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On Construction of Hadamard Rhotrix using a
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Abstract: The Hadamard matrix H is a square matrix with all
the entries +1’s or -1’s which satisfies the property HH' = n |,
Rhotrix is a new concept for mathematical enrichment with much
scope for research and has a wide range of applications in coding

theory and cryptography. M,—matrix is also a matrix with £ 1
entry, like the Hadamard matrix, but the orthogonality property is
not satisfied. It is shown in this paper that Hadamard matrices
and thereby Hadamard rhotrices can be constructed by using a
special type of M,-matrix, named N- matrix, which is a unique
approach.
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I. INTRODUCTION

Various types of matrices are available in the literature
having distinct properties with numerous applications. A
matrix with orthogonal property was introduced by Sylvester
[16] and further studied by Hadamard [2] popularly known as
the Hadamard matrix. Hadamard matrix has a wide range of
applications in many fields like coding theory, combinatorial
designs, communication theory, cryptography, image
analysis, signal processing, fault-tolerant systems and stock
market data analysis etc. Hadamard matrices are used for the
construction of experimental designs as well. Rhotrix is
relatively a new concept for mathematical enrichment
introduced in 2003 [1] with objects that are placed in between
2x2 and 3x3 matrices. The properties of rhotrices are studied
in [10,11] and a Hadamard matrix over finite field is defined
in [17].
Mohan [8] defined an M,- matrix and used it for constructing
matrices with = 1 elements. Using the M,-matrix pattern
Vasic and Milenkovic [18] gave a method of construction of
Low-Density Parity Check (LDPC) codes. p- resolvable and
affine p-resolvable Balanced Incomplete Block Designs
(BIBD) and Partially Balanced Incomplete Block Designs
(PBIBD) were constructed by Kageyama and Mohan [3]
using the M,-matrices.

A. Hadamard Matrix.

A Hadamard matrix is defined as a square matrix with entries
+1 satisfying HH™ = n 1. This Hadamard matrix has a unique
property called orthogonality property which means the inner
product of any two rows or columns are always zero.
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1 1 1 1
-1 1 -1 1
Example: H=
-1 -1 1 1
1 -1 -1 1

B. Rhotrix and Hadamard rhotrix.

Rhotrix is a mathematical object which is placed in between
2x2 dimensional and 3x3 dimensional matrices. A rhotrix of
dimension 3 is given by

8
Rs=(a, a a,

8

Hadamard rhotrix over finite field is defined in [17]. A
rhotrix R, is Hadamard rhotrix over GF (2) if and only if
there exist two coupled square matrices whose rows are
orthogonal to each other. Also, it is established that a rhotrix
R, of order n > 3 is Hadamard rhotrix if and only if the sub
rhotrices of R, given by Rn. g2, p =1, 2, 3, ....ouo. are
Hadamard over GF (2) [13].

where a; &, a3 84 as €R

C. M,- matrices.

The M, -matrices are constructed from the formula M= (d;
® dyd;) mod n by suitably defining d;, dy, djand & . Three
types of M- matrices are introduced.

Type | matrix. When ‘n’ is a prime an M, — matrix (a;) is
defined as a matrix obtained from a;; = 1 + [(i-1) (j-1)] mod n,
L,j=1,2,3....... n. In the resulting matrix retain 1 as it is,
substitute +1 for even numbers and -1 for odd numbers. This
is a nxn symmetric matrix with entries £1.

Type Il matrix is obtained by the equation a; = (i.j) mod
(n+1), where (n+1) is prime and i.j = 1, 2, .... n. In the
resulting matrix substitute +1 for even numbers and -1 for
odd numbers. Also change all +1’s to -1’s. Each row
(column) consists of an equal number of +1°s and -1’s. This
is also a n x n symmetric matrix with entries 1.

Type 1l matrix is the matrix generated from a;; = (i +j) mod n
where n is any integer and i. j=1, 2, ....... n. In this matrix
each row (column) has ‘n’ elements. In this resulting matrix
substitute 1 for even numbers, -1 for odd numbers and
change +1 to -1. (or substitute -1 for even numbers, 1 for odd
numbers and retain +1 as 1
itself)

To construct a Hadamard
matrix there are various
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methods available like Sylvester’s method, Paley’s method,
Williamson’s method etc. Kimura and Ohmori [4]
constructed Hadamard matrices of order 28. Koukouvinos
and Seberry [5] used orthogonal designs, Singh et al. [14,15]
constructed using BIBD and Frobenius groups, Sajadieh et al.
[9] used Vandermonde matrices for the construction. Manjhi
etal. [6] used a + 1 matrix A of order n satisfying the property
3A*=-nJ+4nl,

1. MAINRESULT

M,- matrix of Type IV and Type V are introduced here for
mathematical enrichment and for brevity let us name them as
N;- Matrix and N,- matrix respectively. In M,-Matrix, the
inner products of the rows are non-zeros. So that the
orthogonality property is not satisfied It is shown in this paper
that Hadamard matrices are constructed using the N-matrices
defined here. Using these Hadamard matrices as the coupled
matrices, Hadamard rhotrices are constructed.

D.N;- Matrix.

An Nji-matrix is defined as the matrix obtained by the
n+1

equation (a;;) = (i + j) mod T, where ‘n’ is odd number.

Each row (column) of the matrix so obtained has ‘n’ elements

n+1
and every row (column) has elements 1,2....... —— . The

n+1
off-diagonal elements are always T and the matrix

obtained is a symmetric matrix.
n+1. _ . . .
If T is odd, then in the resulting matrix, substitute +1 for

odd numbers, -1 for even numbers and change +1 to -1. Then
change all the -1’s to zeroes so that the resultant matrix is
Hadamard over GF (2).

n+1
Note: I1.1 IfT is even number, then this method fails. In

this case we define N,- matrix.

E. N, — Matrix.
An N,-matrix is defined as the matrix obtained from a;; = (i+j)

, where ‘n’ is odd number. If is even and

mod

‘n’ is non - prime, then in the resulting matrix, substitute +1
for odd numbers, -1 for even numbers and change +1 to -1. If

is odd or n is prime, then in the resulting matrix,

substitute +1 for odd numbers, -1 for even numbers and retain
1 as 1 itself. Finally change all the -1’s to Zeroes. In both the
cases the resultant matrix so obtained will be a Hadamard
matrix over GF (2).

Note: Il. 2 To construct a Hadamard matrix H,, of order m =
2p where p =2,34, ...... we use the N, -matrix for n= m+1
then from the resultant matrix delete (n-m) rows and columns.
In the same way, if Hy, is of order m=2p+1, use the N,- matrix
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for odd p and N;- matrix for even values of p. If N,- matrix is
used, then let n=m+2 and from the resultant matrix delete
(n-m) rows and columns. For example, to construct Hg, we
take n=7 and use N,- matrix. From the resultant matrix delete
1 row and 1 column (n-m = 7-6 =1). To construct H;, take
n=9 and after constructing the N,- matrix, delete n-m=2 rows
and 2 columns.

I1l. CONSTRUCTION OF HADAMARD MATRIX
F. Hadamard matrix of order m =5
o - n+1
The N;-matrix is given by (a;) = (i + j) mod T .Letn=5.

So, we construct a matrix (a;;) = (i+j) mod 3. The following
matrix is obtained.

2 3 1 2 3
31 2 31
M=(1 2 3 1 2
2 31 2 3
31 2 3 1

Now substitute -1 for even numbers, +1 for odd numbers and
change +1 to -1, to get

-1 1 -1 -1 1

1 -1 -1 1 -1
M=|-1 -1 1 -1 -1
-1 1 -1 -1 1

1 -1 -1 1 -1

Finally, replace -1’s by zeros to result
0O 1 0 0 1

1 0 0 1 O
Mm={0 0 1 0 O
0 1 0 0 1
1 0 0 1 O

The inner products of the rows are all zeros. Therefore, the
matrix M, is a Hadamard matrix of order 5.

G. Hadamard matrix of order m = 4

Let n = 5. So that m = n-1. The Np- matrix a; = (i + J)

is used for this construction. For

=2, the

n
mod

matrix obtained is
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21 2 1 2
1 21 21
M=|2 1 2 1 2|
1 21 21
2 1 2 1 2

From this matrix delete the first row and the last column. So
that

1212
2121
)= . Now substitute -1 for even numbers, +1
1212
2121
for odd numbers and retain 1 as 1 itself to get,
1 -1 1-1
o= | T b by, replace all -1's by 0
= . Finally, replace all -1’ ’
2 1 -1 1 -1 y, rep s by U's
-1 1-1 1
1 010
0101
so that M, =
1 010

0101

The inner products of the rows are orthogonal. Hence M, is a
Hadamard matrix of order 4.

H. Hadamard matrix of order m =6

Let n = 7. Consider the N,- matrix to construct a Hadamard
matrix of order 6.

2 312 312
312 31 2 3
1 2 312 31
Mg=1]2 3 1 2 3 1 2| From M, delete the
312 312 3
1 2 312 31
2 312 312

first row and first column then substitute -1 for even and +1
n-1
for odd numbers and change 1 to -1 as T =3isodd. Inthe

resultant matrix replace -1’s by 0’s.
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0 01 0 01

01 0 010

1001100
Hence M; = It is verified that

0 01 0 01

01 0 010

1 0 01 0O

the inner products of the rows are all 0’s. Therefore, M3 is a
Hadamard matrix of order 6 over GF (2).

I. Hadamard matrix of order m = 7.

n+1 .
Heren=7and —— =4, even. Hence, we use N,- matrix aj;

= (i+j) mod nT_l for n=9.
2 3412 34172
341234123
412 3 41234
123412341

M;=|2 3 41 2 3 4 1 2| FromM,, delete
341234123
412 3 41234
123412 341
2 341231412

the first and last rows and first two columns (the first two
rows and the first and last columns) and then substitute -1 for
even numbers, 1 for odd numbers and change +1 to -1.
Finally replace all -1’s by 0’s.

The resultant matrix is given by M, =
0010001
0100010
1000100
0 0 01 0 O O ThisisaHadamard matrix of
0010001
0100010
1000100

order 7 over GF (2) as all the inner products of rows are 0’s.

Note: I1l. 1. If we interchange the rows of the Hadamard
matrix over GF (2), the inner products of the rows remain the
same and hence the resulting matrix will also be Hadamard.
But the matrix may not be symmetric. This exercise is
required in some cases to ensure that the sub rhotrices are
also Hadamard. This interchange is required mainly in case
of matrix of odd order ‘m’ in

) m+1
which the (Tjth entry
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. m+1 . .
in the T th row is 1 and all other entries are zeros.

Note: I11. 2. The required number of rows and columns are to
be deleted in such a way that in the resultant matrix there shall
not be any row (column) with odd number of 1’s.

IV. CONSTRUCTION OF HADAMARD RHOTRICES

J. Hadamard Rhotrix Rq of order 9.

The Hadamard matrices M; and M, of orders 5 and 4
respectively are used to construct the Hadamard rhotrix of
order 9. Let us consider

0O 1 0 0 1
1 0 0 1 O
M, = O 0 1 0 o0 and M, =
0O 1 0 0 1
1 0 0 1 O
1 010
0101
1010
0101

If we inter change the 3™ row of the matrix M, with any other
row say, 2", we get,

1 0 010
0 01 00
TakeM;=|{0 1 0 0 1
1 0 010
01 001
1 010
andM2010]}
1010
10101
1
010
0 00 0O
11 11111
Rhotrix Rg = 000O0O0OOOOO
11 01010
00101
010
1

The sub rhotrix of R is given by Rg.(2p+2) = Re-4 = Rs for p = 1.
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R5: O

o r
m O o o O
L
o

The coupled matrices of Rs are

010 0 1
1 0 O0|andH,= (1 OJ . In both H; and H,,
0 01

H]_:

the rows are orthogonal to each other. Therefore, Rs is a
Hadamard Rhotrix.

Another sub rhotrix R; is obtained from Rg as

0
101
0

R3:

01
The coupled matrices of Rzare Hy = (1 OJ and H, = (0)

R is also a rhotrix because the rows are orthogonal to each
other in both the coupled matrices.

Hence Ry is a Hadamard rhotrix.

In the same way the rhotrix Ry3 can be constructed using M
and M, Hadamard matrices of order 6 and 7 respectively.
In My, interchange the 3 and 4™ rows to get

0 010 0001
0100010
0 0010O0TO
M=(1 0 0 01 0 O
0 01 0O0O0T1
01 00O01O0
100 0100

Hence the Hadamard rhotrix of order 13, that is Ry3 is
obtained as
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The Hadamard rohtrices are constructed by many authors ~ 2ddition to the published conference papers.
using different methods. But the method of construction used

in this paper is much easier and can be used extensively in

cryptography and in coding theory for error detection and

correction.
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This is a Hadamard rhotrix because all its sub rhotrices
namely Ry, Rs, and R; are Hadamard rhotrices.
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