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Abstract: Currently, the most common criteria for informative 

features are heuristic criteria related to assessing the separability 
of given classes and based on the compactness hypothesis 
fundamental in pattern recognition: with increasing distance 
between classes, their separability improves. “Good” are those 

signs that maximize this distance.Although heuristic criteria, 
although they are widely used in solving practical problems of 
classification, however, in theoretical terms they are little studied. 

Keywords: vector, class, criteria, informative features, object, 
function, optimization problem. 

I. INTRODUCTION 

Сurrently, there are many methods for selecting features 
that are focused on the use of a specific information content 
criterion. One of these methods was proposed and studied in 
[1-10]. Its essence is to use the measure of importance of the 
initial feature, which is a properly processed degree of 
reduction of the so-called “votes” when removing this feature. 

The authors of the method called this measure the information 
weight of the attribute. To determine the information weights, 
special computational algorithms are used that allow you to 
take into account the relationship of signs.An interesting 
approach to the selection of informative features was 
considered in [2–4]. As part of this approach, researchers 
have proposed many methods for determining informative 
sets of features, taking into account the limitations associated 
with the cost of creating technical means of measuring these 
features. The measure of informativeness of the latter is set by 
criteria based on the use of Euclidean distance. If the signs are 
deterministic, the definition of informative sets is reduced to 
solving optimization problems, which can be described as 
follows. 

To determine informative features in pattern recognition 
problems, one can use the informativeness criterion specified 
in the form of the inverse Fisher functional.  
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In this case, as shown in [6-10], the problem of forming the 
space of informative features is solved by reducing to the 
minimization problem of the functional.In this paper, we 
consider the condition under which the selected set of features 
is the optimal solution to this problem. 

II.  STATEMENT OF THE PROBLEM  

The following information content criteria are heuristic 
and, using the Euclidean metric, are based on an assessment 
of the separability measure for the objects of this training 
sample. 

Let the learning set be defined by objects 

1 211 12 1 21 22 2 1 2, ,..., , , ,..., ,..., , ,...,
rm m r r rmx x x x x x x x x , and also 

suppose that each group of objects 1 2, ,...,
pp p pmx x x belongs to 

some class , 1,pX p r . 

Objects of pix  are N-dimensional numerical vectors, i.e. 

 1 2, ,..., N
pi pi pi pix x x x . 

For this training sample of objects 

1 2, ,..., , 1,
pp p pm px x x X p r  , here pix  is a vector in the 

N-dimensional space of attributes, the vector 

 1 2, ,..., N    ,  0;1 ,  1,k k N   is introduced, 

which characterizes a certain subsystem of attributes. If the 
components of the vector are equal to unity, then the 
corresponding signs exist in this subsystem, and if they are 
equal to zero, then they are absent. 

The space of signs   1 2, ,..., Nx x x x  will be 

considered Euclidean and denoted by NR . 

By truncating the space   1 2, ,...,N NR x x x x   by   

we mean the space   1 1 2 2, ,...,N N NR x x x x


    . 

The truncated distance between objects , Nx y R  is the 

Euclidean distance from ,x y
 

 to NR


 

 
2

1

N
k k k

k

x y x y





    

If the sum of the components of the vector   is l , then we 

call it l  -informative, i.e. 
1

N
i

i




 l . 

Defined by l -informative vector   each subsystem has its 
own l -dimensional subspace of features.  
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In these subspaces we introduce the Euclidean norm with 
respect to truncation in  . 

 
2

1

N
j j

j

x x





  . 

Denote  

1

1
, 1,

pm

p pi
ip

x x p r
m 

  , 

where px  is an averaged object of class pX . 

We introduce the function  

 
2

1

1 pm

pp pi
ip

S x x
m 




  . 

The  pS   function characterizes the average scatter of 

class pX  objects in a subset of the attributes specified by the 

  vector. We define a criterion of informativeness of 
subsystems in the form of a functional 

   
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      (1) 

Functional (1) is a generalization of the Fisher functional 
[5]. We denote 

   1 2 1 2, ,..., ; , ,...,N Na a a a b b b b  , 

 
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Then (1) comes down to the form 

   
 

 

,
,

,

a
I

b





          (2) 

where (*, *) is the scalar product of vectors. 

The coefficients ,j ja b  are independent of and   are 

calculated in advance. To calculate the functional  I   for 

each  , about N operations are required. 
Further, the criterion defined in the form of functional (2) 

will be called the Fisher information criterion and denoted by 

 1I  . This criterion was studied in [5, 9], where its features 

were identified, its effectiveness was evaluated, and methods 
for choosing informative features based on maximizing 
functional (2) were proposed. 

Using the functional (2), the article solves the problem of 
choosing informative attributes, by eliminating 
non-informative attributes from the original attribute space. 

Let natural numbers N  and  Nl l  be given, as well as 

N -dimensional vectors , Na b R . 

According to [5, 6], we consider the optimization problem: 

 
 

 

 

,
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,

, 0,1 , 1,

, , 0, 0, 1,

l
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Na b R a b i Ni i
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

 


 




  





   

            (3) 

where  l - space l - dimensional informative features: 

   1 2
1

, ,......, 0,1 , 1, ,
N

N i i
i

i N     


 
      

 
l l  

It is necessary to determine in which case  l  will be 
the optimal solution to problem (3). To do this, we use the 
lemmas presented in [7]: 

III. SOLUTION OF THE PROBLEM  

To solve this problem, the following lemmas and theorems 
will be useful in what follows. 

Let real numbers 1 2 3, and 0,a a a   

 4 1 3 2 40 0, 0a a a a a     be given. For these numbers 

holds one of the following lemma: 

Lemma 1. If 1

2

0

0

a

a





 and 3 1

4 2

a a

a a
 , then holds the relation  

1 3 31

2 2 4 4

a a aa

a a a a


 


. 

Lemma 2. If 1

2

0

0

a

a





 and 3 1

4 2

a a

a a
 , then holds the relation 

1 3 31

2 2 4 4

a a aa

a a a a


 


. 

Lemma 3. If 1

2

0

0

a

a





 and 3 1

4 2

a a

a a
 , then holds the relation 

1 3 31

2 2 4 4

a a aa

a a a a


 


. 

Lemma 4. If 1

2

0

0

a

a





 and 3 1

4 2

a a

a a
 , then holds the relation 

1 3 31

2 2 4 4

a a aa

a a a a


 


. 

Lemma 5. If 1

2

0

0

a

a





, then holds the relation  

1 3 3

2 4 4

a a a

a a a





. 

Lemma 6. If 1

2

0

0

a

a





, then holds the relation 

1 3 3

2 4 4

a a a

a a a





. 

Next introduced the notation: 

1 1

, ,
, 1, , 1,

l l ij j i

i i
i i ij j i

a a a
A a B b

b b b i l j l N 

  
  

     
  ,  
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{
0 1,1,...1,0,0,...,0

lта N lта





 
 
 
 

14 2 43 . 

If , , ,ij ija a b b c A d B       is adopted in the above 

lemmas, then for  , 1, , 1,i j i j N   l l , taking into 

account 
0,

0

ij

ij

A a

B b

 


 

, one of these lemmas will take place. 

Let  l
 be selected. 

Theorem 1. For the vector   to be the optimal solution of 
the (1), the absence of ija a   and  ijb b   

 1, , 1,i l j l N   , satisfying the conditions of  Lemmas 1, 

3, 6 is necessary and sufficient. 
Based on this theorem, a modified version of the Delta 

informative feature selection method, considered in [6-7], is 
proposed. 

The theorem is proved as in [7]. 
If the vector   is not an optimal solution of the (3), then 

replacements are made based on Lemmas 1, 3, and 6. 
The replacement process continues until all ija

 
and ijb

 
are satisfied that satisfy the conditions of Lemmas 1, 3, 6, and 
based on the theorem, the resulting solution is optimal. 

The values of the functional and components of the vector 
  are determined based on the method as follows. 

Let one of Lemmas 1, 3, and 6 holds for ija  and  ijb  . In 

accordance with the above lemmas, the relation ij

ij

A a A

B b B

 


 
 

is satisfied and the values of the components i  and j  of the 

vector  are interchanged. 

IV. ALGORITHM 

Based on this method has been proposed the following 
algorithm: 

Step 1. Initialize {1,  1, ... , 1, 0, 0, ... 0} 

l
14 2 43

. 
Step 2. We calculate the values of A  and B , i.e. 

 ,A a  ,  ,B b  . 

Step 3. We carry out tasks 1i  , j N ; 1 1,A A B B  . 

Step 4. The calculation of the values ija
 
and ijb . 

Step 5. Checking the conditions of Lemma 1. If ija  and  

ijb  satisfy these conditions, then, in accordance with it, the 

values of the i -th and j -th components of the vector   are 

carried out, the calculation ,ij ijA A a B B b   
 
and go 

to step 9, otherwise - go to the next step. 
Step 6. We verify the conditions of Lemma 3. If ija

 
and 

ijb  do not satisfy the conditions of this lemma, then in 

accordance with it the values of the i-th and j-th components 
of the vector   are replaced, the ,ij ijA A a B B b    is 

calculated, and go to step 9, otherwise - go to the next step. 
Step 7. We verify the conditions of Lemma 6. If ija

 
and 

ijb
 
do not satisfy the conditions of this lemma, then in 

accordance with it the values of the i-th and j-th components 

of the vector   are replaced, the calculation of 
,ij ijA A a B B b   

 
and go to step 9, otherwise - go to 

the next step. 
Step 8. We verify the condition j  l . If it is fulfilled, then 

1i i   is assigned and go to step 5; otherwise, go to the next 
step. 

Step 9. We verify the condition i  l . If it is fulfilled, then 
1i i   is assigned and go to step 5; otherwise, go to the next 

step. 
Step 10. We verify the conditions 1A A  and  1B B . If 

they are satisfied, then the vector   is the optimal solution 
and the process ends, otherwise go to step 3 is carried out. 

V. RESULT ANALYSIS 

The results of experimental studies that were carried out for 

three classes of objects 1 2,K K  and  3K  defined in NR  

feature space. The dimension N  is selected as a multiple of 

some given small number l , i.e.   N h h N  l . The set 

of features  1 2,  Nx x x , ... , x  is arranged in groups of 

  1 1 2 2 1 1 1,  ... , , , ... , , , ... , , ... , hhx x x x x x x   l l l l ll , each of 

which contains l  features. The classes are chosen so that 
from the point of view of their separability, the groups of 
characters are mutually independent, and within the same 
group the features are highly dependent, i.e. the removal of 
any sign from its group entails a sharp deterioration in the 
information content of this group as a whole. The experiments 
were related to solving the optimization problem for 
functional (1) using the proposed method and exhaustive 
search. The results of the determination of non-informative 
feature sets obtained using this method completely coincided 
with the results obtained on the basis of the exhaustive search 
method. In this case, the number of iterations in the exhaustive 

search was NС
l , and for the proposed method, the maximum 

number of iterations was l . 

VI. CONCLUSION 

Experimental researches of the proposed algorithm for the 
selection of informative features were carried out on the 
example of solving the model problem. The results obtained 
using the proposed algorithm completely coincide with 
similar results obtained using the exhaustive search method. 
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