2038 0.1440 | 0.3150 1.0697 7.7325
01| 1]10|15| 6 12 8 9 01 | 02 | 07 | 6.2038 0.1400 | 0.3150 1.0697 7.7285
01| 1]10|15| 6 13 8 9 01 | 02 | 07 | 6.2038 0.1360 | 0.3150 1.0697 7.7245
01 |1 ]10]15]| 6 14 8 9 01 | 02 | 07 | 6.2038 0.1323 | 0.3150 1.0697 7.7208
01 |1 ]10]15]| 6 7 10 9 01 | 02 | 07 | 6.2038 0.1624 | 0.2967 1.0697 7.7326
01 |1 ]10]15]| 6 7 11 9 01 | 02 | 07 | 6.2038 0.1624 | 0.2881 1.0697 7.7240
01 |1 ]10]15]| 6 7 12 9 01 | 02 | 07 | 6.2038 0.1624 | 0.2799 1.0697 7.7158
01 |1 ]10]15]| 6 7 13 9 01 | 02 | 07 | 6.2038 0.1624 | 0.2721 1.0697 7.7080
01 |1 ]10]15]| 6 7 14 9 01 | 02 | 07 | 6.2038 0.1624 | 0.2641 1.0697 7.7000
01 |1 ]10]15]| 6 7 8 10 | 01 | 0.2 | 0.7 | 6.2038 | 0.1624 | 0.3150 1.0383 | 7.7195
01| 1 ]10|15]| 6 7 8 11 01 | 02 | 07 6.2038 0.1624 | 0.3150 1.0083 7.6895
01 |1 ]10]15]| 6 7 8 12 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 0.9797 7.6609
01 |1 ]10]15]| 6 7 8 13 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 0.9523 7.6335
01 |1 ]10]15]| 6 7 8 14 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 0.9262 7.6074
01 |1 ]10]15]| 6 7 8 9 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 1.0697 7.7509
01 |1 ]10]15]| 6 7 8 9 02 | 02 | 06 | 6.2038 0.3249 | 0.3150 0.9169 7.7606
01 |1 ]10]15]| 6 7 8 9 03 | 02 | 05 | 6.2038 0.4873 | 0.3150 0.7641 7.7702
01 |1 ]10]15]| 6 7 8 9 04 | 02 | 04 | 6.2038 0.6498 | 0.3150 0.6112 7.7798
01 |1 ]10]|15]| 6 7 8 9 05 | 02 | 03 | 6.2038 0.8122 | 0.3150 0.4584 | 7.7894
01 |1 ]10]15]| 6 7 8 9 01 | 01| 08 | 6.2038 0.1624 | 0.1575 1.2225 7.7462
01 |1 ]10]15]| 6 7 8 9 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 1.0697 7.7509
01 |1 ]10]15]| 6 7 8 9 01 | 03| 06 | 6.2038 0.1624 | 0.4725 0.9169 7.7556
01 |1 ]10]15]| 6 7 8 9 01 | 04 | 05 | 6.2038 0.1624 | 0.6301 0.7641 7.7604
01 |1 ]10]15]| 6 7 8 9 01 | 05 | 04 | 6.2038 0.1624 | 0.7876 0.6112 7.7650
01 |1 ]10]15]| 6 7 8 9 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 1.0697 7.7509
01 |1 ]10]15]| 6 7 8 9 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 1.0697 7.7509
01 |1 ]]10]15]| 6 7 8 9 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 1.0697 7.7509
01 |1 ]]10]15]| 6 7 8 9 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 1.0697 7.7509
01 |1 ]]10]15]| 6 7 8 9 01 | 02 | 07 | 6.2038 0.1624 | 0.3150 1.0697 7.7509
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01| 1]10|15| 6 7 8 9 01 | 0.2 | 0.7 | 6.2038 | 0.1624 0.315 1.0697 | 7.7509
01| 2 |10|15| 6 7 8 9 01 | 02 | 07 | 67678 | 0.1772 | 03437 | 1.1169 | 8.4556
01 |3 |10]|15| 6 7 8 9 01 | 02 | 07 | 7.3318 0.192 0.3723 | 1.2642 | 9.1603
01| 4 |10|15| 6 7 8 9 01 | 02 | 07 | 7.8958 | 0.2067 | 0.4009 | 1.3614 | 9.8648
01 |5 |10]15| 6 7 8 9 01 | 02 | 07 | 84598 | 0.2215 | 0.4296 | 1.4587 | 10.5696
01 |1 |10]|15| 6 7 8 9 01 | 02 | 07 | 6.2038 | 0.1624 0.315 1.0697 | 7.7509
01 |1 |15]15| 6 7 8 9 01 | 02 | 07 | 9.0238 | 02363 | 04582 | 1.5559 | 11.2742
01| 1|20]15| 6 7 8 9 01 | 02 | 07 | 11.8437 | 0.3101 | 0.6014 | 2.0421 | 14.7973
01 |1 |25]15| 6 7 8 9 01 | 0.2 | 0.7 | 14.6636 | 0.384 0.7446 | 25284 | 18.3206
01| 1|3]|15| 6 7 8 9 01 | 02 | 07 | 17.4835 | 0.4578 | 0.8878 | 3.0146 | 21.8437
Table 2.Probability of Emptiness and Utilization of Servers and System in Transient State.

t a b A || e | pa | e | By a, By | Pognt Pyt Ppk Pt P ot () U, r) () Uy (E)
0.1 1 10 | 15 6 7 8 9 0.1 0.2 0.7 0.2254 | 0.2359 | 0.8595 | 0.7591 | 0.4944 | 0.7641 | 0.1405 | 0.2409 0.5056
02 | 1]12]15|6 |7 |8|9|01]|02]07]0053 |00657 | 06698 | 04951 | 0.1873 | 0.9343 | 0.3302 | 0.5049 | 0.8127
03 | 1]12]15|6 |7 |8|9|01]|02]| 070014200238 | 053 | 03415 | 00791 | 0.9762 | 0.4641 | 0.6585 | 0.9209
04 | 1120|156 | 7 |8|9|01]|02] 0700045 | 00116 | 04531 | 0.2596 | 0.0404 | 0.9884 | 0.5460 | 0.7404 | 0.9596
05 | 1]120]15|6 |7 |8|9|01]|02] 0700018 | 00073 | 04035 | 0.2158 | 00252 | 0.9927 | 0.5965 | 0.7842 | 0.9748
01 | 1]20]0(6 |7 ]8|9]|01]|02]07]03704]|03818]| 0904 | 08321 | 06253 | 0.6182 | 0.096 | 0.1679 | 0.3747
01 | 1]2]12|6 |7 ]|8|9]|01]|02]|07]03354]03467 | 08049 | 0817 | 05966 | 0.6533 | 0.1051 | 0.183 | 0.4034
01| 1]2]12|6 |7 ]|8|9|01]|02]|07]03036 |03149 | 0.8859 | 0.8021 | 0.5692 | 0.6851 | 0.1141 | 0.1979 | 0.4308
0.1 1 10 | 13 6 7 8 9 0.1 0.2 0.7 0.2749 | 0.2860 | 0.8770 | 0.7875 | 0.5431 0.714 0.1230 | 0.2125 0.4569
0.1 1 10 | 14 6 7 8 9 0.1 0.2 0.7 0.2489 | 0.2597 | 0.8682 | 0.7731 | 0.5182 | 0.7403 | 0.1318 | 0.2269 0.4818
0.1 1 10 | 15 | 10 7 8 9 0.1 0.2 0.7 0.2268 | 0.2484 | 0.8053 | 0.6813 | 0.4124 | 0.7516 | 0.1947 | 0.3187 0.5876
01 | 1]2]15|12| 7|89 |01]|02]|07]|0271|0253)] 07947 | 06668 | 03995 | 0.7477 | 0.2053 | 0.3332 | 0.6005
01 | 1]2]15|12| 7|89 |01]|02] 07| 0275|0254 | 07849 | 06538 | 0.3885 | 0.7436 | 0.2151 | 0.3462 | 0.6115
01 | 1]20]15|13| 7|8 |9 |01]|02]|07]|0278)]|02608] 07760 | 0.6421 | 03790 | 0.7392 | 0.2240 | 0.3579 | 0.6210
01 | 1]20]15|14| 7 | 8|9 |01]|02] 070281 |02655 | 07677 | 06315 | 03707 | 0.7345 | 0.2323 | 0.3685 | 0.6293
01 | 1]20]15|6 |10]8 |9 |01]02]07]0255]|02359 0870 | 07591 | 04944 | 0.7641 | 013 | 0.2409 | 0.5056
01 | 1]20]15| 6 |12] 8|9 |01]|02]| 07| 0255|0239 |08733 | 0.7591 | 0.4944 | 0.7641 | 0.1267 | 0.2409 | 0.5056
01 | 1]20]15| 6 |12] 8|9 01|02 07| 0255]| 02359 | 08764 | 0.7591 | 0.4944 | 0.7641 | 0.1236 | 0.2409 | 0.5056
01 | 1]20]15| 6 |13]| 8|9 | 01|02 07| 0255|0239 | 08794 | 0.7591 | 0.4944 | 0.7641 | 0.1206 | 0.2409 | 0.5056
01 | 1]20]15| 6 |14| 8|9 | 01|02 07| 0256|0239 | 08823 | 07591 | 0.4944 | 0.7641 | 0.1177 | 0.2409 | 0.5056
01 | 1]20]15|6 |71 |9]|01]o02]07]0255]|02359 0855 | 07696 | 04944 | 0.7641 | 0.1405 | 0.2304 | 0.5056
0.1 1 10 | 15 6 7 0 9 0.1 0.2 0.7 0.2255 | 0.2359 | 0.8595 | 0.7746 | 0.4944 | 0.7641 | 0.1405 | 0.2254 0.5056
0.1 1 10 | 15 6 7 1 9 0.1 0.2 0.7 0.2256 | 0.2359 | 0.8595 | 0.7795 | 0.4944 | 0.7641 | 0.1405 | 0.2205 0.5056
0.1 1 10 | 15 6 7 1 9 0.1 0.2 0.7 0.2256 | 0.2359 | 0.8595 | 0.7842 | 0.4944 | 0.7641 | 0.1405 | 0.2158 0.5056
0.1 1 10 | 15 6 7 1 9 0.1 0.2 0.7 0.2257 | 0.2359 | 0.8595 | 0.7888 | 0.4944 | 0.7641 | 0.1405 | 0.2112 0.5056
01 | 1]20]25|6 |7 ]8|1]|01]02]07]0256]02359 0855 | 07591 | 05003 | 0.7641 | 0.1405 | 0.2409 | 0.4997
0.1 1 10 | 15 6 7 8 0 0.1 0.2 0.7 0.2257 | 0.2359 | 0.8595 | 0.7591 | 0.5062 | 0.7641 | 0.1405 | 0.2409 0.4938
0.1 1 10 | 15 6 7 8 1 0.1 0.2 0.7 0.2259 | 0.2359 | 0.8595 | 0.7591 | 0.5121 | 0.7641 | 0.1405 | 0.2409 0.4879
01 | 1]20]15|6 |7 |8|1]|01]|02]07]0260]|02359|08595 | 07591 | 05180 | 0.7641 | 0.1405 | 0.2409 | 0.482
0.1 1 10 | 15 6 7 8 1 0.1 0.2 0.7 0.2262 | 0.2359 | 0.8595 | 0.7591 | 0.5238 | 0.7641 | 0.1405 | 0.2409 0.4762
0.1 1 10 | 15 6 7 8 9 0.1 0.2 0.7 0.2254 | 0.2359 | 0.8595 | 0.7591 | 0.4944 | 0.7641 | 0.1405 | 0.2409 0.5056
0.1 1 10 | 15 6 7 8 9 0.2 0.2 0.7 0.2253 | 0.2359 | 0.7536 | 0.7591 | 0.5287 | 0.7641 | 0.2464 | 0.2409 0.4713
0.1 1 10 | 15 6 7 8 9 0.3 0.2 0.7 0.2253 | 0.2359 | 0.6721 | 0.7591 | 0.5703 | 0.7641 | 0.3279 | 0.2409 0.4297
0.1 1 10 | 15 6 7 8 9 0.4 0.2 0.7 0.2253 | 0.2359 | 0.6082 | 0.7591 | 0.6213 | 0.7641 | 0.3918 | 0.2409 0.3787
0.1 1 10 | 15 6 7 8 9 0.5 0.2 0.7 0.2252 | 0.2359 | 0.5573 | 0.7591 | 0.6846 | 0.7641 | 0.4427 | 0.2409 0.3154
0.1 1 10 | 15 6 7 8 9 0.1 0.1 0.8 0.2254 | 0.2359 | 0.8595 | 0.8631 | 0.4658 | 0.7641 | 0.1405 | 0.1369 0.5342
0.1 1 10 | 15 6 7 8 9 0.1 0.2 0.7 0.2254 | 0.2359 | 0.8595 | 0.7591 | 0.4944 | 0.7641 | 0.1405 | 0.2409 0.5056
0.1 1 10 | 15 6 7 8 9 0.1 0.3 0.6 0.2254 | 0.2359 | 0.8595 | 0.6784 | 0.5287 | 0.7641 | 0.1405 | 0.3216 0.4713
0.1 1 10 | 15 6 7 8 9 0.1 0.4 0.5 0.2254 | 0.2359 | 0.8595 | 0.6148 | 0.5703 | 0.7641 | 0.1405 | 0.3852 0.4297
0.1 1 10 | 15 6 7 8 9 0.1 0.5 0.4 0.2253 | 0.2359 | 0.8595 | 0.5639 | 0.6212 | 0.7641 | 0.1405 | 0.4361 0.3788
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01 | 1|10|15|6 |78 ]|9|01]|02]|07]|02254]02359 | 0855 | 07591 | 04944 | 0.7641 | 0.1405 | 0.2409 | 0.5056
01 | 1|10|15|6 |7 8|9 |01]|02]|07]|02254]02359 | 0855 | 07591 | 04944 | 0.7641 | 0.1405 | 0.2409 | 0.5056
01 | 1|10|15|6 |78 ]|9|01]|02]|07]|02254]02359 | 0855 | 07591 | 04944 | 0.7641 | 0.1405 | 0.2409 | 0.5056
01 | 1|10|15|6 |78 ]|9|01]|02]|07]|02254]02359 | 0855 | 07591 | 04944 | 0.7641 | 0.1405 | 0.2409 | 0.5056
01 | 1|10|15|6 |7 8|9 ]|01]|02]|07]|02254]02359 | 0855 | 07591 | 04944 | 0.7641 | 0.1405 | 0.2409 | 0.5056
01 | 1|10|15|6 |78 ]|9|01]|02]|07]|02254]02359 | 0855 | 07591 | 0.4944 | 0.7641 | 0.1405 | 0.2409 | 0.5056
01 | 2|10|15|6 |7 8|9 |01]|02]|07]|02234]02277 | 08479 | 0.7409 | 0.4672 | 0.7726 | 0.1521 | 0.2591 | 0.5328
01 |3 |10|15]6 | 7 |8] 9|01 02]07|0222] 0225 | 08367 | 07237 | 04443 | 0.775 | 0.1633 | 0.2763 | 0.5557
01 | 4 |10|15] 6 | 7 |8] 9|01 02]07|02231|02239 | 08258 | 07074 | 0.4249 | 0.7761 | 0.1742 | 0.2626 | 0.5751
01 |5 |10|15]6 | 7 |8] 9|01 02]07|0221|02235| 08152 | 06919 | 0.4082 | 0.7765 | 0.1848 | 0.3081 | 0.5918
01 |1 |10|15]6 | 7 |8]9]|01]|02]07]|02254 02359 | 08595 | 0.7591 | 0.4944 | 0.7641 | 0.1405 | 0.2409 | 0.5056
01 |1 |15|15] 6 | 7 |8 ] 9|01 ]| 02] 07 |02246 | 02316 | 08089 | 0.6879 | 0.4268 | 0.7682 | 0.1911 | 0.3121 | 0.5732
01 |1 |20|15] 6 | 7 |8] 9|01 02] 07 |0218 | 02294 | 07647 | 0.6315 | 0.3857 | 0.7706 | 0.2353 | 0.3685 | 0.6143
01 |1 |25|15| 6 | 7|8 |9 ]| 01| 02] 07 |00003| 02281 |07258 | 05861 | 0.3586 | 0.7719 | 0.2742 | 0.4139 | 0.6414
01 | 1|3 |15 6 |7 |8]9]|01]|02]07|00001|02273 | 06914 | 05490 | 0.3407 | 0.7727 | 0.3086 | 0.4510 | 0.6593
Table 3.Values of Throughput and Waiting Time of Customers in Queues in Transient State.

t a b 2 ] B o[ pa oy a, 8, 8, | Thp(t) Thp,(t)| Thp.(t) Thp,i | W,(t) Wit Walt) Wyt
0.1 1 10 | 15 6 7] 8 9 | 01|02 |07 | 45846 | 09835 | 1.9272 | 45504 | 1.3532 | 0.1651 | 0.1634 | 0.2351
0.2 1 10 | 15 6 7] 8 9 | 010207 | 56058 | 23314 | 40392 | 7.3143 | 1.7140 | 0.1893 | 0.2047 | 0.3746
0.3 1 10 | 15 6 7] 8 9 | 01]02]|07 58572 | 32480 | 5268 | 82881 | 1.9595 | 0.2096 | 0.2392 | 0.4943
0.4 1 10 | 15 6 7] 8 9 | 01|02 |07 59304 | 38283 | 2.9232 | 8.6364 | 2.1082 | 0.2247 | 0.2644 | 0.5814
0.5 1 10 | 15 6 7] 8 9 | 01]02]|07|5952 | 41755 | 6.2736 | 8.7732 | 2.1936 | 0.2350 | 0.2814 | 0.6384
0.1 1 10 | 10 6 7] 8 9 | 01|02 07 |37092 | 06720 | 1.3432 | 3.3723 | 1.1150 | 0.1612 | 0.1563 | 0.2115
0.1 1 10 | 11 6 7] 8 9 | 01|02 0739198 | 07357 | 1.4640 | 3.6306 | 1.1606 | 0.1619 | 0.1578 | 0.2161
0.1 1 10 | 12 6 7] 8 9 | 01|02 07| 41106 | 07987 | 1.5832 | 3.8772 | 1.2074 | 0.1628 | 0.1592 | 0.2207
0.1 1 10 | 13 6 7] 8 9 | 01|02 07| 42840 | 08610 | 1.7001 | 4.1121 | 1.2551 | 0.1635 | 0.1606 | 0.2255
0.1 1 10 | 14 6 7] 8 9 | 01|02 07| 44418 | 09226 | 1.8152 | 4.3362 | 1.3036 | 0.1643 | 0.1620 | 0.2302
0.1 1 0 | 15 | 10 | 7 | 8 9 | 01|02 07| 7516 | 1.3629 | 2.5496 | 5.2884 | 0.6939 | 0.1757 | 0.1819 | 0.2975
0.1 1 0 | 15 | 112 | 7| 8 9 | 01|02 07| 82247 | 1.4371 | 2.6656 | 54045 | 0.6084 | 0.1779 | 0.1858 | 0.3108
0.1 1 0 | 15 | 12 | 7| 8 9 | 01|02 0789232 | 15057 | 2.7696 | 55035 | 0.5384 | 0.1799 | 0.1894 | 0.3233.
0.1 1 0 | 15 | 13 | 7 | 8 9 | 01|02 07| 96096 | 1568 | 2.8632 | 5589 | 0.4804 | 0.1819 | 0.1929 | 0.3351
0.1 1 0 | 15 | 14 | 7 | 8 9 | 01|02 07| 10283 | 1.6261 | 2.9480 | 5.6637 | 0.4318 | 0.1837 | 0.1961 | 0.3461
0.1 1 10 | 15 6 | 10| 8 9 | 01|02 07| 45846 | 1.3001 | 1.9272 | 45504 | 1.3532 | 0.1141 | 0.1634 | 0.2351
0.1 1 10 | 15 6 | 11| 8 9 | 01|02 07 | 45846 | 1.3937 | 1.9272 | 45504 | 1.3532 | 0.1033 | 0.1634 | 0.2351
0.1 1 10 | 15 6 | 12| 8 9 | 01|02 |07 | 45846 | 1.4832 | 1.9272 | 45504 | 1.3532 | 0.0944 | 0.1634 | 0.2351
0.1 1 10 | 15 6 | 13| 8 9 | 01|02 07 | 45846 | 1.5678 | 1.9272 | 45504 | 1.3532 | 0.0867 | 0.1634 | 0.2351
0.1 1 10 | 15 6 | 14| 8 9 | 01|02 07 | 45846 | 1.6478 | 1.9272 | 45504 | 1.3532 | 0.0803 | 0.1634 | 0.2351
0.1 1 10 | 15 6 7 10| 9 |01]02]| 07| 45846 | 09835 | 2.304 | 45504 | 1.3532 | 0.1651 0.2351
01 | 1 10 | 15 6 | 7 | 11| 9 |01|o02]|07 | 45846 | 09835 | 24794 | 45504 | 1.3532 | 0.1651 | 0-1288 | (2351
0.1 1 10 | 15 6 7 | 12| 9 |01]02]| 07| 45846 | 09835 | 2.646 | 45504 | 1.3532 | 0.1651 giégg 0.2351
0.1 1 10 | 15 6 7 |13 | 9 | 01|02 |07 | 45846 | 09835 | 2.8054 | 45504 | 1.3532 | 0.1651 | (o970 | 0-2351
0.1 1 10 | 15 6 7 | 14| 9 | 01]|02]07 | 45846 | 09835 | 2.9568 | 4.5504 | 1.3532 | 0.1651 | gpg93 | 0.2351
0.1 1 10 | 15 6 7| 8 |10 |01]02] 07| 45846 | 09835 | 1.9272 | 4.9970 | 1.3532 | 0.1651 | 0.1634 | 0.2078
0.1 1 10 | 15 6 7| 8 | 11 |01]02] 07| 45846 | 09835 | 1.9272 | 54318 | 1.3532 | 0.1651 | 0.1634 | 0.1856
0.1 1 10 | 15 6 7| 8 | 12 |01]02]| 07 | 45846 | 09835 | 1.9272 | 5.8548 | 1.3532 | 0.1651 | 0.1634 | 0.1673
0.1 1 10 | 15 6 7| 8 | 13|01]02] 07| 45846 | 09835 | 1.9272 | 6.2660 | 1.3532 | 0.1651 | 0.1634 | 0.1520
0.1 1 10 | 15 6 7| 8 | 14 |01]02]| 07| 45846 | 09835 | 1.9272 | 6.6668 | 1.3532 | 0.1651 | 0.1634 | 0.1389
0.1 1 10 | 15 6 7| 8 9 | 01|02 |07 | 45846 | ;ggg5 | 1.9272 | 45504 | 1.3532 | 0.1651 | 0.1634 | 0.2351
0.1 1 10 | 15 6 7| 8 9 | 02| 02|06 | 45846 | 17248 | 1.9272 | 4.2417 | 1.3532 | 0.1884 | 0.1634 | 0.2162
0.1 1 10 | 15 6 7] 8 9 | 03|02 |05 | 45846 | 2.2953 | 1.9272 | 3.8673 | 1.3532 | 0.2123 | 0.1634 | 0.1976
0.1 1 10 | 15 6 7| 8 9 | 04| 02|04 | 45846 | 27426 | 1.9272 | 3.4083 | 1.3532 | 0.2369 | 0.1634 | 0.1793
0.1 1 10 | 15 6 7 8 9 | 05|02 03| 45846 | 30989 | 19272 | 2.8386 | 1.3532 | 0.2621 | 0.1634 | 0.1615
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0.1 1 10 15 6 7 8 9 [ 01|01 08 | 45846 | 09835 | 1.0952 | 4.8078 | 1.3532 | 0.1651 | 0.1438 | 0.2543
0.1 1 10 15 6 7 8 9 [ 01| 02|07 | 45846 | 09835 | 1.9272 | 45504 | 1.3532 | 0.1651 | 0.1634 | 0.2351
0.1 1 10 15 6 7 8 9 [ 01| 03|06 | 45846 | 09835 | 25728 | 4.2417 | 1.3532 | 0.1651 | 0.1837 | 0.2162
0.1 1 10 15 6 7 8 9 |01 |04 |05 | 45846 | 09835 | 3.0816 | 3.8673 | 1.3532 | 0.1651 | 0.2045 | 0.1976
0.1 1 10 15 6 7 8 9 |01 | 05|04 | 45846 | 09835 | 3.4888 | 3.4083 | 1.3532 | 0.1651 | 0.2258 | 0.1793
0.1 1 10 15 6 7 8 9 [ 01|02 07 | 45846 | 09835 | 1.9272 | 45504 | 1.3532 | 0.1651 | 0.1634 | 0.2351
0.1 1 10 15 6 7 8 9 [ 01|02 07 | 45846 | 09835 | 1.9272 | 45504 | 1.3532 | 0.1651 | 0.1634 | 0.2351
0.1 1 10 15 6 7 8 9 [ 01|02 07 | 45846 | 09835 | 1.9272 | 45504 | 1.3532 | 0.1651 | 0.1634 | 0.2351
0.1 1 10 15 6 7 8 9 [ 01|02 07 | 45846 | 09835 | 1.9272 | 45504 | 1.3532 | 0.1651 | 0.1634 | 0.2351
0.1 1 10 15 6 7 8 9 [ 01|02 07 | 45846 | 09835 | 1.9272 | 45504 | 1.3532 | 0.1651 | 0.1634 | 0.2351
01 | 1 |10 (15 | 6 | 7 | 8 | 9 | 010207 | 45846 | 09835 | 19272 | 45504 | 23932 | 01651 | 0.1634 | 0.2351
01 | 2 [ 20 | 15 | 6 | 7| 8 | 9 | 01102 07| 46338 | 10647 | 20728 | 47952 | 120 | 01664 | 0.1658 | 02433
0.1 3 10 15 6 7 8 9 | 01|02 |07 | 46500 | 11431 | 22104 | 50013 | "co-c | 01680 | 0.1684 | 0.2528
0.1 4 10 15 6 7 8 9 | 01|02 |07 |46556 | 12194 | 23408 | 51759 | "i- | 01695 | 0.1713 | 0.2630
0.1 5 10 15 6 7 8 9 | 01|02 07 | 4659 | 12936 | 24648 | 5.3262 0.1712 | 0.1743 | 0.2739
o1 1 |10 | 15 6 | 7| 8 1 9 10110207 5845 | 09835 | 1.9272 | 45504 | 1.3532 | 0.1651 | 0.1634 | 0.2351
01 | 1 51 15 6 | 7| 8 | 9 | 010207 | 46104 | 1.3377 | 24968 | 51588 | 1.9573 | 0.1766 | 0.1835 | 0.3016
0.1 1 20 15 6 7 8 9 [ 01|02 07 | 46236 | 1.6471 | 2.948 | 55287 | 25616 | 0.1833 | 0.2040 | 0.3694
0.1 1 25 15 6 7 8 9 [ 01|02 07| 46314 | 1.9194 | 33112 | 57726 | 3.1661 | 0.2001 | 0.2249 | 0.4380
01 1 30 15 6 7 8 9 | 01|02 | 07| 46362 | 21602 | 3.6080 | 59337 | 3.7711 | 0.2119 | 0.2461 | 0.5080
Table.4.Values of Variances and coefficients of Variation of Customers in Queues in Transient State
t a b A | B | M2 B JL¥Y d, d; d, ¥yl ¥l ¥l ¥ilt) ALY ALY ALY ALY
01| 1 |10]|15| 6| 7 8 9 | 01| 02 | 07 | 47437 | 1.2040 | 1.4943 | 7.8667 | 111.02 | 675.66 | 388.07 | 262.20
02| 1 |10]|15| 6 | 7 8 9 | 01|02 | 07 | 66333 | 1.6749 | 3.0166 | 31835 | 84.760 | 29581 | 210.04 | 651.19
03| 1 |10]|15| 6| 7 8 9 | 01 | 02 | 07 | 74554 | 22307 | 53377 | 47772 | 75220 | 219.38 | 183.35 | 1687.0
04| 1 |10]|15| 6 | 7 8 9 | 01|02 | 07 | 78418 | 2.7328 | 7.7684 | 22607 | 70.830 | 192.18 | 177.95 | 2994.6
05| 1 |10]|15| 6 | 7 8 9 | 01| 02| 07 | 80344 | 31185 | 9.7582 | 51809 | 68.610 | 179.94 | 176.98 | 4064.0
01| 1 |10]|10]| 6| 7 8 9 | 01| 02| 07 | 31624 | 1.1317 | 1.3071 | 3.9555 | 13597 | 982.28 | 544.42 | 278.90
01| 1 |10]|11]| 6|7 8 9 | 01| 02 | 07 | 34787 | 1.1458 | 1.3425 | 45385 | 12964 | 898.76 | 501.59 | 271.59
01| 1 |10]|12]| 6| 7 8 9 | 01| 02| 07 | 37949 | 1.1601 | 1.3790 | 52076 | 124.12 | 82853 | 466.00 | 266.68
01| 1 |10]|13]|6 | 7 8 9 | 01| 02| 07 | 41112 | 1.1746 | 14164 | 59752 | 11925 | 796.74 | 43594 | 263.66
01| 1 |10]|14]| 6| 7 8 9 | 01| 02| 07 | 44274 | 11892 | 14549 | 6.8561 | 114.92 | 719.33 | 41027 | 262.26
01| 1 |10]15 (10| 7 8 9 | 01| 02|07 | 37045 | 13344 | 15146 | 39.243 | 116.71 | 48252 | 26535 | 398.12
01| 1 |10|15 |11 | 7 8 9 | 01|02 07| 35017 | 13653 | 15768 | 57.739 | 118.29 | 457.14 | 25358 | 452.35
01| 1 |10]15 (12| 7 8 9 | 01| 02| 07 | 33166 | 1.3953 | 1.6394 | 84.076 | 119.87 | 436.04 | 24402 | 51531
01| 1 |10]15 |13 | 7 8 9 | 01| 02 | 07 | 31474 | 14246 | 1.7022 | 121.02 | 13260 | 41850 | 236.23 | 587.45
01| 1 |10|15 |14 | 7 8 9 | 01|02 | 07 | 29922 | 14529 | 1.7649 | 172.09 | 12321 | 40354 | 22976 | 669.24
01| 1 |10]|15| 6 |10 8 9 | 01| 02 | 07 | 47.437 | 1.1821 | 1.4943 | 7.8667 111.02 | 733.14 | 388.07 | 262.50
01| 1 |10]|15|6 |11 ] 8 9 | 01| 02 | 07 | 47.437 | 11757 | 1.4943 | 7.8667 111.02 | 752.98 | 388.07 | 262.50
01| 1 |10]|15|6 |12 8 9 | 01|02 | 07 | 47.437 | 1.1696 | 1.4943 | 7.8667 111.02 | 772.49 | 388.07 | 262.50
01| 1 |10]|15| 6 |13 | 8 9 | 01| 02 | 07 | 47.437 | 1.1639 | 1.4943 | 7.8667 111.02 | 79327 | 388.07 | 262.50
01| 1 |10]|15| 6 |14 ]| 8 9 | 01| 02 | 07 | 47.437 | 1.1585 | 1.4943 | 7.8667 111.02 | 81356 | 388.07 | 262.50
01| 1 |10|15| 6 | 7 10 9 | 01| 02| 07 | 47437 | 1.2040 | 1.4515 | 7.8667 111.02 | 67566 | 406.06 | 262.50
01| 1 |10|15| 6 | 7 11 9 | 01| 02| 07 | 47437 | 1.2040 | 1.4323 | 7.8667 111.02 | 67566 | 41541 | 262.50
01| 1 |10|15| 6 | 7 12 9 | 01| 02 | 07 | 47437 | 1.2040 | 1.4145 | 7.8667 111.02 | 67566 | 42491 | 262.50
01| 1 |10|15| 6 | 7 13 9 | 01| 02| 07 | 47437 | 1.2040 | 1.3978 | 7.8667 111.02 | 67566 | 43450 | 262.50
01| 1 |10|15| 6 | 7 14 9 | 01| 02| 07 | 47437 | 1.2040 | 1.3823 | 7.8667 111.02 | 67566 | 44434 | 262.50
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01| 1 |10|15 ]| 6 7 8 10 | 01 | 02 | 0.7 | 47.437 | 1.2040 | 1.4943 | 7.1584 | 111.02 | 67566 | 388.07 | 257.68
01| 1 |10|15 ]| 6 7 8 11 | 01 | 02 | 0.7 | 47.437 | 1.2040 | 1.4943 | 6.5564 | 111.02 | 67566 | 388.07 | 253.95
01| 1 |10|15 ]| 6 7 8 12 | 01 | 02 | 0.7 | 47.437 | 1.2040 | 1.4943 | 6.0408 | 111.02 | 67566 | 388.07 | 250.87
01| 1 |10|15 ]| 6 7 8 13 | 01 | 02 | 0.7 | 47.437 | 1.2040 | 1.4943 | 55962 | 111.02 | 67566 | 388.07 | 248.41
01| 1 |10|15 ]| 6 7 8 14 | 01 | 02 | 0.7 | 47.437 | 1.2040 | 1.4943 | 52102 | 111.02 | 67566 | 388.07 | 246.45
01| 1 |10|15 ]| 6 7 8 9 | 01| 02| 07 | 47437 | 12040 | 1.4943 | 7.8667 | 111.02 | 675.66 | 388.07 | 262.20
01| 1 |10|15 ]| 6 7 8 9 | 02| 02| 06 | 47437 | 15184 | 1.4943 | 51882 | 111.02 | 379.27 | 388.07 | 212.94
01| 1]10|15]|6 | 7 8 9 | 03| 02 | 05 | 47.437 | 2.0058 | 1.4943 | 35632 | 111.02 | 290.64 | 388.07 | 176.45
01| 1]10|15]|6 | 7 8 9 | 04 | 02 | 04 | 47437 | 27754 | 1.4943 | 25484 | 111.02 | 256.38 | 388.07 | 149.24
01| 1]10|15]|6 | 7 8 9 | 05 | 02 | 03 | 47437 | 4.0227 | 1.4943 | 1.8980 | 111.02 | 246.94 | 388.07 | 128.79
01| 1 |10|15 ]| 6 7 8 9 | 01| 01| 08 | 47437 | 12040 | 1.1962 | 12.421 | 111.02 | 67566 | 694.42 | 329.48
01| 1 |10|15 ]| 6 7 8 9 | 01| 02| 07 | 47437 | 12040 | 1.4943 | 7.8667 | 111.02 | 67566 | 388.07 | 262.20
01| 1 |10|15 ]| 6 7 8 9 | 01| 03| 06 | 47437 | 12040 | 1.9494 | 51882 | 111.02 | 67566 | 29549 | 212.94
01| 1 |10|15 ]| 6 7 8 9 | 01| 04 | 05 | 47437 | 12040 | 2.6556 | 3.5633 | 111.02 | 67566 | 258.63 | 176.47
01| 1 |10|15 ]| 6 7 8 9 | 01| 05 | 04 | 47437 | 12040 | 3.7779 | 25484 | 111.02 | 67566 | 24679 | 149.24
01| 1 |10]|15| 6 | 7 8 9 | 01| 02| 07 | 47437 | 12040 | 1.4943 | 7.8667 111.02 | 67566 | 388.07 | 262.50
01| 1 |10]|15| 6 | 7 8 9 | 01| 02| 07 | 47437 | 12040 | 1.4943 | 7.8667 111.02 | 67566 | 388.07 | 262.50
01| 1 |10]|15| 6 | 7 8 9 | 01| 02| 07 | 47437 | 12040 | 1.4943 | 7.8667 111.02 | 675.66 | 388.07 | 262.50
01| 1 |10]|15| 6 | 7 8 9 | 01| 02 | 07 | 47437 | 12040 | 1.4943 | 7.8667 111.02 | 675.66 | 388.07 | 262.50
01| 1 |10]|15| 6 | 7 8 9 | 01| 02 | 07 | 47437 | 12040 | 1.4943 | 7.8667 111.02 | 67566 | 388.07 | 262.50
011 (101516 | 7 | 8 | 9 |01 10207 | 47437 | 12040 | 1.4943 | 25484 | 111.02 | 675.66 | 388.07 | 149.24
01| 2 |10 |15 | 6 | 7 8 9 |01 ]02|07 | 52708 | 1.2071 | 1.5088 | 2.6419 | 107.27 | 620.02 | 357.39 | 139.29
01| 3 |10]|15| 6 | 7 8 9 | 01| 02|07 | 58937 | 12108 | 15261 | 2.7568 | 104.71 | 573.11 | 331.82 | 131.34
01| 4 |10]|15| 6 | 7 8 9 | 01| 02| 07 | 66124 | 1.2150 | 1.5462 | 2.8956 | 102.99 | 533.27 | 310.17 | 124.99
0.1 5 10 | 15 6 7 8 9 0.1 0.2 07 74.270 1.2199 1.5694 3.0614 101.87 498.64 291.61 119.95
011 1 110115 16 1 7 8 1 9 1014023074 437 | 12040 | 14943 | 38220 | 11102 | 679.66 | 388.07 | 18276
011 |15|15 | 6 | 7 8 9 |01 ]02 |07 10733 | 12398 | 16671 | 9.6011 | 11481 | 47121 | 28179 | 199.15
01| 1 |20]|15| 6 | 7 8 9 | 01 |02 |07 | o175 | 12016 | 19431 | 34863 | 116.75 | 36649 | 23178 | 289.14
01| 1 |25]|15| 6 | 7 8 9 | 01|02 |07 | 59599 | 13615 | 23660 | 18298 | 117.92 | 30386 | 20658 | 535.02
0.1 1 30 | 15 6 7 8 9 0.1 0.2 0.7 430.76 1.4521 3.0100 1368.3 118.71 263.22 195.42 12271

Table 5.Values of Ly . Ly . Eq

(SENSITIVITY ANALYSIS)

Variation Performanc Percentage Change in Parameter
Parameter e Measure -15% -10% -5% 0 5% 10% 15%
L, (t) 5.4932 5.7372 5.9740 6.2038 6.4269 6.6433 6.8533
LE. [t:l 0.1248 0.1371 0.1496 0.1624 0.1755 0.1887 0.2021
Ly(t) 0.2431 0.2666 0.2906 0.3150 0.3398 0.3649 0.3903
Ll- [t:l 0.8269 0.9078 0.9881 1.0697 1.1523 1.2358 1.3201
t=0.1 L[t:l 6.6880 7.0487 7.4023 7.7509 8.0945 8.4327 8.7658
W1 [t:l 1.2904 1.3115 1.3324 1.3532 1.3736 1.3940 1.4140
WE_ [t] 0.1615 0.1627 0.1639 0.1651 0.1664 0.1676 0.1688
W3 [t] 0.1571 0.1592 0.1613 0.1634 0.1655 0.1676 0.1698
Wq_[t] 0.2138 0.2212 0.2281 0.2351 0.2421 0.2491 0.2562
L1 [t:l 5.2733 5.5835 5.8936 6..2038 6.5140 6.8242 7.1344
Lz_ [t:l 0.1381 0.1462 0.1543 0.1624 0.1706 0.1787 0.1868
L3 [t:l 0.2678 0.2835 0.2993 0.3150 0.3308 0.3465 0.3623
Iq_ [t:l 0.9092 0.9627 1.0162 1.0697 1.1232 1.1767 1.2301
A=15 L[t:l 6.5884 6.9759 7.3634 7.7509 8.1386 8.5261 8.9136
W1 [t] 1.2429 1.2792 1.3158 1.3532 1.3908 1.4292 1.4678
W;_ [t:l 0.1633 0.1639 0.1645 0.1651 0.1658 0.1664 0.1670
W3 [t] 0.1602 0.1613 0.1624 0.1634 0.1645 0.1656 0.1667
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WLit) 0.2242 0.2278 0.2315 0.2351 0.2369 0.2425 0.2462

Li{t) 51717 5.0448 4.9224 4.8043 4.6904 45804 4.4793

L, (1) 0.2427 0.2525 0.2619 0.2709 0.2796 0.2880 0.2961

Lyit) 0.4703 0.4891 0.5073 0.5247 0.5415 0.5576 0.5732

L ity 1.5953 1.6591 1.7204 1.7794 1.8361 1.8906 1.9431

pi=12 Lt 7.4800 7.4455 7.4120 7.3793 7.3476 7.3166 7.2867
Wit 0.5740 0.5617 0.5498 0.5384 0.5275 0.5170 0.5069

W, (L) 0.1761 0.1774 0.1778 0.1799 0.1811 0.1823 0.1834

Wit 0.1827 0.1850 0.1873 0.1894 0.1915 0.1936 0.1955

W (L) 0.3002 0.3082 0.3159 0.3233 0.3305 0.3373 0.3440

L, (t) 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038

L, (t) 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038

Ly(t) 0.2172 0.2172 0.2172 0.2172 0.2172 0.2172 0.2172

Ly (t) 0.3150 0.3150 0.3150 0.3150 0.3150 0.3150 0.3150

m=14 Lit) 1.0697 1.0697 1.0697 1.0697 1.0697 1.0697 1.0697
Wit 7.8057 7.8057 7.8057 7.8057 7.8057 7.8057 7.8057

W, (t) 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532

Wiit) 0.1252 0.1252 0.1252 0.1252 0.1252 0.1252 0.1252

Woit) 0.1634 0.1634 0.1634 0.1634 0.1634 0.1634 0.1634

L, (t) 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038

L, (t) 0.1624 0.1624 0.1624 0.1624 0.1624 0.1624 0.1624

Lyit) 0.3024 0.3024 0.3024 0.3024 0.3024 0.3024 0.3024

L, (t) 1.0697 1.0697 1.0697 1.0697 1.0697 1.0697 1.0697

pa=11 L) 7.7383 7.7383 7.7383 7.7383 7.7383 7.7383 7.7383
Wi (L) 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532

Wit 0.1651 0.1651 0.1651 0.1651 0.1651 0.1651 0.1651

Wit 0.1176 0.1176 0.1176 0.1176 0.1176 0.1176 0.1176

Wt 0.2351 0.2351 0.2351 0.2351 0.2351 0.2351 0.2351

L, (t) 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038

L, (t) 0.1624 0.1624 0.1624 0.1624 0.1624 0.1624 0.1624

Ly(t) 0.3150 0.3150 0.3150 0.3150 0.3150 0.3150 0.3150

L, (t) 1.0069 1.0069 1.0069 1.0069 1.0069 1.0069 1.0069

ps=13 Lt 7.6881 7.6881 7.6881 7.6881 7.6881 7.6881 7.6881
Wit 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532

Wit 0.1651 0.1651 0.1651 0.1651 0.1651 0.1651 0.1651

Wit 0.1634 0.1634 0.1634 0.1634 0.1634 0.1634 0.1634

Woit) 0.1569 0.1569 0.1569 0.1569 0.1569 0.1569 0.1569

L, (t] 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038

L, (t) 0.4142 0.4142 0.4142 0.4142 0.4142 0.4142 0.4142

Ly(t) 0.3150 0.3150 0.3150 0.3150 0.3150 0.3150 0.3150

L, (t) 0.8328 0.8328 0.8328 0.8328 0.8328 0.8328 0.8328

8,=0.3 Lit) 7.7658 7.7658 7.7658 7.7658 7.7658 7.7658 7.7658
Wit 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532

Wit} 0.2014 0.2014 0.2014 0.2014 0.2014 0.2014 0.2014

Wit 0.1634 0.1634 0.1634 0.1634 0.1634 0.1634 0.1634

Wit) 0.2059 0.2059 0.2059 0.2059 0.2059 0.2059 0.2059

L, (t) 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038 6.2038

L, (t) 0.1624 0.1624 0.1624 0.1624 0.1624 0.1624 0.1624

Lqit) 0.2678 0.2678 0.2678 0.2678 0.2678 0.2678 0.2678

L, (t) 1.1155 1.1155 1.1155 1.1155 1.1155 1.1155 1.1155

8,-0.2 Lt 7.7495 7.7495 7.7495 7.7495 7.7495 7.7495 7.7495
Wit 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532 1.3532

Wit 0.1651 0.1651 0.1651 0.1651 0.1651 0.1651 0.1651

Wiit) 0.1575 0.1575 0.1575 0.1575 0.1575 0.1575 0.1575

Woit) 0.2408 0.2408 0.2408 0.2408 0.2408 0.2408 0.2408
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L (L) 8.0368 8.1778 8.3188 8.4598 8.6008 8.7418 8.8828

L, (t) 0.2104 0.2141 0.2178 0.2215 0.2252 0.2289 0.2326

Ly(t) 0.4081 0.4153 0.4224 0.4296 0.4367 0.4439 0.4511

_ L ity 1.3857 1.4100 1.4344 1.4587 1.4830 1.5073 15316
a=5 Lit) 10.041 10.2172 10.3934 10.5696 10.7457 10.9219 11.0981
Wi t) 1.8593 1.8406 1.8262 1.8158 1.8086 1.8045 1.8028

W, (i) 0.2057 0.1924 0.1810 0.1712 0.1627 0.1553 0.1487

Wilt) 0.2041 0.1926 0.1828 0.1743 0.1670 0.1606 0.1551

W) 0.3004 0.2900 0.2812 0.2739 0.2677 0.2625 0.2582

L, (L) 10.1517 10.7157 11.2797 11.8437 12.4077 12.9717 13.5357

L, (L) 0.2658 0.2806 0.2954 0.3101 0.3249 0.3397 0.3544

Ly (L) 0.5155 0.5441 0.5728 0.6014 0.6301 0.6587 0.6873

L, (L) 1.7504 1.8476 1.9449 2.0421 2.1394 2.2366 2.3339

b=20 Lt 12.6834 13.3880 14.0928 14.7943 155021 16.2067 16.9113
Wit 2.0558 2.2180 2.3866 2.5616 2.7430 2.9307 3.1246

W, (L) 0.1403 0.1555 0.1715 0.1883 0.2058 0.2242 0.2433

Wilt) 0.1543 0.1701 0.1867 0.2040 0.2222 0.2411 0.2608

WLit) 0.2866 0.3144 0.3413 0.3694 0.3986 0.4289 0.4604

VII.STEADY STATE ANALYSIS
In this section we study the steady-state analysis of queuing P(0,0,..0) =

model . The Joint Probability generating function of number
of customers in first, second,....k™ queues respectively in
steady state is

lirng o, P(2, 2y o Bpit) =PIE, 2, 0 2y ) =

el 3 3 T (D))

m -]

[(21_1) o Bulee =10 Btz =10 B (= 13}" i [91111 (z; = 1)}" o
Mz = My L R | Hy = M,y Hz = My

[Batalzs — 1)}“"‘ [Bumsbta (zhma — 11}'*" T [Bucatts (ma— 1)}“{ 1 1l

[ B T [T Al =)+l = v e (e, —nd e en
(115)

VII.LA.CHARACTERISTICS OF THE MODEL
UNDER EQUILIBRIUM
Putting z; =0.z: = 0....z, =0 in (45) and expanding we get
the probability that the k-server system is empty in steady
state as

Mean number of customers in first queue is
EQN,) = L, = 1-E(X) (118)
1

Where E(x1 is the mean of batch size arrivals to first queue
and is given by i) = x5, m.C,
Putting . =0 in (117) we get the probability that the first

gueue is empty as
i m T [_1] ty
i A
nzlzf‘“ My #1171

(119)
Utilization of first server is &f, =1 —P(0,.,...0 =

- i myy [(—11 "
lﬂzlzr1=1fm (""'1){ #1"“1 H
(1200

Throughput of first server is Thpl =p,;.00 =

i lej _Fm (::) {[11:1 H} (121)

P0,.....0 =exp

1— grp

#1{1 — wxp
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(116)
VI1.B.PERFORMANCE ANALYSIS OF FIRST
QUEUE
Putting =:=Lz=1..5 =1 in (45) we get probability
generating function of first queue size as .

P(Z) =exp A0 I Gy [:':':":1 o [:,._

-l

(117)

Average waiting time customers of a customer in first

T e
queue is Wy = - R I |
(122)

Variance of the number of customers in first queue is

A
viz) =¥, = (Z)55., cal}) (123)
Coefficient of variation of the number of customers in first

2
v (EEs, enlD
queue is C¥ = —LT x100 = %"‘} LTIl (124)

e 1es.

VII.C. PERFORMANCE ANALYSIS OF i QUEUE
FORi=2,3,.k

Putting z; = L.z =Lz =1..5., =1in (115) we get
probability generating function of i'" queue size
distribution as A.Z;1 =

S DI Wl Ao

(125)

Mean number of customers
in i queue is
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Ad;_
E(N) =1, = {25t " 1) B (126)
Where £k is the mean of batch size arrivals at i queue
and Eix) =E,, m.C,

Puttlng z; = 0in (125) we get the probability that the i™
buffer is empty as F{,..0... 3 =
-1 E]
Utilization of i™"
1

a2 3 T o)) o
(127)
e 37 0 corma () e

serverisy; =1—F{ ... 0.31=

} {,u,_(‘r,_— T+ T
*]

(128)

server is Thy = p U, =

eI )

(129)

Throughput of i

o
i1 — exp 4
=1

Average waiting time of a customer in i

(et eco

[1—exp[ﬁ}:;=1}: LEr, (-1 e, (r)(rl)

queue is

W ==
C S TRy

[Bicgityy"§
Vg — oyt gy —

?J+.umm
(130)

Variation of the number of customers in it"

":-I:|_ =

queue is

(2= ([ L)+ (2en]
(131)
Coefficient of variation in number of the number of

queue is CV; = “;jxllill:l =

(o) g (e, () (O ) ()

=

customers in i

J

(132)
VIl. D. PERFORMANCE MEASURES OF THE
STAEDY STATE MODEL WHEN BATCH SIZE
DISTRIBUTION IS UNIFORM
The Joint Probability generating function of number of
customers in first, second, third and fourth queues
respectively in steady state is PZ,.24, 25, 24) =

ZZ 22 2 0 D

&

g4 ta=0 t3=p ty=

[(z 1+ BLP‘LCZZ 1 92-“1(2: 1 3:#1(24 1)}'1 o {31.#1_(.22 - 1)}'2 "
- 2 [ Rl ! g =y Ha =y

[32#1.(2: - 1)} T {Bapralzs — 1)}“{ 1 }]
=ity L e — ity paln —md by — ) 4l —5) +

(133)

VII. E. CHARACTERISTICS OF THE MODEL
Putting =, =0.z: = 0.z, in (133) expanding and
collecting constant terms we get the probability that the
4-server system is empty in steady state as F{0,0,0.0) =

=z, =0

Z D DD D AT .
; o) GGG
# thal t =D Yimn tamp el Wy kb
E B g =13 g T,—1, B =ty
(1+ 1.-”1. n 1My L= 1.-“1) ( LMy ) ( 1y )
Ma— iy Mg — iy M =y fa = My Mg =y
(o) 1 |
fa —Hd NP — Tty — vl g — Tl + T
(134)
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VIl . F. PERFORMANCE ANALYSIS OF FIRST

QUEUE
Puttingz; =1,z3 = 1,5, =1 in(133) we get probability

generating function of first queue size as PL.Z,) =

b
WM WO {al}}

(135)

Mean number of customers in first buffer is

BN =1, = [.1[9..+ E:]]
S - (136)
Putting Z, =1 in (135) we get the probability that the first

queue is empty asP(0,.....0 =
Tz
Z Zﬁ—l[ L (b —

1
o+ 10

(-1 "

417

gxp

M)

(137)

Utilization of firstserveristr, =1 —F{0,. ...} =
_ ¥, 1 (—13"
w13, T 0 g (G

g+1)
(138)
Throughput of first server isThpl =gy I =

m{ _m[ ZZ[ SR (n)[[ﬁgm

g+ 1)
(139)

Average waiting time of a customer in first queue is
[.1! e+ h ]]
2p,°

Thp, {1 — exp [ﬂ-EE’mE‘ﬁJ‘m (6

L
W, = —

1
—6+1)

(m){(—lj i

AL T
(140)

Variance of number of customers in first queue is

i

1 b i I E_R-+ EJ_]
ViZd=v = (Z)[Zm=am(2)+ 2 }
(141)

Coefficient of variation of number of customers in first
1
gueue is €V, = EnclI:II:I =

R e
ity [“{n_b}]‘} 2100 (142)
2y
VI1l. G. PERFORMANCE ANALYSIS OF SECOND
QUEUE

Putting z; = 1.z = 1.z, = 1 in (133) we get probability
generating function of second queue size distribution as

P, II—
U (B [z — 1Y 1
DO D e g oot R R
(143)

Mean number of customers in second queue is
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A8, (6+b)
B(Ny) = Ly =[]

2ty (144)
Probability that the second queue is empty is FL.0,.,.0 =

b ! .
o [AY,ZEZ:-LZ:FUC_DVI " b - i +1) (:i) (::) i# fl—#:flz i-“1("1 - :-z) + gty I}

(145)
Utilization of second server istf, =1 —F{ 0., )=

[ X t
e 3 3 s (0 e

(146)

Throughput of second server is Thypy = gl =

B o Y e S s

(147)
Average waiting time of customers in second queue is

W =—= . T .
i |1 cxplapt Fm T foapmen 2 (m)fn )[R )" ] ||

(148)
Variance of the number of customers in second queue is
iz, = T, _|'“|[|‘“ ) B3 +[,.] (149)

Coefficient of varlatlon of number of customers in second
queue is V¥, = Exll:ll:l =

Lz
} u1|="'1 _:“ ™ 91[“"5'}}
= I(H“Hz [.19,[&;.:4;}]1} - i l.'Jr:lI:II:I (150)
2Kz

VII. F. PERFORMANCE ANALYSIS OF THIRD
QUEUE
Putting z; = 1.z, = 1.z, = 1 in (133) we get probability
generating function of third queue size distribution as
— ] t it

PI:ZE:I = Bp [AEm=E ti= 121’; nl: ]_:Ifi h— |z+]_:l( .)(f;)

Balty(Z3—1) L
{ Ha-1h }{#1':'(1-'(3“.“3'(3}]

(151)
Mean number

of customers in third queue is

I:-I". I—L :I./‘:l j.l I-I_ (152)
Probablllty that the third queue is empty is Fi....0,.) =
"1 1 my 1y ¢ Bapy Y 1
- znz zfs n[ e b—a+1) ("'1.) ("':) {#: _#FM} {#L(ﬂ. _"':)+.“:"':}
(153)
Utilization of third server is &:; =1-FL..0..0= )
(154)

Average waiting time of customer in fourth queue is

"

M Ao a By o1 Ly 10

(164)

Variance of the number of customers in fourth queue is

Bz =y = (H )[(H”h)Em i Em(mj { (E+E"J}]
(165)

Coefficient of variation of the number of customers in

A

fourth queue is ¥ () = £ o £100 =
A {10872 g 1 wy |, (Balm + )
J{E)Kﬁfa:)zm=ub—a+1}':ﬂ+l ]
[ﬂﬂg @+ b}] *100
ity
(166)

Retrieval Number: G6135058719/19©BEIESP

2142

ISSN: 2278-3075, Volume-8 Issue-7, May, 2019

Throughput of third server isThpy = gl =

YN R

ey (v — a+1) (:D (:) {#ff;x} lf"L(?"L 7?‘3)+Mr’5

(155)
Average waiting time of a customer in third queue is

|1 —exp

Ta=p

I.I.': = — =

.(-i.56)

Variance of the number of customers in third queue is
Fiz )= T, —Irﬂl[lr"" l'l_ul_ _.1 .+[ “"] (157)

Coefficient of varlatlon of the number of customers in third

queue is ¥, (] =

j(ﬁ)[(ﬁ)mmw{%ﬂ

[132 o+ ag] x100
Aty
(158)
VIl .G. PERFORMANCE ANALYSIS OF FOURTH
QUEUE

Putting z; = 1.z;, = L,z = 1 in (133) we get probability
generating function of fourth queue size distribution as

AZ,) =
ORANIK

1 ( )(n)gﬁm(z.—lh { 1 3
(5_9+1) M L e — My ; l#i[ﬁ_?&)"'#a?&-’

= ta=n
(159)
Mean number of customers in fourth queue is
A8, (o + &)
BN = Ly =[]
2ty (160)

Probablllty that the fourth queue is empty is PL......00 =

Z Z Z L Ca_i+1) C:) @ {#f!f ;1} {m(q—:‘,)m,ﬁ,}
(161)

wip

Utilization of fourth serveristf, =1 —F({, ,..00 =

DM LT S| P P e
(162)

Throughput of fourth server is Thp, =iy Uy =
: i "1 my reps [ Baig |7
BT e e )
(163)

Hy [1* s

VIII.COMPARITIVE STUDY

A comparative study between transient and steady state of
the system with values of time t = 0.1, 0.2, 0.3,
0.4,0.5,1,2,3,4 and 5 is carried. The difference and
percentage of variation in all performance measures are
calculated and given in Table.6.

FromTable.6 it is observed that there is high significant
difference between transient behaviour and steady state
behaviour of the model. At t=0.1 the variation and
percentage of variation in measures is highly significant
which can be observed in
last two columns of
Table.6. As we move
towards 0.5 the variation
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narrows down. At t=1the percentage of variation is reduced
further and some of the measures differ very closely. This
explains that as t increases the difference between
transient and steady state behaviour become negligible and
from t=3 onwards we find no difference between them. This
indicates that the system attains equilibrium after time t=3
units

IX.CONCLUSION

This paper addresses the development and analysis of a
K-node tandem Queuing model with bulk arrivals and
state dependent service rates. It is assumed that the K
servers are connected in tandem where the customers
arrive to the first Queue in batches and after getting service
at first server they may join at any one of the (K-1) Queues
which are in parallel with certain probability. The service
rate of each service station is dependent on the content of
the buffers connected to it. The explicit expressions for

system characteristics such as average number of customers
in the Queue, probability of idleness of each service station,
throughput of the nodes, average waiting time customers in
each Queue, utilization of each server are derived. The
sensitivity of the model with respect to the changes in
parameters is explained. The bulk size distribution
parameters have significant influence on system
performance measures. The congestion in the queues and
the mean waiting time or delay in service can be reduced by
regulating the bulk size distribution parameters. A
comparative study of the model between transient and
steady state revealed that the time t has significant
influence on the performance measures. The proposed
model is very useful for scheduling the Communication
networks at LAN,VAN and MAN. It is possible to obtain
the optimal operating policies of the model with suitable
cost considerations which will be considered elsewhere.
This model also includes some of the earlier models as
particular cases for specific values of the parameters.

Table 6.Comparative tables of performance measures between Transient and Steady state for values of
t=0.1,0.2,0.3,0.4,0.5,1,2,3,4and 5
(A=5G.p =6pp=Tpy=8p,=98, =018 =02ce=055=20)

_ Transient Diffe.rence between o
Timet | Performance State Steady State | Transient and Steady % of variation
state
L 6.2038 13.7500 -7.726 -56.191
i) 0.1624 1.1786 -1.016 -86.221
Eq 0.3150 2.0625 -1.748 -84.727
L 1.0697 6.4167 -5.347 -83.329
L 7.7509 23.4078 -15.837 -67.657
P 0.2254 0.0004 0.225 63680.419
B, 0.2359 0.0039 0.232 5997.183
P, 0.8595 0.3325 0.527 158.496
P, 0.7591 0.1616 0.598 369.740
P 0.4944 0.0119 0.483 4058.116
-0 o, 0.7641 0.9961 -0.232 -23.293
=01 U, 0.1405 0.6675 0.527 78.951
iy 0.2409 0.8384 -0.598 -71.267
[ 0.5056 0.9881 -0.483 -48.832
Thy, 4.5846 5.9768 -1.392 -23.293
Thp, 0.9835 4.6725 -3.689 -78.951
Thyy 1.9272 6.7072 -4.780 -71.267
Thps, 4.5504 8.8930 -4.343 -48.832
W, 1.3139 2.3006 -0.987 -42.887
W, 0.1651 0.2522 -0.087 -34.537
Wy 0.1634 0.3075 -0.144 -46.847
W, 0.2351 0.7215 -0.486 -67.420
_ Transient Diffe_rence between o
Timet | Performance State Steady State | Transient and Steady % of variation
state
L 9.6086 13.7500 -4.141 -43.101
t=0.2 K 0.4375 1.1786 -0.741 -169.394
£ 0.8269 2.0625 -1.236
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L, 2.7400 6.4167 -3.677 -134.186
L 13.6130 23.4078 -9.795 -71.952
P 0.0536 0.0004 0.053 99.341
Py 0.0657 0.0039 0.062 94.113
B, 0.6698 0.3325 0.337 50.358
P, 0.4951 0.1616 0.334 67.360
Py 0.1873 0.0119 0.175 93.652
oy 0.9343 0.9961 -0.062 -6.620
&y 0.3302 0.6675 -0.337 -102.150
Iy 0.5049 0.8384 -0.334 -66.053
oy 0.8127 0.9881 -0.175 -21.584
Thp,y 5.6057 5.9768 -0.371 -6.620
Thy, 2.3114 4.6725 -2.361 -102.150
Thp, 4.0392 6.7072 -2.668 -66.053
Thp, 7.3143 8.8930 -1.579 -21.584
W, 1.7141 2.3006 -0.586 -34.216
W, 0.1893 0.2522 -0.063 -33.264
(3 0.2047 0.3075 -0.103 -50.209
Wy 0.3746 0.7215 -0.347 -92.613
_ Transient Diffe.rence between o
Timet | Performance State Steady State | Transient and Steady % of variation
state
K 11.4771 13.7500 -2.273 -19.804
K 0.6808 1.1786 -0.498 -73.120
ks 1.2601 2.0625 -0.802 -63.677
Ly 4.0971 6.4167 -2.320 -56.616
L 17.5151 23.4078 -5.893 -33.644
P 0.0142 0.0004 0.014 97.511
Py 0.0238 0.0039 0.020 83.709
P, 0.5360 0.3325 0.204 37.966
P, 0.3415 0.1616 0.180 52.679
P 0.0791 0.0119 0.067 84.968
0.3 7y 0.9762 0.9961 -0.020 -2.036
=0 U, 0.4641 0.6675 10.204 43.858
iy 0.6585 0.8384 -0.180 -27.320
oy 0.9209 0.9881 -0.067 -7.298
Thy, 5.8572 5.9768 -0.119 -2.036
Thp, 3.2480 4.6725 -1.425 -43.858
Thyy 5.2680 6.7072 -1.439 -27.320
Thp, 8.2881 8.8930 -0.605 -7.298
W, 1.9595 2.3006 -0.341 -17.413
W, 0.2096 0.2522 -0.043 -20.341
Wy 0.2392 0.3075 -0.068 -28.556
W, 0.4943 0.7215 -0.227 -45.963
_ Transient Diffe_rence between o
Timet | Performance State Steady State | Transient and Steady % of variation
state
L 12.5026 13.7500 -1.247 -9.977
K 0.8602 1.1786 -0.318 -37.015
Eq 1.5663 2.0625 -0.496 -31.680
t=04 Ly 5.0210 6.4167 -1.396 -27.797
' L 19.9501 23.4078 -3.458 -17.332
P 0.0045 0.0004 0.004 92.174
B, 0.0116 0.0039 0.008 66.589
P, 0.4531 0.3325 0.121
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P, 0.2596 0.1616 0.098 33.750
P 0.0404 0.0119 0.029 70.569
(5 0.9884 0.9961 -0.008 -0780
o, 0.5469 0.6675 -0.121 -22.052
iy 0.7404 0.8384 -0.098 -13.236
iy 0.9596 0.9881 -0.029 -2.971
Thp,y 5.9304 5.9768 -0.046 -0.780
Thy, 3.8283 4.6725 -0.844 -22.052
Thp, 5.9232 6.7072 -0.784 -13.236
Thpy 8.6364 8.8930 -0.257 -2.971
W, 2.1082 2.3006 -0.192 -9.126
W, 0.2247 0.2522 -0.028 -12.260
(3 0.2644 0.3075 -0.043 -16.288
W, 0.5814 0.7215 -0.140 -24.110
_ Transient Diffe_rence between o
Timet | Performance State Steady State | Transient and Steady % of variation
state
Ky 13.0654 13.7500 -0.6846 -5.2398
i) 0.9814 1.1786 -0.1972 -20.0937
£ 1.7651 2.0625 -0.2974 -16.8489
L 5.6008 6.4167 -0.8159 -14.5676
L 21.4127 23.4078 -1.9951 -9.3174
P 0.0018 0.0004 0.0015 80.8143
Py 0.0073 0.0039 0.0034 47.1014
P, 0.4035 0.3325 0.0710 17.5960
P, 0.2158 0.1616 0.0542 25.1158
P 0.0252 0.0119 0.0133 52.8175
-0 o 0.9927 0.9961 -0.0034 -0.3470
=0.5 i 0.5965 0.6675 -0.0710 -11.9028
iy 0.7842 0.8384 -0.0542 -6.9115
(i 0.9748 0.9881 -0.0133 -1.3654
Thp, 5.9562 5.9768 -0.0207 -0.3470
Thy, 4.1755 4.6725 -0.4970 -11.9028
Thp, 6.2736 6.7072 -0.4336 -6.9115
Thps, 8.7732 8.8930 -0.1198 -1.3654
W, 2.1936 2.3006 -0.1070 -4.8758
KW, 0.2350 0.2522 -0.0172 -7.3197
Iy 0.2814 0.3075 -0.0262 -9.2950
Wy 0.6384 0.7215 -0.0831 -13.0243
. Transient Steady Diffe_r ence between .
Timet | Performance Transient and Steady % of variation
State State state
K 13.7159 13.7500 -0.0341 -0.2486
L 1.1766 1.1786 -0.0020 -0.1700
Eq 2.0441 2.0625 -0.0184 -0.9002
i 6.3705 6.4167 -0.0462 -0.7252
L 23.3071 23.4078 -0.1007 -0.4321
=1 P 0.0004 0.0004 0.0000 10.5316
P, 0.0040 0.0039 0.0001 3.2750
B, 0.3371 0.3325 0.0046 1.3646
P, 0.1646 0.1616 0.0030 1.8226
F 0.0125 0.0119 0.0006 4.8800
oy 0.9960 0.9961 -0.0001
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i, 0.6629 0.6675 -0.0046 -0.6939
iy 0.8354 0.8384 -0.0030 -0.3591
i, 0.9875 0.9881 -0.0006 -0.0618
Thy, 5.9760 5.9768 -0.0008 -0.2354
Thp, 4.6403 4.6725 -0.0322 0.5203
Thp; 6.6832 6.7072 -0.0240 -0.5391
Thp, 8.8875 8.8930 -0.0055 -0.0618
W, 2.2952 2.3006 -0.0054 -0.2354
K, 0.2536 0.2522 0.0013 0.5203
(G 0.3059 0.3075 -0.0016 -0.5391
W, 0.7168 0.7215 -0.0048 -0.6630
. Transient Steady Diffe_r ence between L.
Timet | Performance Transient and Steady % of variation
State State state
Ky 13.7499 13.7500 -0.0001 -0.0007
L 1.1786 1.1786 0.0000 0.0000
L, 2.0625 2.0625 0.0000 0.0000
I 6.4165 6.4167 -0.0002 -0.0031
E 23.4075 23.4078 -0.0003 -0.0013
P 0.0004 0.0004 0.0000 0.0283
Py 0.0039 0.0039 0.0000 0.0258
B, 0.3325 0.3325 0.0000 0.0000
P, 0.1617 0.1616 0.0001 0.0618
P, 0.0119 0.0119 0.0000 0.0000
t=2 o 0.9961 0.9961 0.0000 -0.0001
i, 0.6675 0.6675 0.0000 0.0000
iy 0.8383 0.8384 -0.0001 -0.0119
i, 0.9881 0.9881 0.0000 0.0000
Thp, 5.9768 5.9768 0.0000 -0.0001
Thy, 4.6725 4.6725 0.0000 0.0000
Thy, 6.7064 6.7072 -0.0008 -0.0119
Thp, 8.8930 8.8930 0.0000 0.0000
W, 2.3006 2.3006 0.0000 -0.0006
K, 0.2522 0.2522 0.0000 0.0000
(L 0.3075 0.3075 0.0000 -0.0119
W, 0.7215 0.7215 0.0000 -0.0031
. Transient Steady D‘ﬁe!' ence between .
Timet | Performance Transient and Steady % of variation
State State state
K 13.7500 13.7500 0.0000 0.0000
i) 1.1786 1.1786 0.0000 0.0000
Ly 2.0625 2.0625 0.0000 0.0000
i 6.4167 6.4167 0.0000 0.0000
L 23.4078 23.4078 0.0000 0.0000
P 0.0004 0.0004 0.0000 0.0000
P 0.0039 0.0039 0.0000 0.0000
t=3 B, 0.3325 0.3325 0.0000 0.0000
P, 0.1616 0.1616 0.0000 0.0000
F 0.0119 0.0119 0.0000 0.0000
o 0.9961 0.9961 0.0000 0.0000
i, 0.6675 0.6675 0.0000 0.0000
iy 0.8384 0.8384 0.0000 0.0000
i 0.9881 0.9881 0.0000 0.0000
Thpy 5.9768 5.9768 0.0000
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Thp, 46725 4.6725 0.0000 0.0000
Thpy 6.7072 6.7072 0.0000 0.0000
Thp, 8.8930 8.8930 0.0000 0.0000
KW, 2.3006 2.3006 0.0000 0.0000
W, 0.2522 0.2522 0.0000 0.0000
Iy 0.3075 0.3075 0.0000 0.0000
W, 0.7215 0.7215 0.0000 0.0000
_ Transient Diffe_rence between o
Timet | Performance State Steady State | Transient and Steady % of variation
state
K 13.7500 13.7500 0.0000 0.0000
L 1.1786 1.1786 0.0000 0.0000
Iy 2.0625 2.0625 0.0000 0.0000
L 6.4167 6.4167 0.0000 0.0000
L 23.4078 23.4078 0.0000 0.0000
P 0.0004 0.0004 0.0000 0.0000
P 0.0039 0.0039 0.0000 0.0000
B, 0.3325 0.3325 0.0000 0.0000
P, 0.1616 0.1616 0.0000 0.0000
F 0.0119 0.0119 0.0000 0.0000
t=4 i 0.9961 0.9961 0.0000 0.0000
o, 0.6675 0.6675 0.0000 0.0000
iy 0.8384 0.8384 0.0000 0.0000
[ 0.9881 0.9881 0.0000 0.0000
Thy, 5.9768 5.9768 0.0000 0.0000
Thy, 4.6725 4.6725 0.0000 0.0000
Thp, 6.7072 6.7072 0.0000 0.0000
Thpy 8.8930 8.8930 0.0000 0.0000
W, 2.3006 2.3006 0.0000 0.0000
i, 0.2522 0.2522 0.0000 0.0000
iy 0.3075 0.3075 0.0000 0.0000
Wy 0.7215 0.7215 0.0000 0.0000
_ Transient Diﬁerence between o
Time t Performance State Steady State Transient and Steady % of variation
state
K 13.7500 13.7500 0.0000 0.0000
L 1.1786 1.1786 0.0000 0.0000
Eq 2.0625 2.0625 0.0000 0.0000
Ly 6.4167 6.4167 0.0000 0.0000
L 23.4078 23.4078 0.0000 0.0000
Froon 0.0004 0.0004 0.0000 0.0000
P 0.0039 0.0039 0.0000 0.0000
B, 0.3325 0.3325 0.0000 0.0000
=5 P, 0.1616 0.1616 0.0000 0.0000
F 0.0119 0.0119 0.0000 0.0000
o 0.9961 0.9961 0.0000 0.0000
o, 0.6675 0.6675 0.0000 0.0000
iy 0.8384 0.8384 0.0000 0.0000
o 0.9881 0.9881 0.0000 0.0000
Thy, 5.9768 5.9768 0.0000 0.0000
Thy, 4.6725 4.6725 0.0000 0.0000
Thip; 6.7072 6.7072 0.0000 0.0000
Thpy 8.8930 8.8930 0.0000 0.0000
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W, 2.3006 2.3006 0.0000 0.0000
K, 0.2522 0.2522 0.0000 0.0000
Iy 0.3075 0.3075 0.0000 0.0000
W, 0.7215 0.7215 0.0000 0.0000
performance t=0.1 t=0.2 t=0.3 t=0.4 t=0.5 Steady State
K 6.2038 9.6086 11.4771 12.5026 13.0654 13.7500
L 0.1624 0.4375 0.6808 0.8602 0.9814 1.1786
L 0.3150 0.8269 1.2601 1.5663 1.7651 2.0625
Ly 1.0697 2.7400 4.0971 5.0210 5.6008 6.4167
L 7.7509 13.6130 17.5151 19.9501 21.4127 23.4078
Ponn 0.2254 0.0536 0.0142 0.0045 | 0.0018 0.0004
P, 0.2359 0.0657 0.0238 0.0116 0.0073 0.0039
P, 0.8595 0.6698 0.5360 04531 | 0.4035 0.3325
P, 0.7591 0.4951 0.3415 02596 | 0.2158 0.1616
P, 0.4944 0.1873 0.0791 0.0404 | 0.0252 0.0119
oy 0.7641 0.9343 0.9762 0.9884 0.9927 0.9961
U, 0.1405 0.3302 0.4641 0.5469 0.5965 0.6675
7, 0.2409 0.5049 0.6585 0.7404 0.7842 0.8384
Uy 0.5056 0.8127 0.9209 0.9596 0.9748 0.9881
Thp, 4.5846 5.6057 5.8572 5.9304 5.9562 5.9768
Thp, 0.9835 2.3114 3.2480 3.8283 | 4.1755 4.6725
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