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a,..,-Open, Closed Mappings in Topological
Spaces
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Abstract: In this paper the concept of A, ). ~OPEN,

closed mappings have been introduced and some of its properties
have been studied.
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I. INTRODUCTION

O.Njastad [7], Kasahara [4,5], Ogata [8,9] and Kalaivani,
Sai Sundara Krishnan[1,2,3] discussed about the « -open
sets, operation on topological ~spaces, 7, , and
a -( 7, 7') -open sets. Maki & Noiri [6], Umehara, Maki&
Noiri[10] and Umehara[1l] analyzed the concept of
Bioperations in topological spaces.

In this article the Q.5 ~OPEN mappings has been

introduced and its properties are analyzed. Ay p )

-closed mappings, has been introduced and properties are
discussed.

Notations: Q. -open set —> & (7, }/' )-open set ,
Ty ™ Ta(y.y) Q. ~OPEN SEIs, Xis > (X,7),
Yis = (Y,7) ,0S —open set ,CS —closed set, OSs—open

sets, CSs—closed sets, TS — topological space, CM
—continuous mapping, OPM-—open mapping, CLM
—closed mapping, C—continuous, M—mapping, NEIGH—
neighbourhood, INV- IMA inverse image, iff —if and only if,
ima— image, impth —implies that, theex —there exists,
sucth-such that, OP INJ —open injection, OP SUR —open
surjection ,INJ M— injection mapping, SUR M— surjection
Mapping, subs— sub set.

Il. PRELIMINARIES

Theorem 2.1. Let {A, :aeJ} be the family of «, ) -OSs
in X;s Then U A,

ael

Definition 2.1. AM fy, is called an &, .5 5 -CM iff if

is also an ¢, -OS in Xig

for every o 5y-0S, E of Yrg, 7%y (E) -the INV- IMA of

E, isan ¢, ) -OSin X .
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Definition 2.2. AM fy X5 >Yrs isan o, vz 5y -CM
iff for each point e in X.g and each ¢4 4y -NEIGH D of
fu (), there is an ¢, ., -NEIGH E of b sucth fy,
(E)cD.

Theorem 2.2. Let f,, be a M. Then the statements
mentioned below are equivalent:

(1) fm Xps>Ysisan &, s 5 -CM;

(”) fM (Ta(%:/)
subset E of Xig;

(iii) For every ¢ 5y-CS, F of Yrg, f7y (F)is an

-cl(E)) c Oy -cl( fy, (E)),for every

0.’(7’}/) -CSin XTS .

. ag, g OPEN MAPPINGS

Definition 3.1. A M fy, : X —Y;g is assumed to be an

A, 5.5 “OPM iff if for each «(, ,,-OS, H € Tay,, the

ima fy, (H) e o,

(B.8)
Example 3.1. Let Xqs ={u,v,w}
=10 Xas ub A du v {u el Y =fuvg

o ={¢,Yrs . {u}.{v}.{u, v}, {u, w3}
The operation 7,' on 7 is given as A" = A U {u}

, Aif A={u}
and A = . forevery Ae T .
AU{w}if A={u}
The operation g, on o is given as
Aif vg A . Aif ve A
f = Ve and A = < for every
cl(A)if ve A cl(A)if vg A
Ae o.

TheM fy, isgivenas fy, (u)=v, fy, (v)=wand f,; (w)
=u. Then the ima of every «, .,y -OSisan ¢ 4)- OS under
the M fy, . Hence fy, isan ¢, 5 4) - OPM.

Theorem 3.1. If  fy :X¢s >Yps is an &, 5,5y -OPM
and gy (Yrs,0) —>(Z1s,6) is an ¢z gys.5) -OPM, then
Om 0 fy {(X1s5,7)>(Zys,0) Isane,, ,ys.57 - OPM.

Proof. The proof follows from the Definition 3.1.
Theorem 3.2. A M fyy :X¢s >Yrgis an «, 4.5 -OPM

iff foreachb € X4, and for
every Ee 7, such that

b € E , theex a

Published By:
Blue Eyes Intelligence Engineering



05(7,7,)(”,) -Open, Closed Mappings in Topological Spaces

D e Ty sucth fy, (b) e D and D < f,, (E).

Proof. Let E be an ¢, ,y- OS of b € X . Then f, (b)
€ fy (E). Therefore fy, (E) is an ¢ 4 -NEIGH of
fy (b) in Yo . Then by Theorem 2.2 theex an «,, , -open
NEIGH, D e Cap sucth f,, (b) e D < fy (E).
Conversely, let E e Ta,,, such that be E . Then , theex a
D e Tty sucth fy, (b) € D < fy (E) . Therefore
fu (E)isan ¢ 5y- NEIGH of fy, (b) in Yig and this
impth fyy (E) = Ut ger(a D. Thenby Theorem 2.1 f,
(E) is an  agp -OS in Yrg . Hence fy is an
%y ) “OPM.

Theorem 3.3. AM fy 1 X¢s >Yrsisan &, s 5) -OPMiff
if for each b € X;g, and for every ¢, - NEIGH U of b

€ Xqg theex an ¢4 4y -NEIGH V. of fy (b) sucth
V c fy (U)

Proof. Let U be an¢, - NEIGH of be X . Then by
Definition 2.1 theex an Ay ) -OS, Wsucthb eW c U .
This impth f,, (b) € fy, (W)c fyy (U). Since f,, is an
&y 5.8 OPM, fy (W) is an ¢, 4)- OS. Hence V =
fu (W) is an o4 5y -NEIGH of f,, (b) and V c fy

(U).

Conversely, let U e Ta,,, andbe U .Then U isan «, -
NEIGH of band hence, theexan ¢, 4 -NEIGH V of fy
(b) sucth f,, (b) e V < fy (U). Thatis, fy, (U)isan
s, py - NEIGH of fy, (b). Thus f, (U ) is an ¢4 4)-
NEIGH of each of its points. Therefore f,, (U ) is an
o3 p)-0S. Hence fy isan &, 4 5 - OPM.
Theorem3.4.AM fy (X5 >Ypgisane, . -OPMiff fy,
(74, -INL(P))c Oy -int( fy, (P)),forall P ¢ Xg.
Proof. Letb e o, -int (P) . Then theex U e Ta,,,
sucth beU < P.So fy,, (b) < fyy (U)c fy (P).
fu (U ) is
an g 5 -0S in Yrg . Hence fy (b) T -int ( fy
(P)). Thus fy, (T%,w -int (P))c Oy -int (fy, (P)).

Since fy, is an o« s - OPM,

Conversely, let U € T
(raw) -int (U ))<= Ty -int ((fyy (U )< fy (U)or
fu (U)C Ty -int(fy, (U)) < fyy (U).Thisimpth

and hence fy, (U ) = fy

fu (U)isan o 5)-0S. Thus fy, isana, s z) -OPM.

Theorem 3.5. AM fy, :Xs =Yg isan «, 1y 4 -OPMiff
Ty, -iNE( 2, (Q)) <ty (4, -iN(Q)), forall
Q< Vs
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Proof. Let Q be any subset of Y5 . Clearly Ta,. -int
(f7w (Q)) isang, ) -0S in Xig. Also fy (7, -int

(1"1,\,I (QNc fy (1"1,\,I (Q) < Q. Since fy is an
a(y’;,!)(ﬂ’ﬂ!) - OPM and by Theorem 3.4 s fM ( Z'a(%y/) -int

(f7w (QN e oy,
Q)< fw (fy (74, int (7 (Q)))). This

impthz,, . -int (7 (Q)< ™y (-t (Q)) for
all Q < Yy .
Conversely , let P < X;s , we obtain o -int

-int (Q). Hencez,, , -int ( f1y
ny
B.8)

(P)e 7, -int (f ™y (F(P)CS 7y (o, -int( fy

(P ) ) ). This impth that fy, ( a0 -int (P ) ) < fy

(Za,,, 0t (F7% (fy (P)))) e fu (7 (og,,
-int(fy (P)))) < Ty -int ( fy, (P )). Consequently

fu ( a0 -int (P)) c o -int (fy, (P ) ), for all

Ap.p)

P c XTS . By Theorem 34 fM |S an a(},’]/!)(ﬂ’ﬂr) - OPM

Theorem 3.6. AM fy, :Xqs =Yg is ane, s 5) -OPM if
-1

f1 (O_"’(/fﬂ)

Dc VY.

Proof. Let D be any subset of Y. By Theorem 3.5 7,

<l (D)) c 7, -l (74, (D)), for all

(r.7)

Aint( fy (s = D)) < F7y (0, -int (fs-D ).
Then 7, . -int (Xrs - fy (D)) c iy (04, -int
(Yys — D)) As Ty py TN (D) =Yg " cl
(Ys—D ) ), therefore X;s — 7, -cl (fy (D))

Xy )

c ™ (Ys -0

P cl(D))or X —7

Xy

)-cl(f‘lM

(D)) & Xos =T (04~ €1 (D). Hence 17
(G4, cH(D)) < 7, , -l ( f~ (D))

Conversely , let D < Yy and hence, fy, (o, -cl (Y

(B.8)
- D))< 7, , (f7w (Ygs = D) ). Then Xrg —
T,y C (' (45 = D)) & Xps— 'y (Cuyy = ©
(Yrs — D)).Hence X5 -7,  -cl(Xys - f~w (D))
f 7 (Yos— Ty~ (Yrs =D)). Thisgives that 7, -int

(fhw (D) iy (O-a(/?ﬂ)

3.5, it follows that fy, isan«, .4 ) -OPM.

-int (D) ). Using Theorem
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Theorem  3.7. Let fy :(Xys,7)>(Ys,0) and
v ‘(Yrs,0)—>(Z15.,9) be two Ms such that
Om 0 fy (X5, 7) >(Zrs,6) 1san «a, 5.5 CM. Then

) If gy
nag, ypp CM.

is an oy ysey “OP INJ then fy, s

(i) If fy is an o, sz -OP SUR then gy is
AN sy, EM.

Proof. (i) Let U € Ty

an o gys.57-OPM, then gy, (U)e & . Since gy is

Since gy, is

INJ and gy, 0fy, is an a, ys.57-CM, (gy 0 fy) ™ (g
(U))=(furogy™) (g (U)) =fTy (g7
(g (U))=f"y (U )isang,,- OPM in Xrg. This
proves that fy, isan o, 4 4 - CM.

(ii) Let V e Saspy - Since gy ofy is ana, 567 CM,
then (gy 0fy)™ (V)€ 7, , Also fy is an a4 -
OPM, 50 fy, ((gy 0fy)™ (V) is anay gy- OS in Yrg.
SUR, (fyo(guofuw)™ (V)
= (fy o(fytogy™) (V) = ((fyofy™ogy™ (V)
=g (V). It follows that g%, (V) € Ty, - TS

Since f, s

proves that gy, isana s gys.s5)-CM.

IV. @, sz ~CLOSED MAPPINGS

Definition 4.1. A M fy :X;s—>Yys is defined to be
anay, ) - CLM, iff the ima fy, (D) is angy 4)-CS
for each ¢, ,y - C subs D of Xrg.
Example 4.1. Let
(RN CIRURENIN LR
o={¢.Yrs.{g}.{h}{9.h}}.

The operation y,7" on ¢ is defined as A’ = cl( A) and

Xrs ={g,h,i}
YTS ={g,h,i} ’

A =int(cl( A)) forevery A e T .

The operation 5.5 on o is defined
as A? :{ ATl he A and A :{ Al he A for every
cl(A)if he A cl(A)if hg A

Ae o.

The M f,, isgivenas f,, (@) =a, fy, (b)=band f, (c)
=b. Then the ima of every ¢, ., - CSiisan ¢4 4 - CS under
f\ - Hence fy isana, 4z ) - CLM.

Theorem 4.1. Let fy :X¢s —>Yrs be aney, 5 4) -CLM,

then the statements mentioned below hold good.
() if gy :(Yr5,0)—>(Z7s,0 ) is an e gys.57- CLM, then

gM OfM :(XTS,T)—)(ZTS,é‘) isan Ot(},’yr)((;’g:)— CLM.
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(i) oy, ol (fu (P)c fy (7, , -l (P)), for every
subset P of X .
(i)o (o,  -nt(c —-cl(fy (P))))c fu(

T -cl (P ) ), for every subset P of X .

Xy )

(iv) for each subset Q of Yrg and each «, - OS, P in
Xrs containing f~, (B), theex an ¢y g -OS, W in

Y;s containing Q sucth ™, (W)c P.

Proof. The proofs are analogous to the proof of the Theorems
3.1,3.2,3.4,35and 3.6.
Theorem 4.2. Let f,, : X5 —Yg be a bijective M. Then the

below mentioned statements are equivalent;
() fyisan a5 - CLM.

(i) fy isan a, 1y 5) - OPM.
-1 .
(iii)y T~ isan . p)ry) “CM.

Proof. (i)=> (ii) The proof follows from the Definitions 3.1
and 4.1.

(i) = (iii) Let P be an ¢« - CS in Xyg . Then

z, -l (P) =P. By (ii) and by Theorem 3.5, 2,
(o

Ay
app S (i (P)) & 7 el (F 7 (fiy (P)))
impth Ty <l (fy (P)) < Ty ( L2 -cl (P )). Thus

Ty ©l (fu ™D (P)) < (fy™™ (P), for every

subs P of Xy , it follows that f7', is an

g5y - M-

(iii)=> (i) Let P be an¢, ) -CS in X5 . Then X5 — P
isan o, - 0Sin Xrg.Since f~yisan gz gy, -CM,
(fu ™™ (Xys — P)isana, gy - 0Sin Yys. But (fy, ™"
(Xys = P)= Ty (Xys = P) =Yg = fyy (P). Thus fy,
(P) is an a4 4y -CS in Yrg . This proves that fy, is an

%55 - CLM.

Definition 4.2. Let idy :7—P(X;g) be the identity
operation. A M f; ((Xy5,7)—>(Yys,0) is said to be
an g,y - CLM if for any  -CS, F of Xg, fy (F)is
an a4 5)-CSin Y.

Theorem 4.3 If fy is a bijective M and
fyu ™ :(Yrs, 0 ) > (X5, 7) is an a4 gyig -CM, then fy, is an
ig(p.p)"CM.

Proof. The proof follows from the Definitions 4.1, 4.2.
Theorem 4.4. Suppose that fy, isan ¢, . 4 -CM. Then

(i) If Pisan ¢, g-CS
in X , then the ima fy,
(P) is an a(ﬂ’ﬂr) g- CS.
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(ii) If Qisan az 4 g - CS of Y, then the set f ™ (Q)

isana, ,y g-CS.

Proof. (i) Let V be any ¢4 4y -OS in Yig sucth  fy

(P)c V. By using Theorem 2.2, f™, (V) is an

o, .. -OS containing P . By assumption we havezr, - cl
() Ay

(A)c f 4 (V) s0 fy (74, ¢ (P))) c V. Since

fM is a(y’}/)(ﬁ‘ﬂf) - C, fM (Ta(”/) -cl (P )) is an a(ﬁ’ﬁr) -CS
containing fy, (P ), impth Cap ) <l (fy (P))c

Cay ) <l (fy (T%,;/) -l (P)))= fu (Taw) -cl(A)) c
V . Hence fy, (P)isangg 4 g-CS.

(i) Let U be an ¢, - OS of X5 such

that ™y, (Q)< U for any subs B inYy . Put F =
T,y Cl (F7 (Q)) 1 (Xys—U) . It follows from the
Remark 3.14 (ii) and Theorem 3.21[3],;that F is an
&y, -CS In Xqg . Since fyis an o, y5.) -CLM, fy
(F)isan « s p) - CS inYrg . By Theorem 5.5 [3] and
Theorem 2.2 (ii) and from the following inclusion, fy,

(F)c o, . -1 (Q)-Q,itisobtained that f, (F)=¢ ,

(B.B)
and hence F =¢ . Thisimpth 7,  -cl ( f1, (Q)) cU.

Therefore f~%, (Q)isan ¢, g-CS.

Theorem 4.5. Let fy, :Xis —>Yrs is an «, 4 4) -C and

&y p.p) - CLM. Then

(i) If fy isan INJ M andYrg is an gz 4y -T; then X5 is
2

an a(W,)-Tl space.

2

(i) If fyy isa SUR M and X5 isan ¢, ,)-T; then Yrgis
2

an oz z)-T, space.

2

Proof. (i) Let P be an ¢, ,) g -CS in X5 . Then by

Theorem 4.4 (i) fy (P)isan ¢ 4 g - CS. Therefore by
assumption P isan ¢, ) -CSin Xg . Therefore X1g is an
oz(MV)-T1 space.

2
(if) Let Q be an &4 5y g -CSin Yig. Then it follows from
the Theorem 4.4 (ii) and the assumption that f %, (Q)isan
&, -CS. Hence fy, is an o, 5 4 -CLM, implies that

fuw (F7% (Q) ) = Qs an oy -CS in Yy

Therefore Yrg isan ¢4z 4y -T; space.
2
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