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Abstract: In chemical graph theory, topological index is one of
the graph invariantswhich isa fixed number based on structure of a
graph. Topological index is used as one of the tool to analyze
molecular structures and for proper and optimal design of
nanostructure. In this paper we realize the real numbers that are
topological indices such as Zagreb indices, Randic index, NK-index,
multiplicative F-index and multiplicative Zagreb indices along with
some characterizations.
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. INTRODUCTION

All graphs considered here are simple, finite and undirected
with n order and m size. The degree of avertex v isthe number
of vertices adjacent to v in G, denoted by d; (v) andu ~ v
represents vertices u and v are adjacent. For the terms not
defined here we refer to [1].

In chemical graph theory, topological index is one of the
graph invariants which isafixed number based on structure of a
graph. Topological index is used as one of the tool to analyze
molecular structures. Study of different topological indices of a
graph is a significant research field in chemical graph theory.
Analyzing intrinsic properties of molecular structure in
chemistry can be done using topological indices. Topological
indices are used for proper and optimal design of nanostructure.
Carbon nanotubes have an important role in the fields like
materials science, €electronics, nanotechnology, optics,
architecture and many more.

Gutman and Tringjstic introduced Zagreb indices where they
discussed the interrelation of total m -electron energy and
molecular structure. For a graph (molecular) G, the first and
second Zagreb indices are respectively defined as: M;(G) =
Yuevelde@)?] and M, (6) = Youve sieylde Wdg (V)]
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In 1975, Milan Randic defined Randic index as R(G) =
1
Zuve E(G) /—dg(u)dg(v)'

In 1984, Narumi and K atayama considered the product index
of agraph G asNK(G) = [[,ev dg(w) which is called as the
Narumi-Katayama index.

In 2010, the multiplicative Zagreb indices was proposed by

Todeschine et.a and later Gutman [9] defined first and
second multiplicative Zagreb indices of G respectively as

M,(6) = Muev[doew]” and M5(6) = Tuve £ ds W (V).
The summary of the above discussed topological indices can
be studied from [4].
In 2015, |. Gutman and B. Furtula defined F-index. The
Multiplicative F-index isTI F(G) = [Iyevlds (w)]3.
In 1962, Hakimi [2] has given necessary and sufficient
condition for the existence of agraph G of given sequence.
Some of these topological indices are investigated for
transformation graphsin [5, 6].

Theorem 1.1 (S. L. Hakimi [2]). The necessary and sufficient
condition for positive integers d, < d, < - < d, to be
realizable (as the degrees of the vertices of alinear graph) are:
(i) YXr,d; = 2e, eisaninteger
(i) Irtd; = dy

Theorem 1.2 (S. L. Hakimi [2]). The necessary and sufficient
condition for positive integers d, < d, < - < d, to be
realizable as a connected graph are;

(i) thesetd,, d,,...,d, isredizable.

(i) Thidi = 2(n—1)

In this paper, we realize the real numbersthat are topological
indices such as Zagreb indices, Randic index, NK-index,
multiplicative F-index and multiplicative Zagreb indices.

II. REALIZATION OF ZAGREB INDICESAND
RANDIC INDEX

We now begin with our first theorem of this section.

Theorem 2.1 For k € Z*, there is a connected graph G, with
M;(G) =k ifandonlyif k¢ {4,8,4l+1,4l+3:1€ N}.
Proof: Let G be a connected graph with M, (G) = k. Suppose
that k # 0,2 (mod 4). Then My(G) = Yyevp)ldcW)?*] =
odd = odd number of termsin the sum of squares should be
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odd = Yuevi)de(u) = odd , a contradiction by
Theoreml.1. If k = 4, then only possibilities are 4 = 22 and
4 =12+ 1%+ 12 + 12. But the sequences 2; 1,1,1,1 does not
satisfy the conditions of Theoreml1.2 and hence there is no
connected graph when k = 4. Similarly, for k = 8 none of the
possible sequences 2,2; 2,1,1,1; 1,1,1,1,1,1,1,1 satisfy the
conditions of Theorem1.2. Hence there is no connected graph
for k = 8 aso.

Conversely, we prove the existence of G in two cases as
follows.

Casel: k = 2 (mod 4).

Let k=4l+2 for some integer [ >0 . Consider the
sequenced; < d, < -+ dy < dyjy; < djy,, Whered, =d, =1
and if [>0, thend; =2 for al i,3<i<[l+2. So,
Y2, =2(l+1)=2(l+2-1)isevenand Y1 d; > d,.
Hence, by Theoreml.2, we have a connected graph having the
degree sequence di,d,, ..., d;,, . Also, Y122d? = k implies
that G is the required graph with M;(G) = k and is of order
242,

Case2: k> 12andk = 0 ( mod 4).

Let k = 41 for some integer [ > 3. Consider the sequence
di<d,<--<d;, whered; =2 for adl i, 1<i< 1.
Then ¥!_.d;=21(= 2(l-1)) is even and Y'!Zld; =
20—-1) 2 2 = d_n. So, by Theorem1.2, we have a connected
graph having the degree sequence d,,d,,...,d_l . Also,

!, d? =k implies that G is the required graph with
M_1(G) = k and is of order E Hence the Theorem.

Lemma 2.1 For every perfect square k there is a graph G with
M,(G) = k. Moreover, thegraph ¢ = K, .

Proof: Let k =1? for some integer [ > 1. Consider the
sequenced; < d, <+~ < d; < d;,1, Whered; = 1 for al i,
1< i< landdy,, =1 Then ¥t1d; =2l = 2(l+1-1)
isevenand Y!_, d; = | = d_n. So, by Theorem1.2, we have a
connected graph having the degree sequence d,, d,, ..., d;41-
But then G = K, and hence ¥\, d;djy; =1+1+ - +1
(I times) =1+ | = k impliesthat G isthe required graph with
M,(G) = k and is of order vk + 1.

Theorem 2.2 For k € Z*, there is a connected graph G, with
M,(G) =k ifandonly if k ¢ {2,3,5,6,7,10,11,13,15,17}.
Proof: Let G be a connected graph of size mwith M,(G) = k.
Then, kisof theformk = X% k; = (dyd,) + (dsdy) + -+ +
(dmdms1) Where 1 < d; < m; 1< i < 2m such that d;
represent degree of vertex v; in G. For a connected graph,
ki # 1and if d; =1; 1 = 1 then d; should appear [ timesin k
[except for k=1=11=P, ]. Since
k € {2,3,56,7,10,11,13,15,17} does not hold these
conditions, there does not exist a connected graph.

Conversely, let k be any positive integer and k ¢
{2,3,5,6,7,10,11,13,15,17}. We prove the existence of G inthe
following cases:
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Casel: k = 0 (mod 4).

Let k = 4l for some integer [ = 1. Consider the sequence
di<d, << d<d1 < d(l+2), whered, =d, =
1and d; —2for ali,3<i<[+2 Then Y2d, =2(l +
)—2(l+2—1)|sevenand2”1d =2(l-1D+2=2=
d,,. So, by Theorem 1.2, we have a connected graph having the
degree sequence d,, d,, ..., d;,,. The path P, is one such a

graph  for  which  M,(G) = Yvere) deW)de(v) =
ZHl de(v)dg(viyq) =2 + Z%:z didipa+2=2+4x (1-
1)+2=4l=k.

Case2: k= 1( mod 4).

We first prove the case k = 21. For this, consider the
sequenced; < d, <+ < dg,Whered, =d, =d;=d, =1
andds = dg = 3. Then Y% . d; =2(5) = 2(6—1) is even
andY;_,d; = 7 > 3 =d_n. So, by Theorem 1.2, there is a
connected graph G with d,, d,, ..., dg as its degree sequence.
One such graph is the bi-star B,, for which M,(G) =
Yuve @) e Wds(v) = 4(3) +9 =21 = k.

To prove the other cases, in view of Lemma 2.1, it sufficesto
consider the cases wherek > 29. Letk = 41 + 29 for some
mteger [ >0. Consider the sequenced; < d, <+ < d; <
dipy1 << djug,Whered, =d, =d; =d, =1, d = 2 for
ali,5<i<l+6andd,, =d.,s=3. Then Z”gd =
2(0+7)=2(1+8—1) is even and Y!X7d; =2(1 +4) +
3 > 3 =d,. So, by Theorem 1.2, we have a connected graph
having the degree sequence d, d,, ..., d;,g. One such graph is
the graph G of order [ + 8, obtained by Py 4: v; — vy — -+ —
V146 by attaching two pendent verticesat v, and v, , for which
M,(G) = Yuve r@e) de(Wdg(v) = YHtde(v)d (Vi) +
33)+3(6)+2=4l+29=k.

Case3: k > 14andk = 2 (mod 4).

Let k =41+ 14 for some integer [ = 0. Consider the
sequence dy < d, << d; < dy << d(1+5) ,
whered;, = d, =d; = 1,d;=2fordl i,4<i<1+4
and d;,s =3 . Then Z“Sd =2(1+4)=2(1+5-1) is
even and Y'1%d; = 2(1+ 1) + 3 > 3 = d,,. So, by Theorem
1.2, we have a connected graph having the degree sequence
dy,dy, ..., d;+5s. One such graph is the graph G of order [ + 5,
obtained by Py, ,:v; — v, ... — v, by attaching one pendent
vertex to v,, for which M,(G) = Y e g de(W)ds(v) =
Y2 (v)dg(vip) +2(3) +6+2 =41+ 14 = k.

Cased: k= 19and k = 3 (mod 4).

Let k = 41+ 19 for some integer [ > 0. Consider the
sequence d; < dp << dy < djpq <+ < dpyy . Where
di=1,d;=2fordl i,2< i< l+3andd;,,=3. Then
Yid, =2(l+4)>2(l+4-1) is even and YiX3d; =
2l+5 > 3 =d,. So, by Theorem 1.2, there is a connected
graph G with d, dz, .., d;,4 8Sits degree sequence.
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One such graph G, which is obtained by a cycle C,,5 by
attaching one pendent vertex to one of its vertices (say at v,),
for which
My (G) = Yuve e(e) e Wdg(v) = Zf:% de()de(viye) +
3+ 2(6) = 4l + 19 = k. Hence the theorem.

Theorem 2.3 For k € Z*, there is a connected graph G, with
R(G) =k.

Proof: Consider the sequenced; < d, < --- < dj2,, where
d,=1 for al i, 1< i< k? and dyz,; =k* . Then
YL G = 2(k?) = 2(k2 +1—1) is even and Y51 d; =
k? =d,. So, by Theorem 1.2, we have a connected graph
having the degree sequence d,, d,, ..., dj2,.,. One such graph G
isS, 2 (star graph) of order (1+k?) , for which R(G) =

1 — 2yl _
ZuveE(G) [dewWdg (W) =k Xk =k.
I11. REALIZATION OF NK-INDEX,
MULTIPLICATIVE F-INDEX, MULTIPLICATIVE
FIRST AND SECOND ZAGREB INDEX

Theorem 3.1 For k € Z*, there is a connected graph G with
NK(G) = k. Further, G = K, ; whenever kis prime.

Proof: By prime factorization theorem, we know that k can be
uniquely expressed as k =p;t- p,2- p,t where each
a; € Z* and p;'s are distinct primes. Now for each composite
number K, to construct a graph G with NK(G) = k, consider a
path P;: v, — v, — -+ — ;. Foreachi, 1 < i < [ consider path
Po Vay1 = Vayz = — Vaya,- SUPEr impose the end vertex
Vg, Of Py, With the vertex v; of P.

Casel: [ =1.
Subcase1l: a; = 1.
Add p; pendent verticesto vy, 4.
Subcase2: a; = 2.
Add p; — 1 pendent vertices to v, ,, add p; — 2 pendent
vertices to v, ; for each2 < j < a; — 1, and p; — 1 pendent
Verticesto vy, «; -

Case2: [ =2.
Subcase 1: a; = 1.
Add p; — 1 pendent verticesto vy, «;-
Subcase2: a; = 2.
Add p; — 2 pendent verticesto v, ; for each j, 1< j <
a; — 1 and p; — 1 pendent verticesto vy o -

Case3: [ = 3.
Subcase1l: a; = 1.
For each i,2 < i< l—1 add p; — 2 pendent vertices,
andfori=1,l,addp; — 10 vy, 4;-
Subcase2: a; = 2.
ihi=1,1.
Add p; — 2 pendent vertices to v, ; for each j,
1< j<a;—1andp; — 1 pendent verticesto v, 4,
(i2<i<I-1.
Add p; — 3 pendent vertices to v,,,, add p; — 2 pendent
vertices to v, ; for each j, 2< j<a;—1 and add p; — 1
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pendent verticesto v, o, For the graph G so obtained it is easy
to see that NK(G) = k. Further, when k is prime, G = K, ,
will be only the graph with NK (G) = k.

The examples for graphs G with NK(G) = 5,8 and 2520 are
shown respectively in Figures 1, Figure 2 and Figure 3.

L
ol ®
e @«
Figures1: NK(G) =5 Figures2: NK(G) = 8

Figures3: NK(G) = 2520

Corollary 3.1 For k € Z*, there is a connected graph G with
I, (G) = kifandonly if k = perfect square.

Proof: WhenI1,(G) = perfect square, there exist a graph
G, by Theorem 3.1. If I1,(G) # perfect square, by the
definition of 1, (G) we seethat product of square'sof anumber
are only possible, hence there is no graph G.

Corollary 3.2 For k € Z*, there is a connected graph G with
INF(G) = kifandonly if k = perfect cube.

Proof: WhenII F(G) = perfect cube, there exist a graph G,
by Theorem 3.1. If I1 F(G) # perfect cube, by the definition
of II F(G) we see that product of cube's of a number are only
possible, hence thereisno graph G.

Theorem 3.2 For k € Z*, there is a connected graph G with
M,(G) =k if and only if k =[[~,i% where a; € Z* .
Moreover, G =~ K;; whenever i is prime, a; =1 and a; =0
foralj = i,1.
Proof: Let G be a graph of order n with I1,(G) = k. Then by
the definition, k = 1'[,,1.1,].E £@) de(W)dg(vy) if and only if
dg(v;) is multiplied as many times as its adjacent vertices in
ke k=[%,dg(v)%® =[~, il where a; €
{0,1,2,...,n} for each i. Now for each such k, graph can be
constructed as in the proof of Theorem 3.1.

IV. FIRST AND SECOND ZAGREB INDICESFOR
MODIFIED GRAPH ‘G’

Here, thefirst and second Zagreb indices of the graph by adding
or deleting vertices or edgesin G are studied.

Theorem 4.1 For a smple graph ¢ and G* which are
connected, M1 (G™) = My(G) + Xyev(o) kilki + 2dg(v)]
where G* is obtained by adding k edges between the vertices of
Gandk; € {0,1,2,..,n — 2} for each vertex v; € V(G).
Proof: We have, M, (G) = Yyev(e)de(v))*. InG*, degree of
each vertex v; increasesby k; € {0,1,2,...,n — 2}.
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Thus M, (G*) = Zviev(c*) dG*(Vi)Z = Zviev(c) dg(v; + ki)z =
M (G) + Xy,evie) kilki + 2dg (v)].

Corollary 4.2 For a simple graph ¢ and G* which are
connected, M, (G™) = My(G) + Xy,evic) Kilki — 2dg(v)]
where G* is obtained by deleting k edges between the vertices
of Gand k; € {0,1,2,...,n — 2} for each vertex v; € V(G).

Proof: We have, M (G) = ¥y,ev(c)de(v)®. InG*, degree of
each vertex v; increasesby k; € {0,1,2,...,n — 2}.
Thus M, (G*) = Zvlev(c*) dg (VL)Z = Zviev(c) de(v; — ki)2 =

M1 (G) + Xvev(e) kilki — dg(v)].

Theorem 4.3 For a simple graph G and G* which are
connected, My (G*) = My(G) + 2 %y,p de(vy) + k + K2
where G* is obtained by adding a vertex ‘v’ of degree k to the
graphGand 1 <k <n.

Proof: We have, M1(G) = Xy.ev(6) da (vi)z.

2
Thus M;(G*) = Zp,0(de () + D* + 3y sp da(v)” + k2 =
My(G) + 2%y pdg(vy) + K + k2.

Corollary 4.4 For a smple graph G and G* which are
connected, M(G*) = My(G) = 2%,y de(v) + k — k?
where G* is obtained by deleting a vertex v’ of degree k from
thegraphGand1 < k < n.

Proof: We have, M (6) = Sy,ev(e) de (v’

Thus My(6) = Suyen(de () + D + S nde(v))” — k2 =
My (G) = 2%y, dg(vy) + k — k2.

Theorem 45 For a smple graph G and G* which are
connected, M,(G*) = My(G) + Xy dg(W) + Xpor de(x) +
(de(u) +1)(d;(v) + 1) where G* is obtained by adding an
edge such that uv € E(G*),u,v,w,x € V(G) .

Proof: We have, M,(G) = Y, ver@)de() dg(v) . Thus
M(G") = My(G) — Xyow dg(W)de (W) + Xy d(v)dg (x)

+ Yuwlde) + Dde(W) + Xy (de(v) + Ddg(x) +
(de) + D(dg(v) + 1)

= My(G) + XywdeW) + Xpox dg(x) + (dg(w) +

1dGv+1.

Corollary 4.6 For a simple graph G and G* which are
connected, M, (G*) = M;(G) — Xy~wwev) de(Wde (W)

- Zv~x(x==u) dg (v)dG (x) — dg (u)dG ) + Zu~w(dG (u) -
1dGw+v~xdGr—1dGr where = is obtained by deleting an
edge such that uv € E(G),u,v,w,x € V(G).

Theorem 4.7 For a simple graph G and G* which are
connected, M,(G*) = My(G) + Yy dg (W) + [dg(u) +
1dGv where G+ is obtained by adding a pendant vertex such
that uv € E(G*),u,w € V(G).

Proof: We have, M,(G) = Y, ver@)de) dg(v) . Thus
M;(G™) = My(G) — Xy do(W)dg (W) + Xy (dg (W) +
Ddew) + [de () + 1]d(v) = My(G) + Xy de (W) +
[de(w) + 1]dg (v).
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Corollary 4.8 For a smple graph G and G* which are
connected, M,(G*) = My(G) — Yy dew)ds(w) +
Yu~wwznlde (W) —1]ldg(w) where G* is obtained by
deleting apendant vertex such that uv € E(G),u,v,w € V(G).

V. CONCLUSION

We have given the existence of a graph of a given topological
index namely Zagreb indices, Randic index, NK-index,
multiplicative F-index and multiplicative Zagreb indices. We
do not assure if any chemical compound exists. To find a
compound is further interesting area of research which can be
done. The use of topological and connectivity indices as
structural descriptors is important in proper and optimal
nanostructure design. The combinatorial design approach
appears to be a useful platform for numerical experimentation
in the design of nanostructures.
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