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Coefficient Inequalities of a Subclass of
Analytic Functions Defined Using
g-Differential Operator
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Abstract: By making use of a q-analogue of the Siligean
differential operator, we define a new subclass of analytic
functions. We obtain Fekete-Szegd inequality and coefficient
inequality of certain class satisfying bi-convex criteria. Fekete-
Szeg6 inequality of several well-known classes are obtained as
special cases from our results. Applications of the result are also
obtained on the class defined by convolution.
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I. INTRODUCTION, DEFINITIONS
AND PRELIMINARIES

Let = denote the class of functions of the form

flz2) =z+%.,a,z", (1.1)

analytic in the open unit disk . Also we let & denote the
class of all function in =4 which are univalent in L. The

well known example in this class is the Koebe function
k(z), defined by
F-
kiz) = =y
The Bieberbach conjecture about the coefficient of the
univalent functions in the unit disk was formulated by
Bieberbach [2] in the year 1916. The conjecture states that
for every function f €5 given by (1.1), we have

=z+3¥ ,nz"

la,| = n, for every n. Strictly inequality holds for all n
unless f is the Koebe function or one of its rotation. For

many years, this conjecture remained as a challenge to
mathematicians. After the proof of |@z| = 3 by Lowner in

1923, Fekete-Szegd [7] surprised the mathematicians with
the complicated inequality

—2u
=1 + Zexp (1_#),
which holds good for all values O = & = 1. Note that this

inequality region was thoroughly investigated by Schaefer
and Spencer [16].

Q3 — [az
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For a class functions in =4 and a real (or more generally
complex) number u, the Fekete-Szegd problem is all about
finding the best possible constant C{u) so that

= C(p) for every function in <. Many

|as—pa
papers have been devoted to this problem see [3, 4, 5, §, 11,
10]. In this paper, we obtain the estimates of @2 , 23 and

also the Fekete-Szegd inequality for a subclass of functions
of complex order defined using subordination.
It is well known that every function f € 5 has a function

F~1, defined by

fFf@]l=z;(zeW)

and  FIFIWl=ws  (Iwl<n(); nf =3).

In fact, the inverse function £~ is given by

FHw) =w —a;w? + (2a,w? — az)w? — (5a3 —

Sa;a;+ agw + -, (1.2)
A function f € <A is said to be biunivalent in ‘U if both

f(z) and F£~1(z) are univalent in U. Let f and g be

analytic in the open unit desk U. The function f is

subordinate to g written as f = g in U, if there exist a

function W analytic in T with w(0) =0 and
lw(z)l <1; (z € U) such that f(z) = glw(z)),
(z e W)

Let & *{a) and C{z) denote the well known subclasses of

the univalent function class & which are respectively
defined as follows.

(o) — . Re(ZMEN < .
S'@={feA: Re f.:g}):”'“' 0=a<1]
and

{ ( : f”l:z}) }
Cla) = EA: Rell+——— |=a; 0= =<1
@@= f(z)

Using Alexander transform, it follows that
f(z) € C(a) ifand only if 2f"(z) € §*(a).

i7-calculus has been studied by various authors due to the

fact that applications of basic Gaussian hypergeometric
function to the diverse subjects of combinatorics, quantum
theory, number theory, statistical mechanics, are constantly
being uncovered.

The g-difference operator denoted as D f(z) is defined

by
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Df(2) =FELE, (reazeu—(o),

and D f{0) = fF(0), where g € (0,1). It can be easily
seen that Dy f(z) = f'(z) as g = 17, If f{z) is of the
form (1.1), a simple computation yields

"'I.

D.f(z)=1 +En_‘ (zeU)

The inverse function of (1.3) is given by
Dogiw)=1-(1+qlaw—(1+qg+g°)azw*—

:1 zn, (1.3)

The g-analogue of Salagean differential operator (see [15])
R7f(z) : A — A form € N, is formed as follows.

RIfz2) = rl2)
Rif(z) = z(D.f(2)

R7f) = Ri(RFf@2).

Motivated by [6], we define the following.

Definition 1.1 Let @(z) be analytic in U with g¢(0) = 1.
A function f(z) € <A is said to be in the class C3*(4; ¢)

satisfies the differential inequality if and only if
(1-4) = (R 7 () P+ A=(RT *f-:z}}'if"i‘]
|:1—.1}REnf|:z}+.-lEg"+kf|:z} = qb(z}
(zeUmkeEMy;; A=0)
where (@) denotes the g-derivative of f as defined in (1.3).
Remark 1.1 We note that by specializing m, 4, g, % in the

(1.4)

function class CZ*(4; @) , we obtain several well-known

and new subclasses of analytic functions. Here we list a few
of them:
1. If we let g — 1 then the C;“(.l; ¢) reduces to the class

Gi.mm( @), studied by Darwish, Lashin and Alnayyef [6].
2. Ifweletq— 1and k =1 then the CZ*(A; @) reduces
to the class Mz (@), studied by Orhan and Gunes [14].
Lemma 1.1 [12] Let the function @(z) given by
@(z) = Xozy Bnz™ be convex in U. If h(z) < ¢(z),
(z el then |h,| = |Byl,neN={123..].
Lemma 1.2 [10]If p(z) =1+ gz +caz% + -
function with positive real part in T and & is a complex
number, then
ez —pef| = 2 max{1;12p — 1]}
The resuIt |s sharp for the functions given by

(Z]I — 1+5r

is a

Il. FEKETE-SZEGO INEQUALITY

We begin with the following result.
Theorem 2.1
Let (jb(z} =1+ B:LZ + B:Zz + "'(Bl = ﬂ}

It f(z) € CF (4 @),
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then
| |B-_|
3 — - - - - g
= 2g (g+11(1+g+g¥) ™ 1-A+A(1+q+q%)")
(1#g)¥™2(1-A+A(1+g)")2
ax{iJ By ( (1+g) al at q}”}1 _#)
By (1+gq+g)™{1-A+A(1+g+q%)")

Ba(1l+g+gi™Mi1-A+Al1+g+g5" }

2g(1+g)TM-t{1-A+A(1+g)R)E [}
Proof. Let f(z) € CF*(¥; @) , then there exists a Schwarz
function w(z) in U withw(0) =0and |w(z)|<1inlU
such that

(1-A) =z (R F(2) )8+ A =(RT +E prz)e
[ (1- A}Tﬂns}wtﬂ*"nz} ] owiz). @D
Define the function f{z) by
p(z) = 11+t'2}— 14+gz+cz?+..,z€U. (22)

Since w(z) is Schwarz function, it can be easily seen that
14+wi=)
Re (1_“_{3}) > 0.
Then Re{p(z)) = 0 and p(0) = 1. Therefore
(=)-1
¢(w(z}} =9 (?’ = )

Iz}+1

Now by substituting (2.1) in (2.3),
['il—rl}3'iRE”‘f'iz}}qHz'iR"q“”f'iz}}q]

(1-ARY F(2)+ARGF f(z)

z 3 P

=1+ %Bll:lz‘l' [%Bl (C: _%) +§B:E{:|Z‘ + -,
From this equation, we get
gL+ @)™ (1 —2+A(1 +Q)Fay =By
and
gl+gl+g+g2)™1—A+A{1+g+
q?)* }aa —q(1+g) ™1 -2+ A1 +q)*)ai =

Bics _Bicy + 32_'1.
2 4 4
Or, equivalently
Byey
s =

S 2g(1+g)M(1-A+A(1+q) K

('B-_EE_B '_E‘""+Bz

LT &
gi1+g ) 1+g+g®)™mi1— .1+..-:|.|__1+q+q""}"f}

On computation, we have

Bigg Bl Buch

}+qu1+q M —A+A[ 1+q-}"}='- 2

g =

2 z 4 4

An— .= T ‘I'

37Ky q(1+g)(1+gtq?)™ 1-A+i(1+g+qD)H) (2.4

(1494 (1-1+A(1+g)F)? B3 '

(1+q+gM{1-A+A(1+q 485 403 14q)TM(1-A+A{ 14q)0) T

Therefore,
B,
- —&c
2g{1+gi1+gtg?™{1-A+A( 1+q+q1}"}[ 1] (25)
where
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-~ 1 B (14q)M=L{1-A+A(1+4)7)2
°=3 28,  L(1+q+q)M{1-A+A{1+q+gD)%) _u.]
By (1+g+gh)M{1-A+A(14q+gDF)
2g(1+g) ML 1-A+A(1+4)7%)2
On rearranging the terms and taking modulus on both
sides, the result follows on the application of the Lemma
1.2. The result is sharp for the functions

(2.6)

(1-A) = (R flz}}'mhlzl}? +k przyd 2
[ (1- DRI F(2)+ART £(2) ] (=)
and )

(1-4) = (BT r () P+ A=z (RF" r2)) €]

[ (1-ART F(2)+ART £(2) ] = 6(2).

This completes the proof of the theorem.
IfweletdA =m =0andg — 1 in Theorem 2.1, we have

Corollary 2.2 (see [13]) Let f(z) €A satisfy the
inequality

a < Re {zf 'z}}ciﬁﬁ

- 2.7)

then
laz —paz| =

g [
max{L |i—i + % {(1- 2_14.}”,

where
B, = — g2nril(1-a)/(B-a))]
Proof. Let

— f-a. 1—91-“1'1-:'-—0::'.-":3—@3)
¢lz) =1+ - llcg( — .

Clearly, it can be seen that @{(z) maps U onto a convex
domain conformally and is of the form
hiz) =1+ 3,- Bpz"
f-e .
where B,, = — 1{1 -

equivalent subordination condition proved by Kuroki and
Owa in [9], the inequality (2.7) can be rewritten in the form
=f'(2)
= ¢iz).

fi=) ¢(z)

Following the steps as in Theorem 2.1, we get the desired
result.
Corollary 2.3
(see[6]) Let ¢(z) =1+ Byz + Bpz% + =
I € A satisfies the analytic criterion,
(1-A) = (D™ F() +Az(D™* ()"

|:1—A}Dmf|:z}+.lﬂm+;ff|:z} = qb{z}l

(zeUmkeMy; A=0)
then

las—pal| =

Ezn.‘ri': (1—a)/(5—

)7}, From the

(B, = 0). If

| B, |
43M (1-A43kk
By | By uBi3M(1-143%1)
max(ij |3._ + 2 2TM (134212
The result is sharp by taking g — 1.
Corollary 2.4

)

(see [14]) Let @(z) = 1 + Byz + Boz% + -« (By = 0). If
F € <A satisfies the analytic criterion,
(1-4) = (D™ £(=)) +A=z(D™* £ (=)

e L 16)]

(1-A)DM F=)+ADM+L F(=)
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(zeU;mkeE My A=10),
then

|ﬂ. _ ﬂ: = I-Eﬂ_l
3T Hag]= 43ﬂ|'1+2A}
By By 3™ (1+24)
max(1, | +——— )
( B, 2TM (144)%

The result is sharp by takingg —* 1and k& = 1.

I1l. COEFFICIENT INEQUALITIES OF
BIUNIVALENT FUNCTIONS

In this section, we obtain coefficient estimates of a
biconvex functions.
Theorem 3.1
Let f{z) be of the form (1.1) and let g denote the inverse
function of f given by (1.4) . Suppose that f and g satisfies
the following analytic condition
i1-— J}EIR flz}}'q\'+.llem+""f|z}}'q

(1- A}R“flz}hl&‘m""{flz} = (},'}(Z::l

(1-4) wiRy glz}}'q‘qﬂul}?““{glz}}'@

'ﬁ: ! .
(1— .il.:lR'"' giz) +j|_R'"-+ k giz) d}(“’ ::I (3 1)
then
|as| = II L .
=17 W) 12(14gPM(24q) (1-A+A( 14q)3F)|
and
las| = |5,

-.'1||Q|1+q'}|1+q+q5}'n|1 —A+ AL 1+q‘+q‘5}"r_:l|
Proof. Let g denote the inverse function of f to . It

follows from (3.1) that there exists functions
p(z);q(z) € P ( the class of functions with positive real

part), such that

(1-1) = (R F(=)) D+ A 2(RIHE £ ()@
GnRE @R 2@

1-A) m‘liRHl g|:3}:,l:q:|+‘1 “":Rgl+kgliz}}':m r
I:l_‘l}REng':E}+fmgl+kgl:z} = d}(“’ }.l

where p(z) < h(z) and g(w) < g{w) have the forms

p(2) =1+ pyz+ paz® + -,

and

gw)=1+gyw+gaw?+ -

respectively. It follows from (3.2) and (3.3), we deduce

(3.2)

(3.3)

ql+g™1-A+A1 +g)*)az=m (3.4)
gl+q)(1+g+g)™(1-A+A(1+g+

0y -q(1+)"(1-2+21+Q "V =p, ¢
and

ql+g™1-A+A1+g)*)az=q (3.6)

2(1+q)"q(1+q)(1 -4+ A1+ g +g%))a? -
gl +q)(1+g+q)™(A—-2+A(1+q+¢)¥)a;
3.7)

+q(1+ @)™ (1 -2+ (1 +q))%a3 = g
From (3.4) and (3.6) we obtain
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P = —t1
By adding (3.5) and (3.7), we get
pLt o=
201+ @)*™q(1+q)(1 -2+ A1 +q +g¥)al. (38)
Since p, g € h(U), applying Lemma1.1, we have
m

[l = 1222 = By, m €V (3.9)
and

g™ o)
lgm| = |——1 =B meWN. (3.10)

Applying (3.9), (3.10) and Lemmal.1 for the coefficients
P4 P2, 41 and g2, we readily get

| B4
= a.,1|| | 2(14g13M(24+g) (1-A+A[ 1+g) 27|
Subtracting (3.5) from (3.7) we have
Pz —4z2=
2q(1+q)(1+g+g)™L -2+ A1+ g+q°)")as
(3.11)

Applying (3.9), (3.10) and Lemmal.1 once again for the
coefficients y#1, P2, 1 and g2, we readily get

|az|

| B4
<z
- -.’1|||qn:1+q}|:1+q+q5}m|:1—.l+.ll:1+q+q5};"}|
This completes the proof of Theroem 3.1.
Remark 3.1 We note that Theorem3.1 can be reduced to

various other well-known and new results (see Altinkaya
and Yalgin[1]).

|as]

IV. CONCLUSION

This paper define a new subclass of analytic functions to
obtain Fekete-Szego Inequality.
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