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Logarithmic Mean Labeling of Some
Chain Graphs

A.Durai Baskar, A.Rajesh Kannan, P. Manivannan , R.Rathajeyalakshmi

Abstract: A function f is called a logarithmic mean labeling of

a graph G{V.E} with p vertices and g edges if
FiViG)—={1.23,...g+1} is injective and the induced
function f*: E{&) — {1, 2.3, ....q} defined as

Friuw) = %J for all urc E(G).

is bijective. A graph that admits a logarithmic mean labeling is
called a logarithmic mean graph. A graph that admits a
logarithmic mean labeling is called a logarithmic mean graph. In
this paper, we study the logarithmic meanness of some chain
graphs.

Key Words. labeling, logarithmic mean labeling, logarithmic
mean graph.

I. INTRODUCTION

Throughout this paper, by a graph we mean a finite,
undirected and simple graph. gV, E} Let be a graph
with @ vertices and g edges. For notations  and
terminology, we follow [6]. For a detailed survey on graph
labeling we refer to [5].

Path on = vertices is denoted by F, and a Cycle on n
vertices is denoted by £,. G () 5, is the graph obtained
from & by attaching m pendant vertices at each vertex of &.
Let &, and & be any two graphs with @, and p- vertices
respectively. Then the cartesian product &, = G- has p, p-
vertices which are {{u.v):ue G, ve &} and any two
vertices (.} and (u..17.} are adjacent in G, = G if
either u; = u- and v; and v are adjacent in & or z; and u-
are adjacent in &; and 11, = 1. The study of graceful graphs
and graceful labeling methods was first introduced by Rosa
[7] and so many authors are working in the area of graph
labeling [4,5], motivated these we introduce a new type of
labeling called logarithmic mean labeling A function f is
called a logarithmic mean labeling of a graph G{V.E} if
f:V(G6) = {L2.3....q9 + 1} is injective and the induced
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Function
fHE@) ={123....q}
defined as f™ (uv) = [MJ for all ur € E{G).
is bijective. A graph that admits a logarithmic mean labeling
is called a logarithmic mean graph.
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Figure 1. Alogarithmic mean graph of K, — e

In this paper, we have discussed the logarithmic mean
labeling of some chain graphs.

Theorem 2.1 G (py.p=....py) is a logarithmic mean
graph for any p;. for 1 = j = n.
Proof. Let {v";1 = j=mn 1< i< p) be the vertices of
the 1 number of cycles.

For 1=j<n—1 the it and (j+1)™ cycles are

identified by a vertex ij--a and H 2 while p; is odd and

+1] . R
upj--: and VL while p; is even.

We define
" iy 1 1 —_— 1 ¥ 1
FV (G (o por o) = {123, T, py + 1) as
follows:
We define f: V(G*(p1.p2,- .-, Pn) = { 32435009 Z pi+ ]} as follows:
i=1
e ()y ] 26—1 lgigL’.’j‘J'l
v "{'2,;,7'_’(:‘72) 2] +2<i<py
for 2 < j < m,
j-1
,Z,;L.“_’i—l 2<i< |8 +1
k=1
-1
S pe+2(i—1) = [%J:—‘_’;m«lpj is odd
fe?) = { =
? i == j—1
Z Pe+2(i —2) i=|%]+2and p; is even
Ll'k‘ 2p; —2(i —2) i:[’_’T’J':{gigl{,,
Then the induced edge labeling is as follows:
2 —1 1<i< | B
(1) 2i—1 i = \_%J + 1 and p1 is odd
Y ”1 2pp —2(i — 1) i = L%J + 1 and p; is even
2p1 —2(i — 1) |B]+2<i<p— 1L
Pl ll =2,

tor)<1<n
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-1
Elp;ﬁr?zfl 1<i< %]

-1

S t2i-1 i= %] +1and p;is odd
k=1

f[(])(j)_

i il :
j—1

Yope+2p;-2(i—-1)  i=|%|+1and p;is even

k=1

i—1

P2 =i 1)

Bl+2<i<pi-1

Zpk+’
Hence, f is a logarithmic mean labeling of

G (. Pos . Pa). Thus the graph G (pu.pe....pq) is a
logarithmic mean graph.

and f*(v p 31

Figure 2.1 . A logarithmic mean labeling of
G*(10,9.12,4.5)

Theorem 2.2 G'(p, . p=. .. P ) 1S @ logarithmic mean graph
ifall p;’s are odd or all p;’s are even, for 1 = j = n.

Proof. Let {1:,-':"":1 =j=mn1=1i=p;} bethe vertices of
the i number of cycles.

Case (i) p; isodd, for L = j = n.

For 1=j=n—-1 the ;‘“' and (j +1)™ cycles are
identified by the edges bp vi2s and LIJ+LI '“L' while j
is odd and bp bp ., and LIJ+LI 'J“' while j is even.

We deflne
FV (6 Py pornnpn)) = {123, T8, p; —n + 2}
as follows:
1 i=1
. - ; B1
f{UI-I'Lljz 2!— 2‘_: iﬂ l:J+1 El.'i"'l,d
2p +3-21  |Bl+2s< i p

for 2=j=mn,

j-1
Y- j+2i42
k=1

2<i< L%’J and j is even

-1
ookt 2p 32
k=1

j-1

Y-+ 2i+1 2<i<
k=1

_ L%’J +1<i<p;—1and jeven
f) =
L%’J + 1 and j is odd

J-1
> e+ 2pi+4
k=1

—j—2 |[B|+2<i<pj—1land jodd

Then the induced edge labeling is as follows:

-1

Yop—j+2i42 1<i S[ Jand}lae\en
k=1

i1

Az'lpwrjpfrlfjf?i || +1<i<pj—1Land jeven
UJ Ul _ )=

o) = i

Yope—-j+2i+1 1<i <[5 and jis odd

k=1

-1

Yot +2-j-2%  |2|+1<i<p;—1and jodd.
k=1

Case (ii) p; iseven, for 1 = j < n.

For 1=j=n—-1 the j® and (j+1)™ cycles are

identified by the edges LFJJIL;;J-I—" and v/ Y ;j*f'.

Wedefine -

FV (6 Py pornnpn)) = {123, T8, p; —n + 2}

as follows:
1 i=1

. - ; B1

Faty=12 2s s B L

2p +3-21  |B|+15 i< p

for 2=j=mn,

Fo)
e
Slimtyta-j-u |[F+1= 0= g1
Then the induced edge labeling is as follows:

jH2i+1 22 i< || 2mm

(L (13

f‘(vl'. |'+J.] =
2i 1= 1= |2
2p, +1—2i l—”T‘J+1=_: i< p —1
f{cllll ILI]—lEﬂd
For2=j=mn,
Froul =
DX i 1= i< |Z] 2mm

o
Hlimtay+2-j-u  |[H+1s2 02 p-1
Hence, f is a logarithmic mean

G'{py.por o pn). Thus the graph G'{py.p- .
logarithmic mean graph.

labeling of
JPn) iS a

f*(t,'gl)v.(l) )= 2 I<i< L%J
L itl 2p1+1*22 [%J‘Flglgplfl
1),.(1)
f*(”;(n)“l J=1and
for 2 <j <n,
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Figure 2.2: A logarithmic mean labeling of ¢ I[' 5.0,13) mhl ( "(4,8,10,6)
Theorem 2.3 G(py.my. pa. Mo, e my_ ) 0S @
logarithmic mean graph for any z;’s and m;’s
‘l:j 1, . -
Proof. Let {r'hl=j=nl=<i=p} and

{u:Qj':l < j=n—11=1i=m} bethen number of cycles
and (i — 1) number of paths respectively.

For 1=j=n-1, the i™ cycle and j® path are

identified by a vertex b = and uf while p; is even and
Léj: and uf' while p; is odd. And the ;™ path and
(j +1)™ cycle are identified by a vertex u/ and pI+Y,
Wedefine
FV(G(pemupe Moy My 1) =
{1.23.. 2% (g +m))
+p, —n+ 2}
as follows:
. 2i—1 1= 1= |2+
ftth= ) :
2 +4-2i  [Bl+z< i< p,

f{u:gl'] =p, +i for 2<i<m,
for 2=j=mn,

J_l(m\+m;\)+):—] 2<i< L%J+I

k=1

Jil(m\ +my)+2i—j5—1 i= L%J+J

k=1

. and p; is odd
e d)y J
flo) = -1

Spp+mp)+2i—j5-3 i=|%]+2and
k=1

Pj s even

S pp+me)+2p; —2i—ji+5
k=1

()

\_%J+3<i<gb

and for 3 < j < n,
i—2
j'(u%Jf”) = Z(m\, +mp) +pjmr+i+2—4, for 2 <i <myg
k=1
Then the induced edge labeling is as follows:

-t 1siclyl
2i—1 = [%J + 1 and
s (1) (1) py is odd
f(ifi tz‘+1)* 2p1—22'+2 ?:[%J—b—land
Py 1s even
21 —2i+2 B +2<i<p—1,
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Py =2,

f(u'lJtiJr}l =p+i for 1 <i<m -1,
for2<j<n,

j-1
S (pp+mg) +2i—j 1<i< | %
k=1
j-1 )
Mo +mp)+2i—j EZL%Jﬁ—land
k=1

Pl 9,00 - p; 1s odd

o i H»l i1
Spetmp)+2p-2—j+3  i=|%]+1and
k=1

p; is even
j-1
Y+ +2—2—j+3 (Bl +2<i<p -1,
k=1
j-1
FP) =3 (e +mi) - j+3 and
k=1
for 3< 5 <n,
j-2
f*[ugrllug:ln) = Z’(pk+ mk)+pj1+i+2—j for 1<i<m;—L
k=1

Hence, f is a logarithmic mean labeling of G(py, mq,pa.mg ... ,my,_1,p,). Thus

the graph G(py, my,pa,ma....my_1.py) is a logarithmic mean graph. 0

e B 6 BN
i/ Y
1 30
1 ]32
2 y 31
\ /
ANy 6 W»l
“"20

Figure 2.3 : A logarithmic mean labeling of G(8,4,5.6. 1;])
Theorem 2.4 Let & be a graph obtained from a path by
identifying any of its edges by an edge of a cycle, then & isa
logarithmic mean graph.
Proof. Let vy, vz, ... 1% be the vertices of the path on p

vertices. Let m be the number of cycles are placed in a path
in order to get & and the edges of the ™ cycle be identified
with the edge [v,-}.; Vija 1) of the path having the length n;.

For 1=j=m, the vertices of the ;™ cycle be

vl._,l.-l-'l 1 5 |[ 5 ﬂJ Whel'e vl._.l.']' = v|"|- a.nd 1"1|"I-_r!‘|- = v|"|-+j_l

j=1

We define f: V(G) =+ {1.24 Y ni+p- m} as follows:
flog) =4k, for 1 <k <y
j-1
flui,) = (fer_nkaHj— Lfor1<j<m
k=1
Floier) = flog ) +ny, for 1< <m,
J(osaa) = floipn) k=1, for 2<k<ij - - land 1< j<m—1
FWithrt) = Vi) +h =1, or 2<k <p—ip
and for 1 < <m,

Floi41)=Flvi ;)

o #1-1 215 | - )

f‘:f‘r,ilz
J = flog) +1<l<ny— 1.

flog) +1,
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Then the induced edge labeling is obtained as follows:
[Huptsr) =k, for 1 <k <ip -1
S apvianen) = flogar), for 1<E<dgyg = - Tand 1< j<m—1,
I ki) = Sttty for 1 << p—ipy—1 and

for 1<j<m,

_fl‘lu_l'\ff—L 1
Flvigvig 1) =
flu )+, {

Jn|_m.J"+] =i _3J*.ﬂr;ﬁ—l£n’§n;—i

flui 41)—flvi;) .
J{vi ) .
Frl[fl‘uj,l]lfin‘_ (vi:))|* for 1S'j sm.

and f*(v,vi,,,) =

Hence, the graph & admits a logarithmic mean labeling.
Thus the graph G is obtained from a path by identifying any
of its edges by an edge of a cycle, is a logarithmic mean
graph.

Corollary 2.5 The triangular snake graph T, is a
logarithmic mean graph.

Corollary 2.6 The alternate triangular snake graph A(T;}
is a logarithmic mean graph.

Corollary 2.7 The quadrilateral snake graph @, is a
logarithmic mean graph.

Corollary 2.8 The alternate quadrilateral snake graph
A(@,) is a logarithmic mean graph.

Corollary 2.9 The tadpoles graph T(n, k) is a logarithmic
mean graph for n >3

Il. CONCLUSION

This paper exhibits the properties of logarithmic
meanness of some chain graphs.
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