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Ordered Neutrosophic Fuzzy Convergence
Bitopological Spaces

R. Narmada Devi

Abstract: In this paper we introduce the new concept of an
ordered neutrosophic fuzzy convergence bitopo-logical spaces

(ONFCONVGBTS).  Besides giving some  interesting

propositions. Tietze extension theorem for pairwise ordered
NFlim extremally disconnected space( PCNFIMEDS) s
established.

Keywords: ENFCONVGBTS, PENFLIMEDS, ordered Tlim,

NFIimCF, lower ( resp. upper) t;;,, NFIimCF, (i=1or 2).

I. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [12].
Fuzzy sets have applications in many fields such as
information [8] and control [9]. The concept of an ordered
L-fuzzy bitopological spaces was introduced and studied in
[2]. There are several kinds of fuzzy set extensions in the
fuzzy set theory, for example, intuitionistic fuzzy set, vague
fuzzy set, interval-valued fuzzy sets, etc.

Tomasz Kubiaz[10,11] extended the Urysohn lemma and
Tietze extension theorem for the L-fuzzy normal spaces.
After the introduction of intuitionistic fuzzy sets and its
topological spaces by Atanassov[l] and Coker[3], the
concept of imprecise data called neutrosophic sets was
introduced by Smarandache[4].

Later A. A. Salama [6,7] studied the neutrosophic
topological space and neutrosophic filters. The concepts of
separation axiom in an ordered neutrosophic bitopological
space was studied by R.Narmada Devi[5].

In this paper, the concept of an ordered NF convergence
bitopological space and pairwise ordered NFlim extremally
disconnected spaces are introduced and studied. Some
interesting propositions are discussed. Tietze extension
theorem for pairwise ordered NFlim extremally
disconnected spaces has been established.

Il. PRELIMINARIES

Definition 2.1. [4] Let X be a nonempty set. A
neutrosophic set A in X is defined as an object of the form A
=X, Ta (X),0a (X),Fa (X)) : x €X} such that Ta, la, Fa: X —
[0,1].and 0 < Tp (X) + 15 (X) + Fa (X) <3.
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Definition 2.2. [4] Let A= (X, Ta (X), Ia (X), Fa (X)) and
B = (X, T (X), Is (x),Fs (x) ) be any two neutrosophic fuzzy
sets in X. Then
(i) AUB=(X, Taug (X), laug (X), Faus (X) ) where Taug (X)
=Ta(X) VTg (X), lave (X) = 1a (X) V 15 (X) and Faus (X) =
Fa (x) A Fg (x).

@ity ANB=(X Tans (X), lane (X); Fang (X)) where Tang (X)
= TA (X) N TB (X), IAﬂB (X) = IA (X) A IB (X) and FADB (X) =
Fa (X) V Fg (x).

((i)ACSBIifTa(X) <Tg (X), Ia (X) < lg (X) and Fa (X) > Fg
(x), for all x € X.

(iv) The complement of A is defined as

C(A) = (X, Tew (X), Ieay (X), Fey (X) ) where Tey (X) =
1- TA (X), IC(A) (X) =1- IA (X) and FC(A) (X) =1- FA (X)
(V) On={(x0,01):xeX}and Iy ={(x,1,1,0):xe X }.

1. VIEW ON NF CONVERGENCE

BITOPOLOGICAL SPACES
Notation 3.1.
(i) Y :nonempty set
(if) & & neutrosophic fuzzy filters on Y

(iii) U(Y ) : set of all neutrosophic fuzzy ultrafilters on X.

(iv) NIFp(Y ) : set of all neutrosophic fuzzy prime filters on
X.
(v) NF.,(5) : set of all minimal prime neutrosophic fuzzy

filters finer than -

(vi) ¢ : set of all neutrosophic fuzzy setson Y.

(Vi) lim, limas, lim g, lim2%, lim.£, lim £ neutrosophic
fuzzy setson Y.

(viii)Z*® : set of all neutrosophic fuzzy sets on the real line R.

(ix) NIF(Y ): set of all neutrosophic fuzzy filters on Y.

Definition 3.1. A nonempty collection § of elements in

the lattice ' is called a neutrosophic fuzzy filter on Y
provided

(0N 23,
(i) D,E € FimpliesD N E € §,
(ii)IfDeFandE € with DS E, thenD € §.

Definition 3.2. A neutrosophic fuzzy filter § is said to be
neutrosophic fuzzy prime filter (or) prime neutrosophic
fuzzy filter whenever, LUM € § impliessL € § or M € §.

Definition 3.3. A base for a neutrosophic fuzzy filter is a
nonempty subset 2 of ' obeying (i) Oy ¢ B, (i) L, M € B
impliess L " M 2 H , for
some H € .
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The neutrosophic fuzzy filter generated by Z is
denoted by [B]1={Be( :D2EDe B }.
Definition 3.4. Let H be any neutrosophic fuzzy set on Y.
The characteristic * set of § € NIF(Y) is defined by c(g) =
Unez H. Moreover, c(3) = c(f 3).

Definition 3.5. Let x, s be any NFP. A NF characteristic
function of x, s is denoted by
1Xr,p,s =(x, T

Definition 3.6. Any NFS al , b.s

Xr,p,s :<yl aTXr,p,S (y)x al
r+p+s<3andac€(0,1).

).

Xr,p,s ’IXr,p,s ’FXr,p,s

is of the form

al

V), aF (y)), where

Xr,p,s Xr,p,s

Notation 3.2. The collection of all neutrosophic fuzzy set

of the form al Xr,p.s is denoted by €.

Definition 3.7. Any NF filter generated by € is denoted

and defined by [¢ ]={B € *: B2 AA € ¢ }, however
[€] is written as al Xr,p.s

Definition 3.8. Given a nonempty set X, the pair (X, lim)
is said to be a neutrosophic fuzzy convergence space

(NFCONVGS) where lim : NF(X) — £* provided:

(i) For every § € NIF(X), lim§ = Ngeyr _® lim®,

(ii) For every § € NIF,(X), lim§ < c(3),

(iii) For every §,6 € NFy(X), § € & = lim& < limg.

(iv) For every a € (0,1) and al Xr.p.s € ¢,

lim( @) 2al

Xr,p,s
Definition 3.9. Let (X, lim) be a NFCONVGS. An

operator NFint : {* — (X is defined by
NFint(limg) = u{lim®& : lim& < limg, for every

& € U(X) and § € NF(X)}.

Xr,p,s”

Definition 3.10. Let (X, lim) be any NFCONVGS. Then
NFlim topology is defined by
7im = {limgF / NFint(limg) = lim(g), for every § € NF(X)}.
The pair (X,z;im) is said be a neutrosophic fuzzy
convergence topological space(NFCONVGTS). Every

member of NFlim topology is a neutrosophic fuzzy lim open
set( NFIimOS).

The complement of a neutrosophic fuzzy lim open
set is a neutrosophic fuzzy lim closed set( NFIimCS ).

Definition 3.12. An ordered neutrosophic fuzzy
convergence topological space (C(NFCONVGTS) is a triple

(X, 7iim , <) where i, is @ NFlim topology on X equipped
with a partial order <.

Definition 3.13. Let (X, 7jim, <) be an ENFCONVGTS.

Then a neutrosophic fuzzy set limg in (X, zjim, <) is said to
be an
(i) increasing neutrosophic fuzzy set (increasing NFS) if

x <y implies lim§(x) € lim3(y).

That is, Tiimg (X) < Tiimg (), limg (X) < limg (¥) and

Fiimg (X) = Fiimg (¥).
(ii) decreasing neutrosophic fuzzy set (decreasing NFS) if

x <y implies lim§(x) 2 limF(y).

That iS, T|im5 (X) > Tlimg (y), IIimg (X) > IIimg (y) and

Fiimg (X) < Fiimg ().

Definition 3.14. Let (X, 7jim, <) be an C(NFCONVGTS

and limg be any NFS in (X, zjim, <).

Then we define the increasing-NF closure, decreasing-

NFS closure, increasing-NFS interior and decreasing-NFS
interior of limg respectively as follows:

(i) IncrNFcl(limg) = N {lim& : lim& is an
increasingNFIimCS in X and lim§ < lim® },
(ii) DecrNFcl(limg) =N {lim® : lim® isa
decreasingNFIimCS in X and lim§ < lim® },
(iii) IncrNFint(limg) = U { lim& : lim® is an
increasingNFlimOS in X and limg < lim® },
(iv) DecrNFint(limg) = U { lim® : lim& is an
decreasingNFIimOS in X and lim& < limg},
for every §, & € NIF(X).
Proposition 3.1. For any neutrosophic fuzzy set limg in
an E(NFCONVGTS, the following statements holds
(i) C(IncrNFcl(limg)) = DecrNFint(C(limg)),
(ii) C(DecrNFcl(limg)) = IncrNFint(C(limg)),
(iii) C(IncrNFint(limg)) = DecrNFcl(C(limg)),
(iv) C(DecrNFint(limg)) = IncrNFcl(C(limg)).
Proof:
We shall prove (i) only, (ii),(iii) and (iv) can be
proved in a similar manner.
(i) Let lim§ be any neutrosophic fuzzy set in X. Then

IncrNFcl(limg) = N { lim®& : lim& is an increasingNFlimCS
in X and lim§ < lim&}, for every &, § € NF(X).
Taking complement on both sides, we have

Definition 3.11. Let (X,qin) be any NFCONVGTS and  c(inerNFel(lim3)) = U {C(lime) C(lim®) is a
limg € ¢ . Then the NFIlim closure and NFIlim interior of  decreasingNFIimOS in X and C(lim®) € C(lim)}
lim are denoted and defined by = DecrNFint(C(limg)), for every &, § € NF(X).
(i) NFlimel(limg) = N{lim&: lim& is a NFIimCS in X and Definition 3.15. An ordered neutrosophic fuzzy
limF < lim&}, convergence hitopological
(if) NFlimint(lim§) = U {lim® : lim& isa NFlimOS in Xand  space (CNFCONVGBTS)
lim& climg }, vV &, § € NF(X).
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is an OrderedNFCONVGTS

are the NFlim
topologies on X equipped with a partial order <.

XThim, » Thim, » =) Where 7, and T,

IV. CHARACTERIZATION OF PONFIImEDS

Definition 4.1. Let (X, <) be an

Tlim, » Tlim, »

CNFCONVGBTS. Let lim§ be any 7, increasing resp.
decreasing ) NFIimOS in X. If IncrNFcl Tim, (limg) (resp.

DecrNFcl Tim, (limg®)) is Tim, increasing (resp. decreasing)
NFIimOS.

Then (X, 7y, + i, » <) IS said to be 7, upper  (resp.
lower ) NFlim extremally disconnected space. Similarly we
can define z,, upper ( resp. lower ) NFlim extremally
disconnected space.

Definition 4.2. An (NFCONVGBTS (X, 7}y, + Ty, » S)
is said to be pairwise upper NFlim extremally disconnected
( PUpperNFIimEDS) if it is both 7., upper NFlim
extremally disconnected and z;;, upper NFlim extremally

disconnected.
Similarly we can define the pairwise lower NFlim

extremally disconnected space( PLowerNFIimEDS ).
Definition 4.3. An ENFCONVGBTS (X, 7y, \ Tjip, » <)

is said to be pairwise ordered NFlim extremally
disconnected (PONFIimEDS)if it is both PlpperNFlimEDS

and PLowerNFlimEDS.

Proposition 4.1. For ENFCONVGBTS (X, 7}, » )iy, 5 S),
the following statements are equivalent;

@ (X, Thim, » Tlim, » ) is PUpperNFIimEDS.

(i) DecrNFint.;,  (Iim3) is a 7, decreasing NFIimCS,
for each 7, decreasing NFIimCS limg. Similarly,
DecrNFint. ;, (limg) is a 7, decreasing NFIimCS,
for each 7, - decreasing NFIimCS limg.

(iii) DecrNFcI”imz (C(IncrNFcIIIirnz (lim®)))

= DecrNFint,Iimz (C(limg)),
for each 7, - increasing NFIimOS limg.
Tlim, (C(IncrNFcI,Iiml (lim®)))

= DecrNFint, ;,, (C(limg)),

Similarly, DecrNFcl

for each 7, - increasing NFIimOS limg.

(v) For each pair of 7 ;;, - increasing NFIimOS lim§ and

Tim, decreasing NFIimOS lim&  with
IncrNFcl, i, (limg) = C(lim®),
DecrNFcl.;,, (lim&)= C(IncrNFcl, ;.. (limg)).
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Similarly, for each pair of 7, increasing NFIimOS limg
and 7, decreasing NFIimOS lim& with IncrNFcl
(limg) = C(lim®), DecrNFcl (lim&) = C(IncrNFcl

(lim®)).
Proof:
()=(ii) Let limg be any z,,,, decreasing NFIimCS. Then

Tlim,

Tlimy Tlim,

C(limg) is 7;;, increasing NFIimOS.

By assumption(i) IncrNFcI,Iirnz (C(lim¥)) is Tim,
increasing NFIimOS.
Since, IncrNFcl (Cimg)) = C(DecrNFintT“mz (limg)).

Thus DecrNFint. ;. - (lim3) is 7, - decreasing NFIimCS.

7lim,

(if)=>(iii) Let lim§ be any Tlim, increasing NFIimOS. Then
C(lim3) is 7, decreasing NFIimCS.
By assumption(ii) DecrNFint. .~ (lim3) is 7,

decreasing NFIimCS. Consider
DecrNFcIrlirnz (C(IncrNFcI,Iirnz (limg)))

=DecrNFcl,;,, (DecrNFint; ;. (C(lim3)))

= DecrNFintrIirnZ (C(limg)).
(iii)= (iv) For each pair of T im, increasing NFIimOS lim§
T )iy, decreasing NFlimOS
21im, (IIMF) = C(lim®).

By assumption (iii),
DecrNFcl (C(IncrNFcIrIirnZ (lim®)))

= DecrNFint,Iirnz (C(limg)).
By using Proposition 3.1 and by the hypothesis, we have
DecrNFcl.;,, (lim®)

= DecrNFcl

and lim® with

IncrNFcl

7lim,

e1im, (C(INCINFCl. ;0 (lim)))

= DecrNFintTIirnz (C(limg))

= C(IncrNFcITIimz (lim®)).
(iv)=(i) Let limg be any Tlim, increasing NFIimOS. Put
lim = C(IncrNFcl (limg)). Clearly, lim& is Tim,

decreasing NFIimOS.
By assumption (iv), it follow that

DecrNFcl (lim®) = C(IncrNFcI,Iimz (limg)).

7lim,

7 lim,
That is, C(IncrNFcl, ;. (Iimg)) is 7y, ~ decreasing
NFImCS. This implies that IncrNFcl,;,, (Iimg) is 7y,
increasing NFIimOS. Thus, (X, 7y, . Ty, » <) IS Ty, UPPET
NFlim extremally disconnected space.
Similarly, we can show that (X, 7y,  Tjip, » ) IS Ty,
upper NFlim extremally disconnected space.
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Hence (X, 7y, <) is PUpperNFIimEDS.

Tlim, »

Proposition 4.2. An ONFCONVGBTS (X, 7y, + Tjim, -
<) is PONFIimEDS  iff for each 7,,,, decreasing NFIimOS
lim§ and 7, decreasing NFIimCS lim& such that limg <

lim®, we have DecrNFcl (lim§)<=DecrNFint, . (lim®).

Tlim, Tlim,

Proof:
Suppose (X, Tyipp, 1 Ty, » ) I PUPPerNFIimEDS. Let

limg be any Tlim, decreasing NFIimOS and lim& be any
T)im, decreasing NFIimCS such that lim§ < lim&. Then by

(i) of Proposition 4.1, DecrNFint
decreasing NFIimCS.
Also, since lim§ is 7,,, decreasing NFIimOS and lim§ <

DecrNFint, i, (Iim®&). It
DecrNFcI,Iiml (limg¥) € DecrNFint, . (lim®).

ciim, (IMB) is 7

lim < follows that

Tlim,

Conversely, let lim® be any 7. . decreasing NFlimCS. By

lim,

Definition 3.14, DecrNFintz;, (lim&) is 7, decreasing

NFIimOS and DecrNFint, . . (lim®) < lim®.

By assumption,
DecrNFcl

Tlimy

(DecrNFintrliml (lim®))

T lim,

€ DecrNFint ;,  (Iim®).
Also we know that

DecrNFint; ;,, (Iim®)

cDecrNFcl, ;, (DecrNFint, ;.. (Iim®)).
Thus DecrNFint,;,, (Iim®)

=DecrNFcI,Iiml (DecrNFint,Iiml (lim®)).
Therefore, DecrNFint,;, (lim&) is 7, decreasing

NFIimCS. Hence by (ii) of Proposition 4.1, it follows that
X Tim,  Tiim,» S 1S Ty Upper NFlim extremally
disconnected space. Similarly we can prove the other cases.
Therefore, (X, 7y, .+ 7jjmy, » <) is PONFIIMEDS.

Notation 4.1. A NFS which is both increasing ( resp.
decreasing )NFIimOS and increasing ( resp. decreasing )
NFIimCS is increasing ( resp. decreasing ) NFlim clopen set.

Remark 4.1. Let (X, 7y, . Tjp. ) be a
PuUpperNFIimEDS. Let { limg;, C(lim&;): i € N} be a
collection such that limg;’s are T im, decreasing NFIimOSs
and lim@&;’s are 7;,, - decreasing NFIimCSs.

Let lim§ and C(lim®) be 7 ;;, decreasing NFIimOS
and z;,, - increasing NFIimOS respectively.

If lim3i € lim§ < lim&; and limG; € lim® < lim®;
for all ij € N, then there exists a 7;,,, and 7,;,, decreasing

NFlim clopen sets lim$) such that
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DecrNFcl,;,, (Iimi) < lim§ < DecrNFint;,;., (lim&),

foralli,jeN.

Proof: By Proposition 4.2,

DecrNFcl, j,, (limgi)
c DecrNFcI,Iiml (limg) N DecrNFint lim, (lim®)
€ DecrNFint; ., (lim&)),

foralli,j € N.

Letting Iim,V):DecrNFcI,Iiml (lim&)N DecrNFintT”ml (lim®)

in the above, we have lim$ is 7, and 7, decreasing
NFlim clopen set satisfying the required condition.

Proposition 4.3. Let (X, <) be a

Tiim,  * Tlim, »

PONFIIMEDS. Let { 1M, Jeeo and { limM&, Jeeo be

monotone increasing  collections of 7,  decreasing

NFlimOSs and 7, decreasing NFIimCSs of (X, 7y,
Tiim, » <) respectively.

Suppose that IimgU|1 c lim® 0 whenever q; < g (Q is
the set of all rational numbers). Then there exists a
monotone increasing collection { lim$, }qeQ of Tlim, and

Tim, decreasing NFlim clopen sets of (X, Tiim, + Tlim, » S
such that
DecrNFcl.;,, (Iimg, ) < lim$, and

lim$ o S DecrNFint (lim& % )

whenever ;< s, .
Proof:

Let us arrange all rational numbers into a sequence {q .}
(without repetitions). For every n > 2, we shall define

inductively a collection {lim$ o /1 <i<n} c " such that

Tlimy

DecrNFcITIiml (lim§y) €lim$H o ifg<qand
lim$ o S DecrNFintTIiml (lim®&q ) if g; < q, for all i <n (Sy)
By Proposition 4.2, the countable collections
{DecrNFclz i, (Iim3y ) } and { DecrNFint,, (lim&,) }
satisfy DecrNFcITIiml (limg ql) c DecrNFintrIiml (lim& o )
ifg <.
By Remark 4.1, there exists a 7y, and 7y,
decreasing NFlim clopen set limg; such that
DecrNFcITIiml (limg o ) c
DecrNFint
(S2).
Assume that 7;,, NFSs lim$) . are already defined for i <
n and satisfy (S,).

|Imﬁ1 c

ciim, (1IM& ). Letting lim$ . = lim§&; , we get
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Define limg = u{ lim$ 0 li<ngi<g,}u IimgGIn and
lim9t = ﬂ{limﬁqj fi<ngi>ag.} N IimQ5Gln .

Then we have that
DecrNFcl; i, (Iim$) )

€ DecrNFcl

and
DecrNFcl, i, (Iim$), )

(imm) <

<iim, (ML) DecrNFint, - (lim$ )

CDecrNFint DecrN Fcl,Iiml (lim$ q )

 lim,
whenever ¢ < g, < g; (i,j < n).

As well as lim§, € DecrNFcl (img) € lim&, and

Tlim,

lim§, € DecrNFint (1im9n) € lim& 4 whenever <

Tlim,

gn<gq"
This shows that the countable collections

{lim$q li<n gi<an} U {limgq|q<an,}and
{Iimsﬁqj |j<n,g;>0,}U{lim&,|q > qn, } together with
lim£ and lim9t fulfil the conditions of Remark 4.1.

Hence, there exists a 7, and z;, decreasing NFlim
clopen set lim&, such that
DecrNFcl; iy, (Iim&,) € lim&, if g, <q,
lim§, € DecrNFint

i (MG ) €

(limg,) if g < q, , DecrNFcl

7 limy
DecrNFint, ;,, (ImKy) if o < oo ,

DecrNFcI,Iiml (limg,) < DecrNFint,Iiml (lim$g;) if g < g
where 1 <i,j<n-1.
Letting lim$, = lim&, we obtain a z, NFSs

lim$ g, Iimﬁqz , im$ g, Iimfgqn that satisfy (Sy+1).

Therefore, the collection { Iimﬁq_ /i = 1,2,...} has the

required property. This completes the proof.
Definition 4.4. Let (X, 7, + Tji, » <) @A (Y0, O iy,

<) be any two ONFCONVGBTSs.
Letf: (X, Tyim + Thim, » S = (Y, O, 0 i, » <) De any NF

function. Then f is said to be a

Q) Tlim, increasing NFlim continuous function
(i, increasing NFIimCF) if for every o, (or) oy,
NFIimOS limg in (Y, 6 10 jiy,, » 9, T (1iMF) is @ 7y,
increasing NFIimOS in (X, 7, 7jjmy > ).

(ii) 7, decreasing  NFlim  continuous  function
(i, decreasing NFIimCF) if for every o, (0or) oy,
NFIimOS limF in (Y, oy, + 0 4, » ), 7 (lim3) isa ey,
decreasing NFIimOS in (X, 7y,  Tim, » ).

(iii) If f is both 7, increasing NFIImCF and z,

decreasing NFIimCF then it is said to be an ordered z;,
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NFlim continuous function(Oz ;,, NFIImCF). Similarly we
can define O o y;, NFIimCF.

V. TIETZE EXTENSION THEOREM FOR
PONFCONVGBTS

Definition 5.1. A NF real line Ry(l) is the set of all
monotone decreasing NFS A € (¥ satisfying
U{A(t) : te R} =1V and N{A(t) : t e R} = 0"
after the identification of an NFSs A,B € R(1) if and only if
A(t-) = B(t-) and A(t+) = B(t+) for all t € R where
A=) = N{A(S) : s<t}and A(t+) = U{A(S) : s>t}
The NF unit interval (1) is a subset of R,(l) such

that [A] € I(1) if the degrees of membership, indeterminate-
membership and nonmembership of A are defined by

T 0 1t<O0 TG 1Lt<O0 EL ) 0,t<0
= , an = =
A 0t>1 A ot>1 A Lt>1

respectively.
The natural NF topology on R(l) is generated from

the subbasis {L', R : t € R} where L, R : Ry(l) — I;(I)
are given by LY[A] = C(A(tH)) and R [A] = A(t+)

respectively.
Definition 5.2. Let (X, 7y, 7yjs, » <) be ANy

ONFCONVGBTS. A function f: X — Ry(l) is said be

(i) lower Tim, NFIimCF if f '(RY) is Tim, increasing or
decreasing NFIimOS,

(ii) upper Tim, NFIimCF if f (L% ) is Tlim, increasing or
decreasing NFIimOS, for each t € R.

Similarly we can define lower Tim, NFIimCF and upper

T)im, NFIIMCF respectively.

Notation 5.1. Let X be any nonempty set and limg € *.
Then for x € X, { Timg(X), limz(X), Fimz(X) ) is denoted by
limg N,

Proposition 5.1. Let (X, 7y, , 7y, ,» <) be any
ONFCONVGBTS and let limg be NFS in X.
Nift<o

Let f : X — Ry(I) be such that f)(t)=1limg Vif0<t<1

oNift>1
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for all x € X and t € R. Then f is lower ( resp. upper ) Tim,

NFIimCF iff lim§ is t;,, increasing or decreasing NFIimOS
( NFlimCS ).

Proof:
Iyift<0
LRI =dlimgifo<t<1
Oy ift>1
implies that f is lower t,;,, NFIimCF continuous function iff
lim§ is 7;;, increasing or decreasing limOS.
1yift<0
et ym=1limgifo<t<1
Oyift>1
implies that f is upper T im, NFIimCF iff limF is Tlim,

increasing or decreasing NFIimCS. Hence the proof is
complete.

Definition 5.3. A NF characteristic function of a NFS
[im3 in X is @ map wiimg : X — Ii(1) is defined by wjimz(X) =
limg", for each x € X.

Remark 5.1. Let (X, <) be any

Tiim, » Tlim, »

ONFCONVGBTS. Let yijim; be NF characteristic function of
a NFS lim§ in X. Then wjin; is lower ( resp. upper ) Tlim,
NFIimCF iff lim§ is t;,, increasing or decreasing NFIimOS

(NFIimCS).

Proof: The proof follows Proposition 5.1.

Proposition 5.2. Let (X, 7y, . 7y . ) be any
ONFCONVGBTS. Then the following conditions are

equivalent

() (X, Tyimy + T, » <) 18 PONFIIMEDS.

(i) If g, h : X — Ry(I), g is lower T fim, NFIimCF, h is upper
Tjim, NFIIMCF and g < h, then there exists increasing
Tiim, a0d Ty, NFIIMCF f: X >Ry(1) such thatg < f < h.

(iii) If C(lim¥) is increasing Tim, NFIimOS and lim& is
decreasing T, NFIimOS such that lim& < limg, then
there exists an increasing Ty, and T, NFIimCF
f : X—R,(1) such that lim&<f ' (C(LY))sf ' (R)E limg.

Proof:

(i) =(ii) Define limg, = h™' (L) and lim&, =g~ (C(RY)).

for all r € @ (@ is the set of all rationals). Clearly,

{lim3}rep and {lim®,}.e, are monotone increasing families

T jim, NFIimOSs
NFIimCSs respectively. Moreover limg, € lim@&; ifr <s.

of decreasing and decreasing

Tlim,
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By Proposition 4.3, there exists a monotone
increasing family {lim$)}wep of 7, and 7, decreasing

NFlim clopen sets of (X,
DecrNFcl

Tim, + Tlim, » <) such that

i, (lim3,) < lim$)s and

lim$), € DecrNFint (lim®&;) whenever r <s (r,s € @).

Tlimy
Letting limG, = 1 t {C(lim$),)} for all t € R, we define a
r<

monotone decreasing family {lim%; |t € R} € ¢*.
Moreover we have

IncrNFcl (limBy)SIncrNFint, . . (limY,) whenever s <t.

Tlimy Tlimy
We have,
Y Ilim%,= Y I C(lim$y)
teR teR r<t
2Y [ C(lim$y)
teR r<t
=Y 1 g'RY
teR r<t
=Y g'CLY)=g"'(Y CLY)=1y
teR teR
Similarly, I/R limY, = Oyn. Now define a function
te

f: X — Ry(l) possessing required conditions.

Let f(x)(t) = limUy(x), for all x € X and t € R. By

the above discussion, it follows that f is well defined.
To prove f is increasing t,;,, and 7, NFIimCF.

Observe that Y 1im%; = Y IncrNFint,,, (lim2s) and
s>t s>t M

I limYs = 1 IncrNFeley, (lim). Then f RY

s<t s<t

:sZt lim2; :szt IncrNFint. ., (ImBs) is 1y,

increasing or decreasing NFIimOS and f '(L) = 1 t limy,
5<

= 1 IncrNFcl

s<t
NFIimCS. Hence f is increasing t

ciim, (IIMTq) is 7, - increasing or decreasing

iim, NFIiMCF.
Similarly, we can prove f is increasing
NFIimCF in same manner. Therefore, f is increasing T,

and ty;,, NFIimCF.
To conclude the proof it remains to show that g < f < h.
That is g'(C(LY)) < f' (C(L})) e h'(C(LY) and g '(RY) <

f 'R ch™ (RY) for each t € R. We have,
g'(CLY=1 g'(C(LY)
s<t
=1 I g'(RY
s<t r<s
1 c(lims,)
r<s

1 C(lim®y)
r<s
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= 1 limYs=f"(C(LY)
s<t
and
f! CLY)=1 limY
s<t
= 1 I C(lim$)
s<t r<s
c 1 I C(limg))
s<t r<s
=1 1 h'(@ecrLh)
s<t r<s
=1 : h™' (C(L'y)) =h " (C(LY)
s<
Similarly,
97 RY =¥ 9-IRY
s>t
=Y Y gil (R]Ir)
s>t r>s
=Y Y C(lim&,)
s>t r>s
cyY I C(lim$,)
s>t r<s
=Y limY,=f" RY
s>t
and
£ RY =Y limY;
s>t
=Y 1 C(lim®)
s>t r<s
cyY Y C(lim3,)
s>t r>s
=Y Y h'(CLY)
s>t r>s
=Y h'Ry)=h"RY
s>t

Hence, the condition (ii) is proved.
(ii)=(iii) Let C(lim3) be an increasing T im, NFIlimOS and

lim® be a decreasing t,;,, NFIimOS such that lim& < limg.
Then wlim® < wlimF where ylim® and wlimF are lower
Tjim, NFIIMCF and upper 7, NFIimCF respectively.

By (ii), there exists increasing Ty, and Ty,
NFIImCF f : X — Ry(l) such that yjims S f S wiimg. Clearly,
f(x)€I,(1) for all xeX and lim&=y jins(C(LY)) € f (C(LYL))
cf '(RY) S v ims(R%) = lim3.

Therefore, lim & < f'(C(LL)) € f'(R%) € limg.
(iii)=>(i) Since f "'(C(L'1)) and f "'(R’) are decreasing t;,
NFIimCS and decreasing t,;,, NFIimOS respectively. By
Proposition 4.2, (X, 7y, Tjimy, » <) IS PONFIIMEDS.

Notation 5.2. Let (X,zin ) be any NFCONVGTS. Let A

X. Then NFlimya is of the form { X, xa(X), xa(X), 1 —xa(X) ).
Proposition 5.3. Let (X, 7}y, , Tjim, » <) IS PONFIIMEDS.

Let A c X such that limya is Ty, and 7;,, NFIimOS in X
respectively.
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Let f: (At /A, Ty, /A) — (1) be an increasing

T i, and Ty, NFIiMCF. Then f has an increasing 7, and

T i, NFlim continuous extension over (X, 7, + 7jip, » 5)-
Proof:
Let g,h : X — Iy(I) be such that g =f = h on A and

g(x)=0", h(x) = 1" if x ¢ A. For every t € R, We have,

lim§ 1 Iim;(A,t >0

A7
R t)=
g ) t<0

where limg; is 7 ;,, increasing or decreasing NFIimOS such
that limg; /A= ' (R';) and

lim& I limy t<1
- A
h )=

d>1

where lim@&, is 7., increasing or decreasing NFIimOS such
that lim&, /A =" (L';) . Thus g is lower T iim, NFIimCF and

h'is upper z;,, - NFIimCF such that g < h.
Hence by Proposition 5.2, there exists an increasing
T i, and T im, NFIimCF F : X — Ty(I) such that g(x) S F(x)

C h(x) for all x € X. Hence for all x € A, f(x) € F(x) < f(x).
So that F is the required extension of f over X.
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