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Certain Aspects of Mittag-Leffler Functions in
Kober Operator
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Abstract— Motivated by the triumph of the applications of
Mittag-Leffler functions in various fields of engineering sciences,
we present the effect ofg Kober operator and extended Kober
operator of first kind on the Mittag-Leffler function with three
parameters EY p(z) An effort has been made to investigate the

properties of E"I,(z) due to application of Kober fractional

integral operator of the first kind of order e We also provide
certain results pertaining to the special cases of in the extended
Kober operator of first kind.
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I. INTRODUCTION
The special function of the form

Ep(2) = 30 gy TP €CR() >0 (1)
and more general functlon

Epu(2) = Xino tiry PP E CR(P) >0 (2)

with C being the set of complex numbers, are known as
Mittag-Leffler functions. The function defined in equation
(1) was introduced by Mittag-Leffler [13], whereas the
function in equation (2) was defined by Wiman [20].
Prabhakar [15] introduced a function E? E; ,(z) of the form
B} () = 30 m2 e p iy € () > 0 (3

where (y), is the Pochhammer symbol defined as

=W+ ¥+k-1), and(y), =1

The extended Mittag-Leffler function is defined by

Ozarslan et al. [14] as

(]/C) w Bpytkce-v) (o i
Epp (ZP) = Xm0 ~55 4

T(ak+p) k!’
where R(c) > R(y) > 0,also
1 _ -

By(x,y) = [y 7 A -0 exp{— = dt (5)

in which (R(p) > 0,R(x) > 0,R(y) > 0).

When p = 0 the function B,(x,y) becomes an ordinary
beta function

B(x,y) = [, t*"(1—t)’dt.

Recently, Ramachandran and Ambrose Prabhu[16]

revealed the radius of starlikeness of certain order of integral

operator and Vijayaraju et al., [18] studied the radius of
starlikeness of certain order of a fractional integral operator
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related to Erdélyi-Kober operator. In this article, certain
properties of Mittag-Leffler function associated with Kober
fractional integral operator has been studied. To prove the
main results, the following preliminaries are required.

1. PRELIMINARIES

The fractional ordered integral is the generalization of
n —fold integral and fractional derivative means the
derivative of arbitrary order, where n not necessarily an
nonnegative integer. Earlier the concept of fractional
integral and derivatives were purely theoretical and useful
only for mathematicians.

In recent days fractional derivatives and fractional
integrals are applied in most of the branches of mathematics
such as calculus of variations [1, 2, 5], differential equations
[10, 19] and numerical analysis [3, 4, 12]. Furthermore,
there are various researchers in the field pointed out that
integrals and derivatives of non-integer order are very
suitable for the description of various applications such as
physical, biological, engineering and pure sciences. In fact,
differential equations of arbitrary order have applications in
various fields. For example, the study of viscoelastic
materials which have an intermediate behavior of viscosity
and elasticity. This kind of materials are studied by
fractional diffusion equation [9].

The exponential function e* plays a vital role in the
theory of ordinary differential equations. Similarly, two-
parameter Mittag-Leffler function given by equation (2) is
quite significant in the theory of fractional differential
equations [7].

There are more than one definitions of fractional
derivatives available in the literature such as Riemann-
Liouville fractional derivative, Gruwald-Letnikov fractional
derivative and Caputo fractional derivative [4]. Here, we
deal with Riemann Liouville fractional integral and Kober
Integral operators only.

Definition 1 [17] The left-sided Riemann-Liouville
fractional integral of order « is defined as follows:

alff () = D () =
%fa (x — )* 1 (t)dt, forR(a) > 0 (6)

An operator of fractional integration generalizing

equation (6) through association of power weight was
introduced by Kober [8] in 1940.
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Definition 2 [11] The Kober fractional integral operator

By taking a simple substitution for t the above equation

of the first kind of order « is defined and denoted as follows:  becomes
L = Kiinf(x) = 2y—204a) &
e o LBy, () = taL f (2(1
o Jy (e =) f(t)dt, forR(a) > 0 (7 ’ M(@) & T(pk + k!
Definition 3 [11] The extended Kober operator of the _S))a—:l(séx)zmkﬂids
first kind is defined by, 253
LI fx) = 1 - k
Zx—z;—Za X 9 anagele2ni1 = 2% B(n+-+1,0a).
@ fo (x? —t)* 11T (O)dt, forR(a) > 0 (8) ['(a) e I'(pk + wk! 2

By applying the property of beta function the required

I1l. MAIN RESULTS
3.1 Kober Operator and Mittag-Leffler Function
Theorem 4 If R(a) > 0 and R(p) > 0 then

WMl +k+1)
— T(pk + Wk!ITW+k+a+1)

Proof. By applying the Kober integral operator on the
Prabhakar function,

x~n-a rx
Kf:?anlu(me f (x
0

_ t)a—ltTI

K Epu(x) = x7
k

1.

WM tk 2.
F(pk + ) k!

— xe N (Y)k a-1;n+k
=T@ 2, F(pk+u)k!.[, (x —t)* "M dt. 3.

By introducing simple substitutions, the above equation
reduces to 4.
-n-a &
Nk J (1 5.
F(a) F(&k + k!
- s))“ 1(sx)"“‘xds 6.
x" Mk
= B 1,a).
Fa) L1 T(ok + k! (+k+1a)
Now, by applying the property of beta function, the 7.
required result is obtained.
Corollary 5 If R(a) >0 and R(8) > -1, y =1 and 8.
1 = 1inTheorem 4, then

len /,t(x) =

Fh+k+1)
— T(pk+ DI+ k+a+1)

KisinEp () = x7"
k

3.2 Extended Kober Operator of First Kind and Mittag-
Leffler Function 11

Theorem 6 If R(a) > 0 and R(p) > 0, then
oo k
o (V)kF(n+;+1)
ICEY (x) = Z _ :
STk + kT (n+5+1+0) 13
A straightforward application of extended Kober

operator on Prabhakar function gives, 14.
Proof.
x—2n-2a 15
LEY (x)— f (x? -
ek I'(a)
WM th

_ tz)a—1t2n+1

F(pk +u) k!

2x—2(1}+a) had

I'(a)

Nk f 2 2ya—142n+k+1
), TGk + iy (x2 — £2)@ 1¢ dt.
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result is obtained.
Corollary 7 If R(a) >0 and R(p) > -1, y=1 and
u = 1in Theorem 6, then

(x):i xkl“(n+§+1)
K

— F(pk+1)F(n +§+1+a).
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