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Balanced k-Partitioned Fuzzy Graph

Kirupa. A, Jesintha Roseline. J, Pathinathan.T

Abstract: | n thispaper, a balanced k-partitioned fuzzy graph is
introduced from the definition of k-partitioned fuzzy graph. In
recent days, partitioning graph has widely applied in the field of
clustering, circuit design and in all networks. Extending the
concept of k partitioned fuzzy graph, we have proposed a new
partitioning of a fuzzy graph which is balanced using a density
formula for k-partitioned fuzzy graph. Also studied how it differs
from completely balanced k-partitioned fuzzy graph. Star density
of k-partitioned fuzzy graph is defined and star balanced
k-partitioned fuzzy graph isintroduced using the definition. With
an example, we explain the functioning of the concepts and
related theorems are worked in this paper.

Keywords : Fuzzy graph, density, star density, Balanced
k-partitioned fuzzy graph, Completely balanced k- partitioned
fuzzy graph, Star balanced k-partitioned fuzzy graph.

. INTRODUCTION

One of the best ways to express the degree of

uncertainty from any source is Fuzziness. Representing
fuzziness in different ways is possible through membership
function. Though people are aware of uncertainty, Lotfi
Aliasker Zadeh found a new methodology to measure the
uncertainty using fuzzy tools like Fuzzy sets, Fuzzy logic and
Fuzzy semantics. Zadeh was the first, to introduce fuzzy set
theory in 1965[26]. Although Euler and other mathematician
had given their tremendous contribution in graph theory,
Azriel Rosenfeld developed the theory of fuzzy graph in
1975[21]. Various conceptsin fuzzy graph wasintroduced by
Yeh and Bang[25]. Pathinathan T and Roseline J.J [16]
introduced double layered fuzzy graph and extended the
concept to triple layered fuzzy graph[23]. They studied the
relationship and structural core graph for double layered
graph and constructed it by introducing an algorithm[22].

Graph partitioning method extensively studies problem
solving, computations, clustering and detection of cliques. A.
Nagoorgani and D. Rajalaxmi Subahashini [13] defined fuzzy
bipartite graph by applying spanning fuzzy subgraph concepts
in 2014. Using the concept of spanning Jahir Hussain. R and
K.S. Kanzul Fathima have defined fuzzy bipartite graph, they
also defined complete fuzzy bipartite graph in 2015[10].
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T.Al-Hawary was the first to introduce Balanced fuzzy
graph while working on properties of fuzzy graph in 2011[3].
The notion of baanced intuitionistic fuzzy graph was
introduced by a collaborative work of M.G. Karunambigai,
M. Akram, S. Sivasankar, K.Palanivel in 2013 [11].
Pathinathan T, Peter.M[20] introduced balanced double
layered fuzzy graph and investigated complete balanced
double layered fuzzy graph. They also introduced hesitancy
double layered fuzzy graph[18] and discussed about its
degree, order and vertex. And the concept was extended to
hesitancy triple layered fuzzy graph. Pathinathan. T, Peter. M
and Roseline J.J[19] introduced balanced intuitionistic double
layered fuzzy graph and completely balanced double layered
fuzzy graph by modifying the conditions in the definition of
double layered fuzzy graph. Pathinathan. T, Kirupa. A[27]
have introduced a new graph namely k-partitioning fuzzy
graph and itsrelated properties and theorems are discussed in
20109.

In this paper we introduce a balanced k-partitioned fuzzy
graph. Star density of partitioned fuzzy graph is defined and
we also introduce star balanced k-partitioned fuzzy graph.
Some properties and basic theorems are discussed by relating
it to completely balanced k-partitioned fuzzy graph and all the
concepts are verified with examples.

[I. PRELIMINARIES

A. Definition: Fuzzy Graph [ 21]

Let v beanon-empty subset. A fuzzy graph G isapair of
functions Go,u) - G is a set with two functions,
o:V—>[01] and ux:E—[01] suchthat & isafuzzy subset of
v and x is a fuzzy relaion on o such that
u(uv)<o(u)ac(v) foral uvinv.

B. Definition: Density of Fuzzy Graph [3]
The density of a fuzzy graph
> uuv)

u,veo

((.%O',y) is

C. Definition: Balanced Fuzzy Graph [3]

Let H(o. 1) be a non-empty subgraphs of a fuzzy graph
Glo,u) . A fuzzy graph G(o,u) is said to be balanced if
D(kol/)s D(%) foral HcG.

D. Definition: Complete Fuzzy Graph [3]
A fuzzy graph is complete if u(uv)=c(u)arc(v) for al

uveV.
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Balanced k-Partitioned Fuzzy Graph

E. Definition: Star Balanced Fuzzy Graph [2]
The sar density of a fuzzy graph G(o,u) is
%lﬂ(u,V) _
SD((':%_Z[U’Za(u) }

uev

F. Definition: k- Partitioned Fuzzy Graph [27]
Let ((_;-;/(o',/j) be a fuzzy graph. We define a k-partitioned

fuzzy graph of %’. Co;/{sp :(ka(%/g ’“"P(%g) as follows.

Thenode set o is partitioned into k digoint subsets namely

Oy Oy ey , such that the sum of the membership of
X1 X2

the nodes of the subsets is more or less equal to each other.
i.e., the sum of membership of nodes in Oy satisfies the
i

condition ‘Z oxj ~2 OXj and

<& where i,j=12,.,k

i # j . We have to partition o such that an edge in Hi

p(G)

originates at oy and ends edge in Oy
i

J
And

HG\UiVj
N CUIE %( /)
p(G) 0 otherwise
0,1] - By definition
”kp(G) G[ ] y

7
i Uvi|<o_ (U)roc,  (Vi). Here is a
kp(%,/)(' J) x,(') XJ(J) kp(G)

fuzzy relation on the subsets o

Uj €oy; and vj eo-XjVi;tj

“p(G)

0/A

1. K-BALANCED PARTITIONED FUZZY
GRAPH(K-PFG)

Weintroduce the definition of k-balanced partitioned fuzzy
graph.
A. Density of k- Partitioned Fuzzy Graph G

The density of a k- partitioned fuzzy graph of G(o, 1) is

7, uv,
U eoy; &VjEoy; kp(%g( v )

O'(Ui)/\U(Vj)

U oy, &Vj eoy;

Vi j-

defined as D(G ):2
p

%

B. Definition: Balanced k-Partitioned Fuzzy Graph
Let %E-/(o,y) be a fuzzy graph. We define a Balanced
k-partitioned fuzzy graph of (é/

(";/Kbp :(akbp(%)o ,ykbp(%o) ) asfollows. The node set ¢ is
partitioned into k digoint subsets namely & 5 ..., o
w Y2 Yk
such that the sum of the membership of the nodes of the
subsets is more or less equal to each other. i.e., the sum of

membership of nodes in o, satisfies the condition
|

‘ZGYI —Zayj <egwherei,j=12,..,k and i # j. We have
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to partition o such that an edge in u originates at
kop(G)
crYi and ends edge in on .

And
HG(UjVi | Ujeoy andvjeoy. Vi#|
“ ( i .): 0/0( I J) | i J j
bp(G) 0 otherwise
0,1] - By definition

ﬂkbp(CoS) (uivj-)<aYi (uj )/\an (Vj ) Here ﬂkbp(%;/) isa

fuzzy relation on the subsets o .
kop(G)
Remark: The densities of all partitioned fuzzy graph

satisfying the condition D| G <D(G), then fuzzy graph
ying [%bp] (0/2 zy grap
is said to be Balanced k-partitioned fuzzy graph ((.%b . Each
P
partitioned fuzzy graph %/Kb is the subgraph of fuzzy graph
p

G. The number of fuzzy subgraph of G, isalowed up to the

sum of the membership of the node set of each fuzzy subgraph
ismoreor lessequal to the maximum membership value of the
node set of the fuzzy graph G(o,u).

C. Completely Balanced k-Partitioned Fuzzy Graph
A k- Partition fuzzy graph (;;/gp is said to Completely

balanced k-partitioned fuzzy
G : ,
Vscop (chbp(gg H kcbp(ng)

Uvi) u , and v Vi#|
if u (UiVj): ﬂ%/o( ! J) | SO 1S9y J
kcbp((g/g 0 otherwise

and for each edge of G is

%cbp
isa
kcbp((OB/)

. Here we have

01
ﬂkcbp(g/n)e[ ]
kabp(%n) (UiVj ):aYi (uj )/\O‘Yj (Vj) where u
fuzzy relation on the subsets o

Kebp(G)

0/A

D| G =D(G). i.e, the density of every partitioned
(‘%cbpj (‘sz Y P

fuzzy graph is equal to the density of fuzzy graph Glo,u).

Thus the partitioned fuzzy graph is called as completely

balanced k-partitioned fuzzy graph G
%cbp

D. Star Density of K- Partitioned Fuzzy Graph G
The star density of a k- partitioned fuzzy graph of G(o, 1)

“ kp((;%(uivi)

isdefined as S)(G )=2 U eoy, &Vj eay;
p

5k Vi#j-

2 o(u)

U eoy;
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E. Star Balanced k-Partitioned Fuzzy Graph
A k- Partition fuzzy graph Co-l/g issaid to Star balanced
P

k-partitioned fuzzy G :(o—k . ) of
5 sop(G) " ebp(G)

Show)
uv, ) defined as
'uksbp(%n ( i J)
i i H - ) v- -

H (UiVj): ﬂ%/o(u'vl) Uj soy; mdvj eo-YJ i#]

*p(G) 0 otherwise

01] and for each edge of G is

Han(c) o ? Testp

u Uvj |<o, (U)ro, (Vvj) where u isa
kap((é/) ( J ) Yi ( ) Yj ( J ) ksbp(%/)
fuzzy relation on the subsets o .
Ksp(G)

Remark: The star densities of al partitioned fuzzy graph

satisfying the condition SD| G <P(G) . Each

yine (%sbp) (‘%2

partitioned fuzzy graph ((.;%Sb isthe fuzzy subgraph of fuzzy
p

graph G. The number of fuzzy subgraph of G, isalowed up

to the sum of the membership of the node set of each fuzzy
subgraph is more or less equa to the maximum membership
value of the node set of the fuzzy graph G(o,u).

F. An Example of a Fuzzy Graph for Balanced k-
Partitioning

A series of membership valuesis partitioned into k-digoint
subsets that all have more or less equal sum of node
memberships and they completely covers the node set of

G(o,u) . Let the node set a((03/2 of the fuzzy graph be

v, =05v, =09,v; =04,v, =0.1v, =0.8,v, =0.3,v, =0.5,

V; =0.7,v, =0.2 and v, =0.6 such that » o (V) is 5.
; %

Considering the above graph with n=10partitioning is as
follows

V3 (0.4)

V1(05) 017 V,(09) 0.03

0.07

0.17

0.2

0.07

V10 (0.6) V(0.2) V;(0.5) Ve(0:3)
0.07 0.17
Vg(0.7)
Figure 1. A Fuzzy Graph ((6;/)
Density of the fuzzy graph D(G) =2 194 =0.67
y zy grap 0/2 g |~ 067
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Star density of the fuzzy graph SD (coa/z = 2[47} =1.88.

|. Partitioning the node set o into 2 subsets.

oy = {v1(0.5),v2(0.9),v5(0.3),%(0.2),v19(0.6)}
o, = {v3(0.4),v4(0.1),v5(0.8),v7(0.5),v5(0.7)}

0y

Figure 2: Balanced 2-partitioned fuzzy graph %}gb
P

Balanced 2- partitioned fuzzy graph has the density as
Ui €oye &V €on
D|G, |=2—=F—
( "/gpr
where 'ukbp s (uivj')<aYi (ui)/\an (Vj) . Hence we
0/

2
have D((O;/gbp ] = 2[ 24

U €oy; &Vj €0y
Star balanced 2- partitioned fuzzy graph has the density as

H sz((g% (uivj)

o) Ao(v,)

0'73} =0.61.

SD(G j_z qe%&\,je%ﬂsz(%(uivj)
el > o)

where Hg UiV )SGYi (ui)/\an (Vj) . Hence we

n(G) (
have SD[CO;/gbp ] = 2[
G

D| G D(G) and D
( Ybp j <P 0/2 ( Y6sop
and Star balanced 2-partitioned fuzzy graph.

18

= }: 0.72 . Satisfying the conditions

j < SZ)(Gz for Balanced
%

I1. Partitioning the node set o into 3 subsets.
oy = {v2(0.9),v7(0.5),%(0.2)}
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Balanced k-Partitioned Fuzzy Graph

o, ={w%(05),v4(0.1),v5(0.8),v5(0.3)}

Y2
0., = %(04)(0.7)v0(06)}
oy Oy o

Figure 3: Balanced 3-partitioned fuzzy graph COB/&)
P

Balanced 3-partitioned fuzzy graph has the density of the

141
fuzzy graph D((g/gbp)zz[m}zom. Star balanced

34

3-partitioned fuzzy grap sa(cg;,bp)ﬂ{s}:l.se .
0

Satisfyi th diti D|IG =D(G d
isfying e conditions (%pj (<y2 an

D C% <SD(Gg for Balanced and Star baanced
%Bsop 0t
3-partitioned fuzzy graph.

[1l. Partitioning the node set o into 4 subsets.
oy = {v2(0.9),v5(0.3)}

v1(0.5),v5(0.8)}
(0.4)

v3(0.4),%5(0.7),v4(0.1)}

o, {
% {
%, {v7(0.5).v9(0.2),v40(0.6)}

Figure 4: Balanced 4-partitioned fuzzy graph %@b
p
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Balanced 4-partitioned fuzzy graph has the density of the

164
fuzzy graph D(cg/gbp)_z[m}_om. Star balanced

s 3.9
3-partitioned fuzzy graph SD(COE/ﬁbp)_Z[S}_l.SG .

Satisfyin the conditions D|G =D(G and

Y (%pr 4

D Ciﬁ <SD(Gg for Balanced and Star balanced
%Bsop %

4-partitioned fuzzy graph.

V. Partitioning the node set o into 5 subsets.
oy = {v2(0.9),v4(0.1)}

Figure 5: Balanced 5-partitioned fuzzy graph (‘%

op
Balanced 5- partitioned fuzzy graph has the density as
191 s
D( ):2 ——|=0.67 . Star balanced 3-partitioned
%bp [5.7} P

fuzzy graph SID(%bp):Z[A';'}:l.?G . satisfying the

pj: D(%/g and $(%pj<3)((§/2for

Balanced and Star balanced 4-partitioned fuzzy graph.

conditions D(%&

IV. THEORETICAL CONCEPTS

A. Theorem 1

Every complete balanced k-partitioned fuzzy graph is
balanced
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Proof:
Let %{Scbp :(chbp(toa/g ”ukcbp((g-/(?) be a completely
balanced k-partitioned fuzzy graph and let ﬂkc ( ) is
o2(3)
fuzzy relation on the subsets ch © . By definition the
bp(G)
density isdefined as
UEU;EG #ka (G)( I J)
D(G ):2 i R b Vi< , where
Ficop > o)rolv,)
U oy, &Vjeoy
of G is given as

'ukcbp(G/) Wcbp
'ukcbp(G)(u'V )=o) /\0'( )

Therefore for the fuzzy graph G, by the definition we know
> agv)= X ou)no)

U eoy, &Vj oy U oy, &Vj oy

We have D((()S):Zand D(Co%cbpj: 2. i.e, the density of

the every partitioned subgraph of the fuzzy graph Co%p is2

e, D G).
e 0[g, |-0(g)
<
= D(%)&bpj_D(%;/g . Thus every complete balanced

k-partitioned fuzzy graph is balanced.

[llustration:
Aswe know by the definition

Z #kcb (%)(I j

U €0y, &Vj €oy;

L s

U €oy; &Vj €0y

ou)ro(v))

where u kcbp(%) (uv))=oc(u)Aoc(v,).

Density of the fuzzy graph D ( (yz 2(2—2} =2.

Density of the completely balanced k-partitioned fuzzy graph
D| G = Z(EJ =2.
%chp 42
Similarly D
y (G/ﬁcb j (/&obpj (%bpj

Hence D <D(G). Hence the completely balanced
EWMELE oy

fuzzy graph G is balanced.
Zy grap! %cbp

Remark:

The converse of the above theorem need not be true. It means
all balanced k-partitioned fuzzy graphs need not be complete
balanced k-partitioned fuzzy graph.

B. Theorem 2
Every balanced k-partitioned fuzzy graph is star balanced.
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Pr oof:

Let G/{sb (G"bp(cgg a “op()

fuzzy graph. By definition the density for balanced

) be a balanced k-partitioned

k-partitioned fuzzy graph is defined as
e ey e Q)
D(G j:z AR A Vi#j , where
%bp Y. ou)aalv)
U eoy; &Vj oy
ever edge of G is iven as
y g /J kbp(((% %bp g
Iukbp(%)o(uivj) <o()ro(v;).
Hence
7, (uv) < ocu)ro(v,).
Z kbp(%‘% j 4 anZ i

U oy, &Vjeoy « &Vjeoy

i.e., the density of the every partitioned subgraph of the fuzzy

graph G, islessthan to the density of fuzzy graph G.
o
i.e, D D(G
(S )2
Now,

By definition the density for star balanced k-partitioned fuzzy
graph is defined as

2 Hy V)
o Ty o Fsbp(§) _
D|G = p| YEm&vicoy i Vi , where
0/gsbp Z o(u)
UiGO'Yi
ever edge of G is iven as
y g . g

V. ) < | ).
/uksbp(%(qvj) O'(UI)/\O'(VJ )
Hence

Z ,uksbp(g)o(uivj) < Z O-(ui)-

U €0y &Vj oy U €oy;

Therefore the star density of the every partitioned subgraph of

thefuzzy graph (;J)ésb islessthanto the density of fuzzy graph
p

04

e, D(G pJ D(G)

={ gy {8, )

Remark:

The converse of the above theorem does not hold good. Since
every star balanced k-partitioned fuzzy graph is not balanced
k-partitioned fuzzy graph.

[llustration:
By the definition of star density
Fromfig. 1,
We have SD(G) =1.88,
0/

Fromfig. 2, 3, 4 and 5.
We have
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D) [((%pr J =0.72,3D (%ﬂ)p j =136, SD(%%g)p j =1.56

, SD(%FJ:L?G.....(I)

Therefore D| G <D(G).
(O/gspr ((‘Vg

Similarly,

By the definition of density
From fig.1

We have

DE%/gbp]:QGl' D(c(%op}om, D[%/prj: 0.67,
D[(o‘%an=O.67.....(l)

Therefore we seethat D| G <D(G)....(2
K%bpj (G4~

Hence from (1) could

D[(";/ﬁprSD(%éopJSSD(%

Thus every balanced k-partitioned fuzzy graph is star
balanced.

and (2) we conclude,

C. Theorem3

Every complete balanced k-partitioned fuzzy graph

H induced by completely balanced k-partitioned fuzzy
0/i§cbp

raph G is balanced.
grap %cbp
Pr oof:

Let G
0/{Scbp

with each of ‘n’

H o' u b lete balanced

be a complete balanced k-partitioned fuzzy graph

nodes in the partition. Let

k-partitioned  fuzzy  subgraph if there  exist
o' co such that o' €[01] and

Kop(H) — *bp(H) kbp(H )

' =o'(y (Vi for al
ﬂkbp(H o'(u)ro'(v)

o

Uueoc' &v.eo' ,i#].

| Y J Yj

induced by a

Claim: Man ossible subgraph H
y p grap Yp

compl ete k-partitioned fuzzy graph
u' (uv)) < M (%
Y Eo_\ﬁ;j €0yj kap (@J : 1] 60\4;/1- coy kap (% !
And
o"(Ui)/\o"(Vj)S O‘(Ui)/\O‘(VJ’).
Yoy, &Vj €oy;

Yoy &Vjeoy; i

il
Therefore, we have

Z ,Ulkp((%(uivj)

U €0y, &Vj €0y

D[Ij/gcbpj: ’ >

U eoy, &Vj eoy;

a'u)ro'(v;)
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Uteav.;’j €Y, lukp(co%(Uivj) = D[G J
o(u)ra(v)) %cbp .

DY

U eoy, &Vj oy

Hence any partitioned fuzzy sub graph of |5| Ik induced

cbp
by the completely balanced k-partitioned fuzzy graph satisfies
the condition of balanced k-partitioned fuzzy graph.

i.e,

D(Ial/gcbpj: D(C‘%cbp): D(%I/gobpj - D(C‘%cbp)

[llustration:
Let us consider a completely balanced 2-partitioned fuzzy
graph of figure 1.

Figure 6: Complete Balanced 2-partitioned fuzzy graph
G
%cop
We have the density of the above graph as

o{55., )33

Let us consider an induced fuzzy graph of G as
0/gcbp

Figure 7: Complete Balanced 2-partitioned fuzzy graph
H
(Vgcbp

11
D[t"/gcbp J B Z(TJ =2

Hence the density of the above partitioned fuzzy graph from
figure 6 and figure 7 results as

equal.
i.e.,
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cbp %cbp

V. CONCLUSION

Balanced k-partitioned fuzzy graph, Completely balanced
k-partitioned fuzzy graph and Star balanced k-partitioned
fuzzy graph are constructed in this paper. Its properties are
studied from its fuzzy subgraphs. That is each partitioned
fuzzy graph is the subgraph of the fuzzy graph. Therotical
concepts are also discussed with the density and star density
formulae and theillustration are given. More theorems could
be developed in the next papers.
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