OPEN aACCESS

Dominating Cocoloring of Graphs

I nter national Journal of Innovative Technology and Exploring Engineering (1JITEE)
ISSN: 2278-3075 (Online), Volume-9 I ssue-1, November 2019

L)

Chack far
updatas

M. Poobalaranjani, R.Pichailakshmi

Abstract: A k-cocolouring of a graph & is a partition of the
vertex set into k subsets such that each set induces either a clique
or an independent set in . The cochromatic number zi{z) of a
graph & istheleast k such that & hasa k-cocolouring of &. A set
5 c Visadominatingset of & if for each u eV — 5, thereexistsa
vertex v € 5 such that u is adjacent to . The minimum
cardinality of a dominating set in & is called the domination
number and is denoted by (). Combining these two concepts
we have introduces two new types of cocoloring viz, dominating
cocoloring and y-cocoloring. A dominating cocoloring of & is a
cocoloring of & such that atleast one of the setsin the partition is
a dominating set. Hence dominating cocoloring is a conditional
cocoloring. The dominating co-chromatic number z;(5 ] is the
smallest cardinality of a dominating cocoloring of & .(ie)
z4(6) = min{ k|G hasa dominating cocoloring with k-colors}.

Keywords : cocolouring, cochromatic number, dominating
cocoloring, dominating cochromatic number, dominating
cocolorable graphs.

. INTRODUCTION

Graphs considered in this paper are finite, smple and
undirected. Givenasimplegraph & = (V.E}, asubset W of
¥ is caled a clique provided that it induces a complete
subgraph of &, and if W has cardindlity & it is caled a
k-clique. Similarly, a subset I of ¥ is called an independent
set provided that it induces an empty subgraph of &, and if I7
has cardindity &k it is caled a k-independent set. The
maximum cardinality of a clique in & is denoted wi( G},
whereas the maximum cardinality of an independent set is
denoted 8.

Vertex partition plays a major role in graph theory. New
concepts and results were obtained by partitioning the vertex
set and imposing on the sets. Two such partition is coloring
are cocoloring. Let P = {1, V5, ....V,} be a partition of V. If
each V; isan independent set, then Pis called an n-coloring of
&, whileif each ¥} isan independent set or aclique, then F is
called an n-cocoloring of &.Recall that the chromatic number
x( G} is the minimum for which there exists n-coloring. The
cochromatic number z{&7} isthe minimum positive integer m
for which there exists an m-cocoloring of (.
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Hence the co chromatic number =iz} can be equivaently
defined as
z(6) =minfk + Lk = 0.6 is (k, ) — colorable} . The
cocolouring does not restrict the number of independent sets
and cliques, any proper colouring is a cocolouring and a
clique partition is aso a cocolouring. This yields that
z(G) = min{y(G). #({&)}.Thisdefinition wasintroduced by
Lesniak and Straight[4].Later P.Erdos and J.Gimbel [3] gave
further results on cochromatic number in 1990.

The study of domination in graphs was further developed in
the late 1950°s and 1960’s, beginning with Claude Berge [1]
in 1958. Berge wrote a book on graph theory, in which he
introduced thel“coefficient of external stability,” which is
now known as the domination number of agraph. OysteinOre
[5] introduced the terms “dominating set” and “domination
number” in his book on graph theory which was published in
1962.The domination in graphs has been studied extensively
and several additional research papers have been published on

this topic. A set 5 € Vis a dominating set of G if for each
u € V-5 thereexistsavertex v € § such that u is adjacent

tor. Combining these two concepts we have introduces a
new types of cocoloring ,dominating cocoloring .as the name
suggests cocoloring contain a dominating set,the former
insists that the dominating set induces either anull graph or a
complete graph.

[I. PRIORRESULTS

Proposition 2.1: If G is a graph other than K, with
w(G) < 3,then y(G) = z(G).

Definition 2.2: A graph G is critically cochromatic if z(G-v)
< z(G) for each vertex of G.

[11. DOMINATING COCOLORING OF GRAPH

Definition 3.1: A dominating cocoloring of & isacocoloring
of & such that atleast one of the sets in the partition is a
dominating set.

Hence dominating cocoloring is a conditional cocoloring.

The dominating co-chromatic number zz(G) is the
smallest cardinality of adominating cocoloring of &.

(ie) zz(G) = min{ k|G has a dominating cocoloring with
k-colorst.
Example 3.2:

Black vertices in (b) and (c) of figure 3.1 denote the
dominating set of & respectively. Grey vertices denote the
clique and white vertices denote the independent set.
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(b)Dominating coloring of &

Figure3.1
Observation 3.3: For any graph &,

i) dominating cocoloring exists;

i) z(G) = zz (G);

iiizz(G) =1ifandonly if G = K, or nKy;

iv) If any minimum cocoloring contains a maximal

independent set, then z(G) = z,(G).

(8) Graph -

Proof:

i) Every graph has amaximal independent set. A maximal
independent set is a dominating set and hence any
cocoloring which contains a maximal independent is a
dominating cocoloring.

ii) Follows from the fact that a dominating cocoloring isa
conditional cocoloring.

i) Trivial.

iv) A maximal independent set is a dominating set.

Definition 3.4: If G isagraph with z(G) = z;(G). then G is
called a dominating cocolorable graph.

Example 3.5:
(@ (b)
(a) Dominating cocolorable
graphwith z = 2and zy = 3.

(b)Graph which is not dominating cocolorable graph
withz =z4 =2
Figure 3.2
Proposition 3.6: Bipartite graphs are dominating cocol orable
graphs.
Proof: Let & be a bipartite graph. If G = K;. then z(G) =
z4(G) = 1 and the result is proved. Suppose G # K;. Then the
vertices of G can be partitioned into two independent sets and
hencez(G) = 2.
If G isaconnected graph, then both the independent sets are
dominating.
If G is a disconnected graph without isolated vertices, then
again the two independent sets are independent dominating
sets.
If G hasisolated vertices, then the independent set containing
al theisolated verticesis adominating set. Hence z; () = 2
The following theorem and proposition give sufficient
conditions for a graph to be a dominating cocolorable graph.
Theorem 3.7: Let G be a graph such that y(G) = z(G). Then G
is a dominating cocolorable graph.
Proof: WLG let G be a connected graph. Let ¥(G) =k and
5 =1.1,....I;} be a chromatic partition of G. If I; is a
dominating set for some i, then 5 is a dominating cocoloring
of G. Hence z(G) = z;(G) over the result follows. So
suppose I; isnot adominating set foreach i. Let I, = IZ U I,
where I={xel:Nx)nl, =g} and
ID={xel;:N&InI, 20} . Hence I. consist of all
vertices of I; which are not dominated by I, and ;' consists
of all vertices of I, when are not dominated by I;.
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Claim: I3 = ©.

If I7 = @ thenl; = I3. Hence I; has no neighboursus !, and
thisleadsto I'; U I; isan independent set. Hence let 5, I, and
I, can be merged who a single set and thus ¥(G) can be
reduced to & — 1, a contradiction to ¥(G} = k. Hence the
claim.

To define setsrecursively, werename I, as!,'and let I; = I3
andIf =1, Ul

Clearly I isan independent let and dominate I5.

Now define recursively the following sets. For
3<jskl={xelpNG) nI" =0} ,
={relzN&nl =0}, =1 v, =1} .
Finaly, letI; = I7.

Further areincludethe claim, I, = I} = [} = =¥ =1} is
obtained. It can be clearly seen that I..I7.I¥ one all
independent setsand I7'is dominated by 17" and hence by I3.
Further I7 = @ ¥j. Otherwiseasit can of I3 (= 13}, ¥(G) can
be reduced and hence a contradiction on see. Thus
§*—{I115....13} is a coloring of G . Hence Ii is a
dominating set. Hence the theorem.

Figure3.3
Proposition 3.8: If Gisagraphwith@(G) < 3, then Gisa
dominating cocolorable graph.
Proof: If G=K,, thenz(G) =z4(G)= 1. Now suppose G # K.
Then by proposition 2.1, y(G) = z(G). Theresult followsfrom
theorem 3.7.

Proposition 3.9: Let G be a graph with a dominating vertex.
Then z(G) = z4(G).

Proof: Let ubeadominating vertex and P a cocoloring of G.
In P, any set containing uisadominating set and hence P isa
dominating cocoloring of G. Since P is arbitrary, every
cocoloring of G isadominating cocoloring of G. Hence, z(G)
=274(G). andthetheoremissadominating cocolorable graph.
Proposition 3.10: For any graph
G.z(G) = z,(6) ==z(6) +1

Proof: Let 5= {I,.15...1;.Cy.Csne. €1} be @ minimum
cocoloring of & whereI;’s one independent sets and C;’s are
cliques. Let D be a maximal independent set. If D n C; = ¢
then leave C;’s as it is. If SN C; = 0for some j then
ID n¢;| = 1asD isan independent set.

LetD n¢;=fub. If || = 1. then Cf = ¢. If ;| = 1 then
¢/ = C;— {ud.

Replace C; by C; in 5. repeat this for al cliques in 5.
Suppose I = I; then 5 is a dominating cocoloring = = z.
Otherwise I = I; then leave I;. Suppose I; = I then remove
IifromSandI; = g¢.

If DNl = ¢ then letI; = 1; — D N I;. repeat this for I’s
and call this new D asD'. Let 5' containIy’s, C;’s and D' or
§'={.0,. 1 C1.Ch €10 in which I or €] may be
empty.
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Here 5" contain atmost [ + & + 1 non-empty set in which D'
is an independent dominating set. ~ 5’ is a dominating
cocoloring. ~zz(G) = |5'l=1+k+1=z(G)+1 . If
D = I; for some i then zz(G) = =z(G). Suppose D = I; for
some i . If Dnl;=¢ then IDnIl=1 a D is an
independent set. Hencein both cases D NI = ¢,

If Dnil;=¢ then letI{ = I;. Suppose if D NI #g. If
LcDthenli=gandif;zDletli=1;—Dnl;. In 4l
cases DNij=¢ . If Dnc;=¢ then C/=C; . If
Dnc;z0then|pnc|=1. Let ¢/ = €;— D n €. Hence
Dnc;=eg.

Let §'={I.1},...1},.€,.C1,....CLD} . Clearly 5" is a
dominating cocoloring of & — 5 contain atmost one set may
be empty. Hence z(6) < z;(G) = z(6) + 1.

CONCLUSION

In this paper, In this paper In this paper, a new cocoloring
called dominating cocoloring and its corresponding
parameter are defined. We have proved that this cocoloring
existsfor al graphs. Accordingly, a new class of graph called
dominating cocolorable graph is defined. Further, some
sufficient conditions for a graph to be a dominating
cocolorable graph are proved.
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