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Abstract: In this paper the concept of A,y “OPEN,

closed mappings have been introduced and some of its properties
have been studied.
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I. INTRODUCTION

O.Njastad [7], Kasahara [4,5], Ogata [8,9] and Kalaivani,
Sai Sundara Krishnan[1,2,3] discussed about the « -open
sets, operation on topological spaces, «r,_, and
a -(y, ') -open sets. Maki & Noiri [6], Umehara, Maki&
Noiri[10] and Umehara[11] analyzed the concept of
Bioperations in topological spaces.

In this article the Qv s ~OPEN mappings has been

introduced and its properties are analyzed. s 8)

-closed mappings, has been introduced and properties are
discussed.

Notations: a, ) -open set > o -(y ,]/' )-open set ,

T = T (yy >0 -0pen sets, Xog —(X,7),

%
Y;s = (Y, 7),0S —open set ,CS —>closed set, OSs—>open

sets, CSs—closed sets, TS — topological space, CM
—continuous mapping, OPM-—open mapping, CLM
—closed mapping, C—continuous, M—mapping, NEIGH—
neighbourhood, INV- IMA inverse image, iff —if and only
if, ima— image, impth —implies that, theex —there exists,
sucth-such that, OP INJ —open injection, OP SUR —open
surjection ,INJ M— injection mapping, SUR M— surjection
Mapping, subs— sub set.

Il. PRELIMINARIES

Theorem 2.1. Let {A, :ae€J} bethe familyof «, . -OSs
in Xrs .Then [JA,

ael

.Definition 2.1. AM fy, is called an @, 5 5y -CM iff if

is also an «,,y -OS in Xig
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for every a4 3y -0S, E of Yrg, 7 (E)-the INV- IMA of
E, isan a;,,) -OSin X5 .

Definition 2.2. AM fy :Xig =Yg isan o, 4 5 -CM
iff for each point e in Xs and each ¢4 4y -NEIGH D of
fu (), there is an ¢, -NEIGH E of b sucth fy,
(E)cD.

Theorem 2.2. Let f, be a M. Then the statements
mentioned below are equivalent:

(1) fm Xy =>Yigisan a, s 5y -CM;

(i)) fu (74, <NENCS o,
subset E of Xig;

) -cl( fyy (E)).for every
(i) For every a4, -CS, F of Yo, £~y (F)is an
a(%}/') _CS in XTS .

1. -OPEN MAPPINGS

Xy 8.8)

Definition 3.1. A M fy, :X;5 > Y is assumed to be an

g, v ~OPMiffifforeach o, ) -0S, H € Ta,,) , the
ima fy, (H) e P
Example 3.1 Let X1s ={u,v, w}

;o= {0 Xas u) () fuv) fu )
o={¢.Yrs {u}.{v}.{U.v} Wik
The operation y,»’ on 7 is given as A" = A U {u}
Aif A={u}
AU{w}if A#{u}

YTS :{U,V, W} ’

and A’ ={ forevery Ae T .

The operation g, on o is given as
5 Aif vg A P Aif ve A
= . = . for every
cl(A)ifve A cl(A)if vg A
Ae o.

The M f,, isgivenas fy, (u)=v, fy, (v)=wand f
(w) = u. Then the ima of every e, .y -OSisan ¢z 4 - OS
under the M fy, . Hence fy isan a, 4 5 - OPM.

Theorem 3.1. If fy Xis—>Yrs is an «, ,y4,5) -OPM

and gy (Yrs,0) > (Zys,6) is an a4 pys.5 -“OPM, then
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gM 0 fM :(XTS ,f)-)(ZTS ,5) |S an 0((},1},/)(5’&) - OPM.

Proof. The proof follows from the Definition 3.1.
Theorem 3.2. A M fy, :Xqs =Yg is an «(, 4.4 -OPM
iff foreach b € X;, and forevery E € 7,  suchthatb
cE.theexaDeo,,  sucthfy (b)eDandDc fy
(E).

Proof. Let E be an ¢, , - OS of b € X5 . Then fy, (b)
€ fy (E). Therefore fy, (E) is an o 4 -NEIGH of
fu (b)in Yys . Then by Theorem 2.2 theex an ¢, , -Open
NEIGH,D € o, = sucth fy (b) € D < fy (E).
Conversely, let E e Ta,, such that be E . Then , theex a
Deao,,, sucth f, (b) € D < fy (E) . Therefore
fu (E)isan au z)- NEIGH of fy (b)in Yrg and this
impth fy (E)= Ug(era D-Thenby Theorem 2.1 fy,
(E) is an  apg -OS in Yrg . Hence fy is an
%) ~OPM.

Theorem 3.3. A M fy, :Xys >Yrgis an «, 4,5 -OPM
iff if for each b € X, and for every «, ,)- NEIGH U of

b € Xys ,theex an 4z 4y -NEIGH V of fy, (b) sucth
Ve fy (U)

Proof. Let U be an¢, - NEIGH of be X . Then by
Definition 2.1 theex an «(, ,-OS, W sucth b e W c U .
Thisimpth f, (b) € fyy (W)c fyy (U ). Since f isan
a5 "OPM, Ty (W) isan g 4 - OS. Hence V =
fu (W) is an a4 4)-NEIGH of fy (b) and V c fy
(U).

Conversely, let U Ta,,) and be U . Then U is an
oy~ NEIGH of b and hence, theex an ¢4 4y - NEIGH
VvV of fy (b) sucth fy, (b) e V < f, (U ). That is,
fu (U )isan oz 4y- NEIGH of fy, (b). Thus fy, (U )is
an oz 5 - NEIGH of each of its points. Therefore f (U)
isan a4z 5 -0S. Hence fy isan «, s 5) - OPM.

Theorem3.4. AM f, :X1s =Yg isan ¢,y -OPMiff fy,
( 74, -int (P))c o,,, -int (fy (P)), for all
Pc X

Letb €z, , -int (P). Thentheex U ez,
sucth beU cP.So fy (b) < fy (U)c Ty (P).
is an aupp) - OPM, fw (U ) is
(b) € o, , -int (fy

(P)). Thus fy (z,  -int(P))c o, -int(fy (P)).

(B.B)

Proof.

Since fy

an a4y -0S in Yrs . Hence fy,
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Conversely, let U €7,
it ((fy (U ) S fy (U)o

and hence f,, (U ) = fy
(Ta(%yr) -int (U ))g O-a(ﬂﬁ,
fu (U)<S o,,, -int (fy (U)) < fy (U) . This
impth  fyy (U ) is an ¢ -OS. Thus fy is
anag, g p) ~OPM.

Theorem 3.5. A M fy, (X5 =Yg is an a(, ,ys,4) -OPM
iff 7, -int(f7y (Q)) < f iy (o4, -int(Q)), for
all Q C Yrs-

Let Q be any subset of Y .

(BB

Proof. Clearly T -int
(f (Q))isana,,,-0Sin X5 . Also fy (74, -int

(7 (QNc fu (1 (Q)c Q. Since fy is an
. pp) - OPM and by Theorem 3.4, fy ( Ta, -int

(fw (Q)c oy,
(Q) e fu (fu (7, -int (£ (Q))) ). This
impthz,, . -int(f™y (Q))c 7y (g, ,, -int(Q)) for

all Q < Yis.
Conversely , let P < X;s , we obtain Ta,, -int

-int (Q). Hencer, . -int ( f 1y

(B.B)

(P)c g, At (fh (f (P)c iy

(Guy,,, <INt fy (P))). This impth that fy, (z,  -int

Ap.p)
(P)) < fu (7, Ant (F7 (fy (P)))) < fy
(f7u (o4, -int(fy (P)))) S g,
) ). Consequently fy, (raw) -int(P)) c o,
(P )), forall Pc X .
Ay y)p.p) - OPM.

-int (fy (P

(B.B) B

S -int ( Ty

By Theorem 3.4 fy, is an

Theorem 3.6. AM fy 1 Xis > Ysisane, s 5 -OPM if
17 (Ou,, el (17 (D)), for all
D c YTS .

Proof. Let D be any subset of Y;5 . By Theorem 3.5 ¢

<l (D)) c 7,

(7.7

Xy

Ant(f7y (Yis =D )) < f 7y (0g,,, -int (is=D ).
Then 7, -int(Xgs —f 7y (D)) < ™y (o, -int

(Ys = D ) ). As P -int (D) =Yg — 0 -

Ap.p)
~ 7y, - ¢ (fy (D))
<l (D))or Xrs —7, , -cl(f7y

(Yys — D ) ), therefore X g
c 7w (Vs = 04,

(D)) c X5 — 7y (g, - ¢l (D) ). Hence 7y

(Oagyp (D)) < 7, , -Cl( f~w (D)).

Conversely , let
D < Yy and hence,

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication

Exploring Innovation



International Journal of Innovative Technology and Exploring Engineering (1JITEE)

7 (04, -l (Yrs = D)) 7, -Cl( F (s —
~ Ty, o (7 (Vs = D))

C X5 — f7hy (O'aw_ﬁ,) - ¢l (Yrs — D) ). Hence Xqs —

D) ). Then Xqg

To ol (Xes =y (D)) 7 (Vis—oy,,, - ©

Xy (B.8)

(Y1s—D)). Thisgivesthat 7, Aint(fhy, (D) fiy

( O-a(/i’.ﬁ’)

-int (D) ). Using Theorem 3.5, it follows that f,, is
ana, ,yp,p) -OPM.

Theorem  3.7. Let fy :(X¢.7)—>(Yy5.0) and
Ou (Yrs.0)—>(Z15,9) be two Ms that
Im 0 fy ((X15,7) > (Z7s,0) isan «, ,ys5,67- CM. Then
(i) If gy

anag, ypp) “CM.

such
IS an o pyssy "OP INJ then fy s

(i) If fy is an o s -OP SUR then gy, is
an a(ﬁ'ﬂr)(é"é")' CM

Proof. (i) Let U € P

an (s gys.6)"OPM, then gy, (U)e & . Since gy is

.Since gy IS

INJ and gy 0 fy is an &, ,ys.67-CM, (9w 0 fy)™ (g
(U))=(fulogu™) (gu (U)) =1y (g7
(gm (U))=f"y (U )isana,,,- OPM in Xy . This
proves that f, isan a(, s 4) - CM.

(ii) Let V e ga(m . Since gy ofyis an Ay 6.6 CM,

then (gy o fy )™ (V)eET, Also fy is an a4 -

Xy
OPM, 50 fy ((gy 0 fy)™ (V) is anas gy- OS in Y.
SUR, (fyo(gwofy)™ (Vv )
= (fy o(fytogy™) (V) = ((fy ofy™Hogy™) (V)

=gty (V). It follows that g™, (V) € oy py - THIS

Since f,, is

proves that gy, isan oz gys.s)-CM.

IV. @,z -CLOSED MAPPINGS

Definition 4.1. A M fy, :X;s—>Yys is defined to be
ana, .5 - CLM, iff the ima fy, (D) is ana 4)-CS
for each ¢, ,y - C subs D of X .
Example 4.1. Let
S IRUNT RIR{A
o={¢.Yrs.{9}.{h} {g.h}}.

The operation ,7" on 7 is defined as A” = cl( A) and

Xrs ={9,h.i}
Yrs ={g,h.i}

A =int(cl( A)) for every A e T .
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The  operation 5.5 on o is  defined
Aif hg A : Aif he A
as Af = TER and A7 = TS for every
cl(A)if he A cl(A)if hg A
Ae o.

TheM f,, isgivenas f,, (a)=a, f,, (b)=band f,, (c)
=b. Thentheimaofevery ¢, ,, - CSisan g z)- CS under
fy . Hence fy, isan o, 4 4) - CLM.

Theorem 4.1. Let fy X5 >Yrs be ane, 54y -CLM,

then the statements mentioned below hold good.

gm 0 fy ((Xs,7) > (Z1s,6) isana, ys.s) - CLM.

(i) oy, ,, ¢t (fu (P)c fu (74, , ¢l (P)), for every
subset P of Xg.
(iyo -c(o, -int(c —-cl(fy (P))))c fu (

Ta,,) -cl (P ) ), for every subset P of X .

Xy

(iv) for each subset Q of Yrs and each ¢, - OS, P in
Xrs containing 7%, (B), theex ana, 4 -OS, W in

Y;s containing Q sucth %, (W)c P.

Proof. The proofs are analogous to the proof of the Theorems
3.1,3.2,3.4,35and 3.6.
Theorem 4.2. Let f, :X;s — Y be a bijective M. Then the

below mentioned statements are equivalent:
(|) fM is an a(}/,]/')(ﬂ,ﬂ') - CLM.

(”) fM isan a(}/,}/')(ﬂ,ﬂ') - OPM.
(i) £y isanags gy, -CM.

Proof. (i)=> (ii) The proof follows from the Definitions 3.1
and 4.1.

(i) = (iii) Let P be an «; .,y - CS in Xys . Then
%, -l (P) =P . By (i) and by Theorem 35 , f 1y
<l (fy (P)) < 74, ol (f 7y (fy (P)))
oS (fu (P)) € fu (7, ¢l (P)).

-l ((fy™H7(P)) < (fy™H™ (P), for every

( a“(ﬂ.ﬁ')

impth o,

Thus o

Xp.p)

subs P of Xy , it follows that f, is an
gy~ CM.
(iii)= (i) Let Pbe ane, ) -CSin X¢s . Then X;g — P
isan a, ) -0Sin Xrs.Since 7y isan a4 gy, -CM,
(fu ™" (Xgs — P)isana g -0Sin Ys. But (fy ™"
(Xgs = P) = fy (Xqs = P) =Y — fyy (P). Thus
fu (P)isan oz 3y -CSin Yig . Thisprovesthat f, isan
%y p.p) - CLM.
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Definition 4.2. Let idy :7— P(X1s) be the identity
operation. A M fy :(X¢5,7)—>(Yr5,0) is said to be
an &g, 5 - CLMif for any a -CS, F of Xg, fyy (F)is
Theorem 4.3. If fy s a bijective M and
fy " :(Yrs, 0 ) > (X1s.7) is N a4 goiq -CM, then fy, is an
%ia(p.p)"CM

Proof. The proof follows from the Definitions 4.1, 4.2.
Theorem 4.4.  Suppose that fy, is an o, 4 -CM.

Then
(i) If Pisan «,,) 9-CS in X5 , thentheima fy (P)

isan oz 5y 9 - CS.

(i) If Qisan a4 g - CSof Y, then the set £ (Q)
isane, ,y 9 -CS.

Proof. (i) Let V be any 4y -OS in Yrg sucth  fy,
(P)c V. By using Theorem 2.2, f™, (V) is an
., -OS containing P . By assumption we have Tag " cl
(A)c 7 (V)50 fy (7, -l (P))) < V. Since
fy IS Ay ) - C fm (raw)-cl(P)) isan o, -CS
o S (fa (P)) €
Gy, S (fra (7, = C1(P))) = fy (7, -l (A))

Ap.p)

containing f,, (P), impth o,

c V.Hence fy (P)isanagy 4 g -CS.
(i) Let U be an ¢« , - OS of X5 such

that f %, (Q)c U for any subs B inYy . Put F =
Ty, <l (f4 (Q)) 1 (Xys—U) . It follows from the
Remark 3.14 (ii) and Theorem 3.21[3],that F is an
&y, -CS in Xg . Since fy is an &, 4.5 -CLM, fy,
(F)isan a, s - CSinYrs . By Theorem 5.5 [3] and
Theorem 2.2 (ii) and from the following inclusion, fy,
(F)c o, _-cl(Q)-Q,itisobtainedthat f,, (F)=¢ ,

(B.8)

and hence F =¢ . This impth Ta,,) -cl (f’l,\,I (Q))

c U . Therefore ™, (Q)isan a,,, g -CS.

Theorem 4.5. Let fy X5 —>Yrs is an , ,ys,4) -C and

%) p.p) - CLM. Then

(i) If fy isanINJMandYrs isan a4y -T; then Xqg is
2

ana, ,-T, space.

2

(i) If fyy isaSURMand X5 isan a, ,-T, then Yigis
2

an o 4)-T, space.

2
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Proof. (i) Let P be an «, ) g -CS in Xys . Then by

Theorem4.4 (i) fyy (P)isan ¢4 5y g - CS. Therefore by
assumption P is an «(, ) -CS in X . Therefore X is

an oc(mr)-T1 space.
2
(i) Let Q bean ¢z 4y 9 -CSin Y5 . Then it follows from

the Theorem 4.4 (ii) and the assumption that f,, (Q) is
an o, -CS. Hence fy, is an «, /s ) -CLM, implies

that fy, (f 7y (Q)) =Q isan ap s -CSinYy .

Therefore Yrg isan a4 g -T, space.
2
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