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Oscillation and Nonoscillation Criteria for
Generalized Second Order Quasilinear o -
Difference Equations

V.Srimanju, SK.Khadar Babu

Abstract: New oscillation and nonoscillation theorems are
obtained for the generalized second order quasilinear « -

difference equation
Bty (| Bayulk =1 P Agqyutk=1))+ p) [u®) P u(k) =0,

where y >0 is a constant and p(k) is a real valued function
with p(k)>0.
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I. INTRODUCTION

Difference equations represent a fascinating mathematical
area on its own as well as a rich field of the applications in
such diverse disciplines as population dynamics, operations
research, ecology, economics, biology etc. For general
background as difference equations with many examples
from diverse fields, one can refer to [1]. The theory of
difference equations is based on the operator A defined as
Au(k) =u(k +1) —u(k),k [0, ).

Even though many authors [1], [9] have suggested the
definition of A as

Au(k) =u(k +1)-u(k), 1 e(0,), 1)

no significant progress took place on this line. But recently,
when we took up the definition of A as given in (1), the
theory of difference equations are developed in a different
direction. For convenience, we labelled the operator A
defined by (1) as A; and by defining its inverse A,‘l, many
interesting results in number theory were obtained. By
extending theory of A, to complex function, some new
qualitative properties like rotatory, expanding, shrinking,
spiral and weblike were established for the solutions of
difference equations involving A, . The results obtained can
be found in [3-5].

Jerzy Popenda, et.al., [8], while discussing the behavior
of solutions of a particular type of difference equation,
defined A, as A, u(k) = u(k +1) —au(k). This definition of
A, is being ignored for a long time.
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Recently, in [6], they generalized the definition of A, by
Ayqy defined as A, u(k) =u(k+1)—cau(k) for the real

valued function u(k) and | € (0,0) and also obtained the

solutions of certain types of generalized « -difference
equations, in particular, the generalized Clairauts « -
difference equation, generalized Euler ¢« -difference
equation and the generalized « -Bernoulli polynomial
By(m(k,1), which is a solution of the ¢ -difference

equation u(k +1)—au(k) = nk"™, for n e N(1).

In this paper we consider the generalized second order
quasilinear « -difference equation

Agay (| Agayuk=1) [ Aa(l)u(k_l))
+p(k) |u(k) |;’71 u(k)=0,k > k° 2

where the A,y is defined as A, u(k) =u(k +1)—au(k)
is a constant, and p(k)

p(k) >0 for k>K°.

Oscillation and nonoscillation of equation (2) have
investigated intensively, see, for example [1, 2]. In this
paper, we obtain new oscillation and nonoscillation criteria
for equation (2) which generalize the known results on
second order linear difference equations.

A solution u(k) of (2) is said to be oscillatory if the terms

u(k) of the real valued function u(k) are neither eventually

all positive nor eventually all negative. Otherwise, the
solution is called nonoscillatory.

is a real valued function with

Il. SOME LEMMAS
Throughout, we shall use the following notations:
N, ={0,1,21,L }, N, (@ ={a,a+l,a+2IL},  where
aeN;, and N,(a,b)={a,a+I,L ,b}, where beN,(a),

[}

Lemma 1.  (Discrete mean value theorem [1]). Suppose
that u(k) is defined on N, (a,b).Then, there exists a

ceN;(a+I,b-1) such that

Ay yX(©) < w <A mXx-1) ®)
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or
Ayiyxe—1)< W < A1 X(©). (4)

Lemma 2 Let u(k) is a nontrivial solution of equation
(2). Assume that u(k) >0 for k e N, (a+1,b) and that

A mu@-1)=0,A,u(@) <0,u(b-1)>0,u(b) <0, (5)

or
u@-1)<0,u(@)>0,A,qu(d-21)>0,A,,ud-1)<0,
(6)
where a,be N, (k%) and a <b . Then the relation
b-1
(b—a)’ D p(il +j)>1, @)

i=a
holds.
Proof. We assume that (5) holds. If (6) holds, then the proof
is similar. Let

r=max{s|A,uu(s—1)20,A,,yu(s) <0,seN,(a,b-1)}

Since  A,pu(b-1)<0, then A, nu(k-1)<0 for
keN,(r+l1,b). Since u(k)>0 for keN,(a+l,b), it
follows that, by (2),
Ay Aggyuk =) P A u(k—1)) <0. Hence,
keN,(r+l,b),

nonincreasing and

Ay A yuk=1))" >0, for which
implies Aymyuk=1) is
Ayayu(k=1)<0 for keN;(r+l,b). Hence, u(k) is
decreasing. By (4) of Lemma 1 and (5), we get

_u(b
s(_r: . “(rt))_‘:( ) <A qub-1). ®)

On the other hand, since A, u(r—1)=0, sum of equation
(2) between k =r and k =b—1 shows that

(~Buud-1))" <a|d,qur= 1 aqu(r-1)

b-2
~@=DY | Aquil + 1) Agqyu(l + )

i=r

b-1
~[ A=) Ayqgyulb-1) = Zp(il + (il + j).
9)
Since u(i) is decreasing, equation (9) implies
b-1
(~Aayuo=1)) <u”(r) > p(il + ). (10)

i=r

From equation (8) and equation (10), we obtain
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b-1 b-1
(b—a)”" > p(il + ) = (b—r)" Y p(il + ) >1.

i=a i=a

This completes the proof of Lemma 2.

Lemma 3 [7] Assume that a>0,0>0. If y>1, then
a’ +b” <(a+h)”.
Lemma 4 [7] Assume that a>0,b>0. If 0<y <1, then

a’ +b’ > (a+h)

Il. MAIN RESULTS

Let the real valued function k,, be given such that

kO <kg <k, <L <ky <L ,ky —>c0asm— oo, (11)

and introduce the notation

g = Kma K oo (12)
kl _kO

Clearly, we have g, =1,4, >0, and z::Oﬁm =o. Our

first result (on the nonoscillation) is the following.
Theorem 5 Assume that 0< y <1. Further suppose the

coefficient p(k) in equation (2) has the property

Kmeg L
Knea —Kn)” D (il + ) 7,0 <77y <Lfor me N(D),

=k,
(13)

and there exists the infinite real valued function w,
satisfying the recurrence relation

Win =T

Wig = ,meN(@),w, =1, 14
mi = g M END W (14)
such  that O<w,<1 for m=12L, where

/4
O = P . Then equation (2) is nonoscillatory.
Bn+1),

Proof. We are going to show that the solution u(k) of (2)
subject to the conditions u(k,—1)<0,u(ky) >0 remains
positive for all k € N, (k;) .

By equation (13), (kl—kO)VZE;lp(il + j) <1. Therefore
0
by Lemma 2 we have A, u(k—1)>0 on Nj(ky+1,k ).

In fact, if not, assume that there exists a k™ e N, (ko +1,k;)
such that A,qyu(k —21)>0,A,4,u(k"=1)<0, then by

Lemma 2, we have (kl—ko)yz:(f:p(il +j)>1 which
0

contradicts
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(kl—ko)yzzkop(ll +j)<1. Therefore A,qu(k—1)>0
on N, (ky+1,k;). Hence u(k) >0, keN,(ky,k;) and that
Aaa)(Aa(')u(k—I)YSO for ke N, (kg. k) which means

that A, u(k —1) is nonincreasing on N; (ko +1,k;) .

Summing equation (2) from k, to k; —1, we obtain
(Agyulko = 1)) = (Agqyulk = 1))

k-2
Ha=1) D (Auqyulil + i)

i:kO

k-1

= > p(@il + u” @l + j). (15)
i:k0

By Lemma 1, we get

u@i) <u(i)—u(ky 1)

<(i+1 ko)A, yulko —1) fori e (ko ky —1). (16)

From (15) and (16), we have

a(A ) u(ko = 1)) = (A, qyulk, —1))”

kl—z
~(@=1) Y (Auqyulil + 1))

i=k0
k-1
< (A qyulko =) (kg —ko)” D p(il + )
i=kg

< po(Bgqyulko = 1))

or

(Agayuky =1))" = a(A gy u(ko = 1)) = po (A qyulko = 1))
= (o= po)(Ayqyu(ko =1))". (7)

Now we claim that u(k) is fixed signed on N, (k;,k,). If
not, then there existsa s; € N, (k; —1,k,) such that

u(s;—1)>0,u(s) <0.
In view of A,qu(k—1)>0 on N (ky+l,k), by

Discrete Rollea€™s Theorem (see [1]), there exists a
a; € Ny (Kg,s, —1) such that

Agmyu(a —1)=0and A, yu(a;) <0.

Clearly, & €N, (k;,k, —1) . Using Lemma 3, we obtain

kz—l sl—l
m = (k—k) Y Pl + )= (s5—a)” D pil +j)>1.
i=k i=a

Contradicting the assumption 7; <1. Thus we have
shown that
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u(k) > 0 for k e N, (k;, k,). (18)

Now we are going to show by mathematical induction the
validity of the relations
/4

(Al =D) 223 BAuli +-1) | (19)
s=k

m

(AgayUkmyg = 1)) 2

p (& v (20)
(Ayqyulkn =1)) ——';(ZﬂsAa(nu(ks -1 )] ,

:Bm s=0
u(k) >0fork e N, (k,, +1,k, +2I), (21)

where W, is defined by the recurrence relation (14).

We can easily check that the case m=0 is covered by
(17) and (18). Hence we have to show the formulas (19, 20,
21) for m+1 instead of m, assuming their validity for
0,1,L ,m. Since w, +1 >0, therefore by (14), w, >7,,,
and by (19) and (20) we have

m 7
(Aa(l)(u(kmﬂ_l))y 2%(Z‘ﬁsAa(l)u(ks _I)] >0
s=0

m

or equivalently

4 m 4
ﬁ”‘n Ak 1)) 2 [E‘ﬁsAaa)u(ks "’J .
m s=0

Wy, —

Hence,

/4
[:Br}rlwl + W ﬂm

m m

J(Aa(l ) (u(km+l -1 ))7

m V4
z(ZﬁsAamum —I)] +(BrsaBaqy UKy = 1))
s=0

By Lemma 4, for 0 < y <1, we get

m m

m+1 4
2{ E B g 1yu(Ks —I)] ,
s=0

which is equivalent to

/4
(ﬂr{wl + W ﬂm J(Aa(l ) (u(km+l -1 ));/

W m+1 4
Aty Uk =1 z%ﬂ[ZﬁsAamwks—I)J (@
m+1 \ s=0
By 2 and (21), we get that
Ay Agyu(k=1) ™ Aggyu(k —1) <0 which implies
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|Aa(|)u(k—l)|7‘1 A myu(k—=1) is decreasing. Hence, for

any nleN;(kyq.Kn2) and n>1, we have that
|Aa(|)u(n—|)|yflAa(|)u(n—|)
< Auut =D Aygyul=1).
If  A,pu(n=1)>0 and  A,,Hu(l-1)>0, then

Ayiyu(n=1) <A qu-=1). If A,qun-1)<0 and
Ayyu(l=1)<0 then (=A,qyu(n=1))" > (A qud-1)",
which implies Ayyuk=1) <A gud-1). If
Aymyuk=1)<0 and Ayu(=1)>0, clearly,
Aguk=1) <A qyu(l=1). Therefore, A,qu(k—1I) is

decreasing on  Nj (Ky,1:Kmso) -

i €N (KpiiKneo — 1), we have
u(i)_u(km+l _I)
i =Ky +1

By Lemma 1, for

-1),ceN, (kp,q.i-1).

m+1

Summing (2) from k,,; to k., —1, we get

(A g1y U(Kesr = 1)) = [ AgyUiKy2 = I T Ayt (Ko =1

km+2

=D D [Agqyulil+ I Ayl + )

i:km-¢—l

o1
= ZZ p(il + ju? (il + j)
=k

=
S

km+2’l

< D, pl+j)
+1

i=k

[u(il +§= 1)+ Agqyulil + - 1)l +j—km+1+l)]7

<[u(k

~1) A1y =Ko —Kia) |

m+1

4271

D il +j).
=k +1

By Lemma 2,

=~
3

U(Kpag 1) < > ulke,a =D —u(ks = 1)]

s=0

< Z(ks+l - ks )Aa(l )U(C -1)

s=0

<Z(ks+1 ko)A qyuks =1) = (kg kO)ZﬁAamu(k -1,

s=0

where ng <c<ng,; -2l . Hence

U( m+1 |)+Aa(l)u(km+l I)( m+2 m+l)
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m

< (ky ko) D B yulks = 1)+ (K = Ko) BriaAy UK =1)
s=0
m+1

= (k ko) D B yulks —1)
s=0

Therefore

(AgayUKmia =) =1 A,y UKo = 1) P AgyUKpip —1)

421

m+1
s(kl—ko)7[§ ﬂsAamu(ks—l)j PIIAES)
s=0 =K1

=
3

7 (m#l KoL
_[ m+2 — m+1] {Zﬁ Aqyulks _|)J p(il + j)
ﬁm+l s=0
m+1
< TTm+1 [
ﬁrﬁﬂ s=0
or

1A gy 4Kz =D P Agyt(Kepo = 1)

)) - ’7”“1 [mima(l,u(k —|)] (23)

m+1 s=0

Y4
Agyulks —1 )J

2 (Aa(l UK 1

Here w,., >0 implies W, ,; > 77,1 By (22) and (23), we
get

[AyayuKnso —1) = AgyU(Kmiz —1)

m+1
> m+1 nm+l[yAa(l)u(k |)J

:Bm+1 s=0

which implies A, yu(ky,, —1)>0. Now we claim that
u(k)>0 for k e N, (K, 2.Knis) - If not, then there exists a
tni2 € Ny (Kpso +1.Kpy) such that

Uty —1)>0,u(t,,,)<0.

In view of A, u(kn.,—1)>0, by Discrete Rolles

Theorem (see [1]), there exists a ay,, € N; (Kpiz:tnio —1)
such that

Ayyu@miz —1) 20, Ay u(ay,,) <0.
By Lemma 2, we obtain
m+3 -1

sz 2 (Knis —Kmi2)” Z p(il + j)
k
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Sma2 L

> (Smrz —8niz) D, PGl +])>1.

=8m2

Contradicting the assumption 7., <1. Thus, u(k)>0
for k e N, (Ky,2,Kmes) » Which together with (22) and (23),

completes the induction step. In this way, we have shown
that in (21) the relation u(k) >0 holds for all k e N, (k;),

which complete the proof of Theorem 5.

Theorem 6 Assume that 1<y <o . Further suppose the
coefficient p(k) in (2) has the property
Kpyg 1
(Kmea =k )" D Pl + ) =7y, 7y >0for me N, (24)
r:km

and the recurrence relation

y(m+1) - 77m+1

y(m)
0, + ;meN, (1), y, =1,
m[l—y(m) Um] €N (1), Yo
(25)
has no solution such that 0 < y(m) <1 for all m=1,2,L ,
where 6,, = (B ! Bnia)” - Then (2) is oscillatory.

m

Proof. Without loss of generality, assume that (2) has an
eventually positive solution u(k) . We may suppose that this

holds already for keN,(ky). Then, by (2),
| Agyu(k=1) [ Agqyuk-1)<0, hence,
|Aa(,)u(k—l)|7‘1 Agyu(k—1) is decreasing. We see that
either

(i). Agqyu(k—1)>0 for k e N, (k) or

(ii). there exists k® >k! such that Ayayu(k=1)<0 on
N, (k%).

If (i) holds, then it follows A,q)(=A,q)u(k=1))">0
which implies that A,yu(k—I) decreases. This and

Aynyuk=1)<0 on N, (k?) imply that there exists

ISSN: 2278-3075, Volume-8, Issue-7, May 2019

hence

Aa(,)u(kO -1)> Aa(,)u(kl—l) >L

>Aa(|)u(km_|) >Aa(|)u(km+1—|) >L >0, (26)

moreover, by Lemma 1 and (12),

u(kn) = (ko) + Y Tu(ks) —u(ks —1)]
s=1

> Z(ks - ks—l)Aa(I)u(k:)

s=1

m

> (k —kO)Z:(ﬁs_l)Aa(,)u(kS —1),where kg, +1 <k <k —I.
s=1

Consequently by (24),

a(A Uk = 1) = (A, 1)U Ky = 1))
km+2
—(a-1) (Ayyu(il + j))”

S:km+l

km+l’

1 m 7
> (ky—ko)” D p(il + j)[Z‘ﬁslAa(.)u(ks —I)J

|=krn s=1

m V4
zz—z[zys_lAa(,)u(ks —|)J .

s=1

This implies the following two relations:

m ¥
ni(z‘ﬁs—lAa(l)u(ks -1 )J <A muks=1))",  (@27)

ﬂr}T/] s=1

(A yukn 1)

(& 7 (28)
< (Ayqyulkn =) —ﬂ—m(Zﬁs_lAamu(ks -1 >J .

/4
m \ s=0

Let the real valued function y(0),y(1),L be defined by

the recurrence relation (25) as long as it is possible. Then we
claim that

k®>k? such that u(k)<0 for keN,(k®). This ,
. . y(MA 4y (kn —1)
contradicts u(k)>0. Thus, 0] holds  and
m 14
Ayy(Agayu(k=1)" <0. Hence, A, u(k —1) decreases for - p—";[zﬁs_lAa(l)U(ks — )J form=0,1,L ,
Kk e NI (kl) . ﬁm s=1
Summing (2) from k,, to k., —1 , we get O0<y(m)<ilform=1,2,L, (29)
(AU = 1) = (A 40y UKy ~ 1)) _ The_ proof of this relation proceeds on mathematical
. o induction.
Ml el It is easy to show that (29) holds for m=0 and m=1.
o oy S
=(a-1) ; (Agull + 1)) + ; P+ Ju(il + 1) Suppose that (29) is proved already for 0,1,L ,m. Then we
m m are going to show it for m+1.
Ky 1 By (27) and (29), we have
>u” (kn) Y p(il +j)>0,
i:km
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Ve

m
Ui
Ayayuky =1) _,B_n; 235—1Aa(|)u(ks -1)

m \ s=1
< (L-y(m)(Ayqyulky = 1))
and by (28) and (29),

(Ayyukmaa = 1)) < Q= y(m) (A, ulky —1))”

< AV 4 ) Ak — 1))

y(m)
m ¥
1- m
Sﬁg—% SZ:::/BS—lAa(I)U(ks_I)
or
Y By ke <] S s k—I7
- y(m) 77m( aUKny —1))" < SZ:;JBH ahUks —1)

By adding A7 (A, yu(ky,, —1))” to both sides and using
Lemma 3, we obtain

P (s 1Yy XM

m 1- y(m)
m e
<D Boabayulks =1) | + BBy —1))
s=1
m+1 7
< Zﬁs-lAa(l)U(ks—U
s=1

By multiplying the resulting inequality by 7.4/ 8.1, we
get

m+1 4
YM+1)(A kg =) < LN A gulks 1)
m+1 \ s=1
< (AU 1) (30)

Where y(m+1) is given by (25). This proves (29) for
m+ | y(m+1)>0 follows from (25),
Ymy <1 follows from (30) and from (27) applied to m+1

because and

instead of M. Hence the induction step is completed and
(29) holds for all meN,. All this was made under the

indirect assumption that there exists a solution u(k) with
u(k) >0 for all sufficiently large k. According to the

assumptions of Theorem 6, the recurrence relation (25) has
no solution for all m, and this contradiction proves our
theorem.

Remark 7. For the case where » =1, we observe that in
[10], Theorems 5 and 6] the real valued function k,, is
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2™k, , therefore we have B, =2" and 6, =1/2, i.e., 6,
is fixed forall me N, .

IV. CONCLUSION

New oscillation and non oscillation theorems are obtained
for the generalized second order quasilinear « -difference
equation.
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