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Logarithmic Mean Labeling of Some Cycle
Related Graphs

A.Durai Baskar, A. Rajesh Kannan, R.Rathajeyalakshmi, P. Manivannan

Abstract: A function f is called a logarithmic mean labeling of
a graph &(V.E} with p vertices and g edges if
FiVi6)—{1.23,..g+1} is injective and the induced
function f*: E{&) — {1, 2.3, ....q} defined as

friur) = I%J for all uv e E(G),

is bijective. A graph that admits a logarithmic mean labeling is
called a logarithmic mean graph. In this paper, we study the
logarithmic meanness of some cycle related graphs like the cycle
C, for n = 3, union of a cycle £,; and a path P, union of any

two cycles €, and £, the graph €5 x P, and the graph £, = K.

KeyWords: labeling, logarithmic mean labeling, logarithmic
mean graph.

I. INTRODUCTION

Throughout this paper, by a graph we mean a finite,
undirected and simple graph. Let G(V. E) be a graph with g
vertices and g edges. For notations and terminology, we
follow [4]. For a detailed survey on graph labeling we refer
to [3].Path on = vertices is denoted by F, and a Cycle on n
vertices is denoted by £,. G () 5, is the graph obtained
from & by attaching m pendant vertices at each vertex of &.
Let &, and & be any two graphs with @, and p- vertices
respectively. Then the cartesian product &, = G- has p, p-
vertices which are {{w.vj:ueG.ve &} and any two
vertices{u;.1,} and (u..v.) are adjacent in G, ® G. if
either u; = u- and v; and v are adjacent in & or z; and u-
are adjacent in &; and 11, = 1. The study of graceful graphs
and graceful labeling methods was first introduced by Rosa
[7] and so many authors are working in the area of graph
labeling [1,2,5,6], motivated these we introduce a new type
of labeling called logarithmic mean labeling.
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A function f is called a logarithmic mean labeling of a
graph G(V.E} if f:V(6) = {L2.3,...9 + 1} is injective
and the induced

function fUE(G) =123, ...q) defined as
_,l'-ll,'l—_,l'-li.h

Frw)=| |. for ail wv € E(G),

is bijective. A graph that admits a logarithmic mean labeling

is called a logarithmic mean graph.
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Fig.1 A logarithmic mean graph of K; — &

In this paper, we have discussed the logarithmic mean
labeling of the cycle C,, for n = 3, union of a cycle C,; and
a path F,, union of any two cycles £y, and £, the graph
3= B, and the graph £}, = K.

2 Main Results

Theorem 2.1 Every cycle is a logarithmic mean graph.
Proof. Let 1,. v.. ... 1%, be the vertices of the cycle Cy,.
We define f:¥V{{,)— {L2,...n+ 1} as follows

i 1= 12 | 221
mn+3)
flvid=4 . )
t+1 |Jr!|i'!+!|J5 P o
Then the induced edge labeling is as follows:
i 1= 1= [ 221
. mnn+3
Frlvv,,) = 1n+2
i+1 l—JE i= n-—1
m{n+3)

and f* (o) = [755
Hence, f is a logarithmic mean labeling of the cycle .
Thus the cycle £, is a logarithmic mean graph.
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Theorem 2.2 The graph £y, U F, is a logarithmic mean
graph.

Proof. Let wi;.2ias v,y and v, ¥a, .00 13, DE the vertices
of the cycle C,,. and the path F, respectively.
We define f:V(C, UR ) — [L2.3,....m + n} as follows:

< [3]

m+nt+2-—2i

flug)=qn

n —

|:|'-'|

WJ

m-1+2i  |%|+2

1]
=

i= m

flr)=i forl=iZn—1andf(r,)=n+1.

Then the induced edge Ilabeling is as follows:
frlumg,) =
m+n— 2 1= i< [
n =[;J+J.mm’ m is odd
n+1 y=EJ-I—J.nm’ m is even
+2= i= m-—1

L

m-1+2 |2

n —

fruug)=m+n—1
and f* (v, ) =i forl=i=n-1
Hence, f is a logarithmic mean labeling of the graph
T WE,. Thus the graph C,; UE, is a logarithmic mean
graph, foranym = 3 andn = 2.
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Fig. 2.2 A logarithmic mean labeling of £ . U F;

The graph €, Unl.n = 2 cannot be a logarithmic mean
graph. But the graph €, UT may be a logarithmic mean
graph. The T-graph T}, is obtained by attaching a pendant
vertex to a neighbour of the pendant vertex of a path on
{n— 17 vertices.

Theorem 2.3 For a T-graph T,,. T,, U €, is a logarithmic
mean graph, forn = 2 and m = 3.

Proof. Let .24, ... 1,_; be the vertices of the path F,_,
and u, be the pendant vertex identified with u.. Let
Vo1 be  the  vertices of the cycle .
AV(T,U €)= V(Cp) U V(B) U {u,} and

E(Ty U Cp) = E(Cp) U E(B) U {upuy)

We define f:V (T, U L) = {L2.3.....m + n} as follows:
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mint2-2 1< i< |2
Fo=1{n i=|3]+1
n—m—1+2i Bliz2= i= m

|
I

flugd=i+1, forl=i=n

flup_y)=n—1ad f(u,) = 1.

Then the induced edge labeling is as follows:

f'lowia) =
min-2 1<i< |22
" i= H{-l-rmd m is odd 2mm
ntl i= HH wimis ot
nem-143 22 02 m-t

Frlupg,)=i+1 forl=i=n-2

frluu)=1and f'(vyv) =m +n—1,

Hence f is a logarithmic mean labeling of T, U €, Thus
the graph T, U £, is a logarithmic mean graph, for n = 2
andm = 3.

1 11

5 /
} m( \
5
lo
;

Fig. 2.3 A logarithmic mean labeling of T; U £

Theorem 2.4 Union of any two cycles £, and C, is a
logarithmic mean graph.

Proof. Let .2z, .oty and 17, v, ... 13 be the vertices
of the cycles €, and ¢, respectively. We define
FV(Cui,)—= {123 ....m + n + 1} as follows:

i 12 iz | |-1
G R PPt
fluy) =m+ 2 and
mtn+3-2 15 is |2
fooy={m+1 =3 +1
m—n+2i [”J+ < i< n

Then the induced edge labeling is as follows:

f 1= s [P
Frlugui,) = P11 [ I-r‘i:r;:::IJ < i< m—1
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frvwie) =
- n

min+l-2¢ 1= i= H

m+1 .,=[§J +1 and n is odd
m+ 2 E=EJ+1 and n is even
m—n+2i Bl+2< i n-1,
. m+1

‘f {ulum] = lfﬂu‘m+!|J

and f*{v,1,) = m+ n.

Hence, f is a logarithmic mean labeling of the graph
T W, Thus the graph C, U C,, is a logarithmic mean

graph, for any mn = 3

,f‘ ! m‘
Fig. 2.4 A logarithmic mean labeling of £; U £y

Theorem 2.5 3 = F, is a logarithmic mean graph, for any
.

Proof. Let V(€% B) = v/ wl"ul"i1 = i < n} be the

vertex set of Cyx R, and
E{CEX.P:] {le-ll '.:II_.U._::IIUEI:“_.U;_II |I| 1{: ":ﬂ}u
{Jl-ll II+LI_. ':_ll '-:'I+LI_. ’!I:I.IU!I:I.-‘-LI:].ﬂL‘_:ﬂ—l}
be the edge set of £; % F,.
We define f:V{C; = B ) — {1.2.3,....6n — 2} as follows:
8 1= j= 12
'J' —
fl) = IE;—ll 3= j= 4,
(i 6j —3 1= j= 2
a —
fe, :"[3;+? i j< 4
0 _I5+j 1= j= 2
flvg }_U—ﬁ 3= j=< 4 and

Fely=f@w ) +18 forl<i<3 and5<j = n
Then the induced edge labeling is as follows:
1 .
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f{ul |_|+L|J:
8 —5 1= j= 2
f{LIJ ) 'J—-']+1g 5= j= n—1
fro ™) =
5 j=1
f{L” -3 'J"]-l-lE 5= j< n-1and
f{ul |_|+J.|:|:
4 + 2 1= j= 2
5 +3

f I:'L-IJ 3 |_|—_|] +18
Hence f is a logarithmic mean labeling of €5 = F,. Thus the
graph C3 = E, is a logarithmic mean graph, for any .

%

Fig. 2.5 A logarithmic mean labeling of £y = F

Theorem 2.6 €, ) K, is a logarithmic mean graph, for
n = 3.

Proof. Let 17, 1%, ... 13, be the vertices of the cycle £, and
let u; be the pendant vertices attached at each 1. for
1 = i = n. Consider the graph £,, & K. for n = 4.

j=1
s I:L.J. ".J.]: 5}_1 2= j= 3 Case(l)[ﬂ,,“hJ is odd.
) Fel e 1 4z j= on We define f:V(C,@K,)—={123 ...2n+1} as
Ij+1 1= j= 2 follows:
1 P ; 1 i=1
“"J“J]zir.g..g. 3= j= 4 P U
f I:'l,-'I - :|+13 52 _.l"‘_: . f':lf"f]: v == b= In(2n+1) and
ﬁ_,r—*l- 1‘_:_,[‘_:2 2i41 [ 4n J_l_zq:bq:.n
f I:LI"I |_.|]: Ej—ll 35 jq_: 4 , _|r'|"r!+1.|
[Ji—3 |_| 4] . = L=
Frivy 1+ 18 5= j= n, 2 1 he i= l 4n J
nZn+1)
Flugd =144 i= 4n
I Zi+1 : L'r! |j!r!+J.|J +1
- 4n -
2t [fN|:!n+L|J T2z i=
Then the induced edge labeling is as follows:
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2 1< i< [
Frvr,,) = 2ii1 ,-mj:HIJ 1= ois ome1
f‘{uluﬂ] = l;ﬂ|::+L|J and
f'{u-u-] — Zi-1 I= 1= Lmj:ﬂ_.J
Y 2 [—::HJ +1< i< n
Case (i) [fn|;:+L|J is even.

We define f:V{C, O K} — [L.2.3.....2n + 11} as follows:

1 i=1
4n
2i 2= ig |——
flvy=4" - = |.|'r!|:r!+L|J and
S an . . .
241 || +1s i isn
2 i=1
4n
T 2 i =
fluy = 2i—1 s IS |-|'i'!|:r!+L|J
. 4n . .
2i lfﬂ|:ﬂ+L|J+l£ i =
Then the induced edge labeling is as follows:
2i 1= 1= |—=2—-1
. _ mi{In+1)
f ':Ul'vl'ﬂ.]_ 4n
241 ||z iz -1,
nfZn+1l})
. an
‘f {L‘J_L‘ﬂ]= L'm:r!+L|J and
R P
) = n e Hence,
2i [.—'J-I-'J.Ei‘—'_: .
n{2Zn+1)

the graph C,, @ K,;, for n =4 admits a logarithmic mean
labeling.For n = 3., a logarithmic mean labeling of 3 (& K,
i shown in

is as Figure 2.6.

Fig. 2.7 A logarithmic mean labeling of €y () K

1207

Retrieval Number G6355058719/19©BEIESP

Il. CONCLUSION

This paper, exhibits the logarithmic meanness of some
cycle related graphs like the cycle ¢,, for n = 3.
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