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Complex Number and its Conjugate in Continued
Fraction

A. Gnanam, S. Krithika

ABSTRACT: For any equation complex roots occur in pairs.
For finding a root of the equation in continued fractions
algorithms are available. But to get complex roots in continued
fraction no such procedure so far we have. Here, in this paper if
a + 1 has a representation in continued fractions we try to find
its conjugate « —if in terms of continued fractions. This will
be useful in finding complex roots of a quadratic equations in
continued fraction.
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Complex Continued

l. INTRODUCTION

An expression of the form

a0+

a1+

an +-_.

Where a,,8,,8,,8,, - arein Z(i) and €;'S are units
of complex numbers. Therefore

ey e{l,—l, i,—i}, k =1,2,3,...is known as a complex
continued fraction.[1,2,3,4]
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Therefore a0+—1 2 "3 °n
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is known as finite

complex continued fraction and an expression
& €2 €3 en  ®nu

al+a2+a3+

..-is known

ag +
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as an infinite complex continued fraction. In a finite or
infinite complex continued fraction ag,aq,ap,ag, --are
called the partial quotients where as e,e5,€3,--are

known as the partial numerators.
1. Algorithm of complex continued fraction:[3,4]
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Let x € C.Suppose we wish to find continued fraction
expansion of X, take x, =Re(x) + i Im(x).

Let a =Re(x) — [Re(x)] and b =1m(x) - [Im(x) ] so that
a<0and b<0.

Now [xo ]: [Re(x)] + i[lm(x)]+ «a , a floor function.

0 ifa+b<0
Where a=<1 ifa+b=1witha>b
i ifa+b>1witha<b

1
Set ag =[x0] . Then x4 = —]and

1
%0 —[Xo
[, ]= [Rex) |+ i[im(x) J+ e -

Again set a, :[Xl] . Then Xp= ﬁ and
S |

[x2]= [Re(xz)]+ i[lm(xz)]Jra ’8.2 Z[XZ] Then

1
X3=—""T 7 and [x3 ]: [Re(x3)]+ i[lm(x3)]+a
X2 —[Xz] '
a3 :[XS] ""ak—lz[xk—l] :
Then Xk = ! and
XK1 _[Xk—l]

[Xk ]= [Re(xk )]+ i[lm(xk )]+a .and ay =[xk ] .

The algorithm terminates if the complex continued fraction
is finite otherwise it is no terminating.

Theorem

If the complex continued fraction of

such that «, f € Q the set of all rational numbers then the
complex continued fraction of

aj's, Bi's are integers.

A.Gnanam, Assistant professor ,Department of Mathematics,
Government Arts College, Trichy-22. Email:
gnaanam@yahoo.com Proof:
S.Krithika, Assistant professor ,Department of Mathematics,
Seethalakshmi Ramaswami College, Trichy-2
Email:krithikasrc@gmail.com
Retrieval Number: L36891081219/20196BEIESP Published By: o
DOI: 10.35940/ijitee.L3689.119119 4994  Blue Eyes Intelligence Engineering

Exploring Innovation

& Sciences Publication



Complex Number and its Conjugate in Continued Fraction

Taking OCk + I'Bk = Ck ,k = 0,1,2,3...,
a+if =(Cy,C1,Cp,C3,Cq,...)

Then the successive convergent of this complex continued
Pp P1 P2 P3 P
fraction is denoted by—0 —1 —2 —3 —4
do 491 U2 43 Qy4
either the third or fourth convergent gives the desired
solution.

...in which

p p CnCq +1
Now _O=C0, _1=<C0,C1>= 01
90 9 G

0001C2 + Co + 02

P2
s C1Co +1

Cj CjC| tm Cp = (@jajojapay — ajajf) fman
—ajBjoy Pman — aiBjhiaman - ajBjayam by
+@if P PmPn
—BiBjyaman + BiB P Pmen
Bia joy Bman - Bia jayampPn + Bia j By Pmbn

+ BiBja PmPn + BiBjPiamPn) +i(ajBjajaman

- ajajfompbn — i jey Bmbn

- BiejBemen -

_ alﬂjﬂlﬂman + aiajﬂlaman + aiajalﬁman

+ajajeiampPn — @i B Pmbn — aiBjoy PmPn
—aiBjbiampbn + Fiajajaman — Bia i Pman
= BiBjay Pman = BiBjBiaman — BiBjayamPBy
+ BiB B PmPn — BiajBrambPn — BiajafmPn)

C0010203 + COC]_ + 0003 + 02C3 +1

C1C2C3 + Cl + C3

3 _
3
Py
=(C:C1:€2:C3:C4)
4
COC1C2C3C4 + C0C1C2 + COC1C4 + COCSC4 +

02C3C4 +CO +CZ +C4

C1CpCqCy +C1Cy +C1Cy +C3Cy +1

Taking C) =a) + iﬁk ,k=0123..., then

Forevery 1i,j=0123,..
ﬂ|ﬁj)+|(a ﬂ]

cjc —(a @

Biaj)
Forevery i, j,1=0123..

Cj CjCl :(aiaja|

—aiBjB - Biajh - BiBjoy)
+i(Bjajay - BiBjh) +aiBjay +ajajh))
Forevery i,j,I,m=0123,..

CiCjcl Cm =(aiaja|am—aiﬂjﬁlam—ﬂiajﬂlam
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ajaja)fm = aiBiP 1 Bm — i@ B Pm ~ BiFjo Pm)

Forevery i, j,I,m,n=0123,..
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1. RESULT ANALYSIS:

Consider the complex numbers « +i8=1.1+0.9950 i

Using Continued fraction algorithm:
Continued fraction of the complex number
a+if=1.1+0.9950i

Take Xg =1.1+0.9950i

Then a=1.1-(1)= 0.1000 and
b=0.9950 — (0) = 0.9950

Therefore [xo]:l+ O+i=1+ i:>a0 =1+1i.

Now

1
X = = ¥| =9.9751+0.4988i

[(1.1+0.9950i) — (1 + )]

Round off the imaginary partto 0.5, x; =9.9751+0.5i

Then a=9.9751-(9)= 0.9751 and
b=05-(0)=0.5

Therefore [x1]=9 +0+1=10=a =10.

Again
1 -
Xg = = Xo =—0.0993-1.9951i
[(9.9751+0.5i) — (10)]
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Then a=-0.0993 — (~1) = 0.0007 and
b=-1.9951—(~2)= 0.0049

Therefore [xz]:flei +0=-1-2i=a,=—1-2i.

1
X = = Xg =1.1102 - 0.0060i

[(-0.0993-1.9951i) - (-1 - 2i)]

Then a=1.1102 — (1) = 0.1102 and
b=-0.0060—(~1)= 0.9940

Therefore [x3]:1—i +i=1 =ag= 1.

1

Xy = = X, =9.0476 + 0.4926i
[(1.1102 - 0.0060i) — (1)]

Then a=9.0476 — (9) = 0.0476 and
b=0.4926 — (0) = 0.4926

Therefore [x4]:9+0+0 = 9:>a4 =9.

1
Xg = = Xg =0.1943-2.0113i

[(9.0476 + 0.4926i) — (9)]

Then a=0.1943 - (0) = 0.1943 and
b=-2.0113-(-3)= 0.9887

Therefore [XS]:O—Si +i= —2i:>a5 =-2i
1

X6 =
[(0.1943 — 2.0113i) — (-2i)]

= Xg =5.1293 + 0.2983i

Then a=5.1293— (5) = 0.1293 and
b=0.2983 — (0)= 0.2983

Therefore [X6]25+0+0 = 5:>a6 =5.

1
' [(5.1293+ 0.2983) — (5)]

X7 = X7 = 1.2233 - 2.8221i

Then a=1.2233 — (1) = 0.2233
and b=— 2.8221 — (-3) = 0.4012

Therefore [x7 ]:1—3i +0=1-3i=a;=1-3i.
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1
[(1.2233 - 2.8221i) — (1 - 3i)]

Xo =
= Xg = 2.7395 - 2.1825i

Then a=2.7395 — (2) = 0.7395 and
b=-2.1825 —(-3)= 0.8125

Therefore [xs]:2—3i +i= 2—2i:>a8 =2-2i.

Continued fraction of the complex number
a—-if=11-0.9950i

Take Xg =1.1-0.9950i

Then a=1.1—(1)= 0.1000
and b=-0.9950 — (—1) = 0.0050

Therefore [xo]zl— i+0=1-i =ag =1-i.

Now
1

- [(1.1- 0.9950i) — (1 i)]

X =X =9.9751- 0.4988i

Round off the imaginary part to 0.5, X1 =9.9751-0.5i

Then a=9.9751-(9)= 0.9751 and
b=-05-(-1)=05

Therefore [X1]=9 —i+1=10-i=a; =10-i.

Again
1

) [(9.9751-0.5i) — (10 —i)]

Xy = Xy = 00993~ 1.9951i

Then a=-0.0993 — (-1) = 0.0007 and
b=-1.9951—(-2)= 0.0049

Therefore [xz]:—l—Zi +0=-1-2i=a,=-1-2i.

1

Xq = = Xg=1.1102 - 0.0060i

[(~0.0993 - 1.9951i) — (-1 — 2i)]
Then a=1.1102 — (1) = 0.1102 and
b=-0.0060-(-1) = 0.9940
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Therefore [x3]=1—i +i=1=ag=1.

1

Xy = = X4 =9.0476 + 0.4926i
[(1.1102 — 0.0060i) — (1)]

Then a=9.0476 — (9) = 0.0476 and
b =0.4926 — (0) = 0.4926

Therefore [x4]=9+0+0 = 7:>a4= 9.

1
® " [(9.0476 + 0.4926i) — (9)]
= Xg =0.1943 - 2.0113i

X

Then a=0.1943— (0) = 0.1943 and
b=- 2.0113—(-3)= 0.9887

Therefore [x5]=0—3i +i=-2i=ag=-2i.

1
[(0.1943 — 2.0113i) — (~2i)]
= Xg =5.1203 + 0.2083i

Xg =
Then a=5.1293 — (5) = 0.1293 and

b=0.2983 — (0) = 0.2983

Therefore [x6]=5+0+0 =5=ag=>5.

1

X =

;= = X7 =1.2233 - 2.8221i
[(5.1293+ 0.2983) — (5)]

Then a=1.2233 — (1) = 0.2233
and b=— 2.8221 — (~3) = 0.4012

Therefore [x7 ]=1f3i +0=1-3i=a;=1-3i.

1
[(1.2233 - 2.8221i) — (1 — 3i)]

X3
= Xg = 2.7395 - 2.1825i

Then a=2.7395 — (2) = 0.7395 and
b=-2.1825 — (-3) = 0.8125

Therefore [X8]22—3i +i=2-2i=ag=2-2i.
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Therefore the continued fraction of the complex number and
its conjugate is

1.1+0.9950i =(1+1i,10,-1—2i,1,9, - 2i,5,1 - 3i,2 — 2i,-+-)
and

1.1-0.990i=¢1-i10 -i,-1-2i,1,9,-2i,51-3i,2 - 2i,---)

Using theorem we can identify the complex number of
the above continued fraction
Consider the continued fraction

[1+i, 10, —1-2i, 1, 9, —2i, 5 1-3i, 2-2i- ]

Here

ag =1, a =10, ag =-1 ag =1, ay =9, ag =0,...

ﬂo = 1, ﬂl = 0, ﬁz = —2, ﬁg = 0, ﬁ4 = O,ﬁs = —2,...
p
Then 0 1+i
9o
— = =11+0.%
a0 10
P, -9- 23i .
— =——=1.1247 + 0.0561i
o - 9 - 20i
Pz 2-22i .
— = =1.1022 + 0.0448i
a3 1-20i
Pg  9-221i )
— = =1.105 + 0.045i
g — 200i
P  —440-40i .
— =—=1.1+0.1003i
ds -399

which is approximately equal to the complex number
1.1+ 0.9950i

Next to consider the continued fraction
[1-i, 10-i,-1-2i,1,9,-2i, 5,1-3i,2—2i -]

Here
ao =l,a1 =1O,a2 = —1, a3 = 1, a4 = 9,a5 = O,

fo= 1Py =1fp =2y =0 fy =0.f5 =2
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Then —=1-
0
p 10 -11i .
— = — =1.0990 - 0.9900i
a 10 -i
p —31-10i
— = ——=1.1016 - 0.9938i
s -11-19i
p —21-21i
— = — =1.0998 — 0.9950i
a3 —1-20i
p — 220 —-199i
— = ——  =1.0999 — 0.9950i
y —20-199i
p — 419 + 419i

= ——— —1.0999 - 0.9950i
Gg  — 399+ 20i

which is approximately equal to the complex conjugate
1.1-0.9950i

11. CONCLUSION

Continued fraction method of solving a quadratic equation
is a lengthy procedure. In this method the roots may have
infinite or periodic representation. Also occurrences of
complex roots for a quadratic equation is common. It is
well known that complex roots occur in pairs. In this paper,
an attempt has been made to represent a complex number
and its conjugate in terms of continued fractions. In future,
we transform that into finding complex roots of a quadratic
equation.
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