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Growth of central index on the basis of relative L -
order, relative L -lower order, relative L™ -hyper

order of entire functions
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Abstract:In this paper we discuss relative L -order, relative
L"- lower order, and relative L- hyper order of an entire
functions with respect to central index. Also we study some
growth properties of composite entire functions.
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I. INTRODUCTION

Let ([2). [8)f (&) = D a,2"

n=0
be an entire functions in the complexplane C. Let
M(r, f Ymay be defined asM(r, f) = maxlf(z)l ,denotes

the maximummodulus of f(z)on |z| = rand
ulr, f) = magdanlr", denotes the maximum denotes the
nz

maximum terms of f(z)on |z| =7 .

The central index v(r, f)is greatest exponent msuch that
lap|r™ = u(r,f), and centra index isa real non -
decreasing function of r.

For,0 <r <R;

R
WG f) < M) < {— w0}

and, |av(r,f)|rv(r'f) =u(r, f).
D.C. Pramanik, M. Biswas and K. Roy ([3])has used the
results on central index. We use the lemmas ([3]) on central
index v(r, f) of f(z)then,

1. Fora, # 0,

f(t, f
log u(r, f ) = loglao| + j%dt
0

2. Forr< R,
R
M(r,f) < u(r,f){V(R.f) + ﬁ}
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Definition 1.1.([4]) Let f(z)be an entire function. The
relative L -order of an entire function f (2).If v(r, f )bethe
central index of f (z), then.
logvg 've(r)

Ps = I;Tof Plo g [r expL(r)]
The relative L'-lower order of an entire function f (z). If
v(r, f )bethe central index of f (z), then
log v;1vs(r)
L(F) = lim inf —2—9 S 7

A5 (f) = 1m1 log [r expL(1)]
Where, L = L(r)|saslowly changing function.

Definition 1.2.([4]) Let f (z)be an entire function. The
relative L'-hyper order of an entire function f (z). If
v(r, f )be the central index of f (z), then.
. log®v;1ve(r)

_ — i 9 %

Pg ) iglof “p log [r expL(1)]
The relative L"-hyper lower order of an entire function f (z).
If v(r, f )bethe central index of f (z), then
log®v v (1)
JL* — l f g f

A9 (f) = P in log [r expL(1)]
Where, L = L(r)|saslowly changing function.

The aim of study to discuss the some results of composition
of two functions with help of relative L -order, relative L'-
lower order and relative L"-hyper order.

II. RESULTSANALYSIS

Theorem Il.1.Let f (2), g(z)and h(z)be an entirefunction.
Alsolet 0 < A4 (fog) < pk (fog) < o and
0 <25 () < pii () < oo,
then,
AL* l -1
£U09) i i 108 Vi Y10 (1)
pr (f) oo log vy tvp (1)
. {lL h (fog) pr (ng)}
< min I
AN
{AL h (fog) pr (ng)}
< max I
TGN )
log v " vyeg (1) _ pk (fog)
log vi've () — A4 (f)
Proof: From the definition 1.1, the composition function
fogfore >0and r » oo

< lim sup

r—00

log vy " Vrog(r) < (pk (fog) + €)log [r expL(r)]

10g v Wyog(r) < (pE (fog) + &) [logr + L] (1)
And
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log vy 'rog(r) = (A5 (fog) — ) [logr +L(N] (2
Againforr - oo

log v "sey (r) < (Aﬁ*(fog) + s) [logr + L(1)] 3
and

log v *vrog(r) = (ph (fog) — ) [logr + L] (4)

From the definition 1.1, the function f (z)for e > 0 andr —
oo

log vi'vp(r) < (pf (f) + €) [logr + L(1)](5)

and

log vy v (r) = (Aﬁ*(f) — s) [logr + L(r)](6)

Againforr — oo

log vitve(r) < (A’;:(f) +¢) [logr + L(M](7)
and

log vy 've(r) = (pk (f) — €) [logr + L(r)](8)

From (2) and (5) it follows for sufficiently large value of r
that

log vii vpog (r) _ Ak (fog) — &
log vi'vy(r) ~ pE(f) +¢
As (> 0), we obtained that
log "Elvfog(r) > Aﬁ*(fog)
log vi've (™) T pk () ©
Againfrom (3) and (6) asr — o

lim inf

r—o00

log vy "vseg (1) - 2 (fog) + ¢
logv've(r) = A (f) —«
As (> 0) arbitrary, we obtained that
log v,:lvfog(r) Aﬁ* (fog)
log vy lvp(r) — Aﬁ*(f)

lim inf

T—00

(10)

Similarly,from(1) and (8), we get for r — o
log vﬁlvfog () pilz (fog) + ¢
log vi'v(r) ~ pE(f)—e
Ase(> 0), we obtained that
log ”ElVfog(T) P}LL*(fOQ)
log vi've(™) ok ()

lim inf

Tr—00

(11)

Now combining (9),(10) and (11) we get that

Ai (*ng) < lim inflog vhivfog @
o () ro log vy e (r)
< min {M M} (12)
- RGN A

From, (2) and (7) for r — oo we get that
log vglvfog(r) > /11;1 (fog) — ¢
logvitve(r) — () +e

Ase(> 0), isarbitrary , we obtained that
log vﬁlvfog(r) }Lfl* (fog)
log vi'vp(r) T 2k (F)

lim sup

Tr—00

(13)

From, (1) and (6) for r — oo
log vy 'vyog(r) _ pi; (fog) +¢
logvive (™) = 25 (f) —e

Ase(> 0), isarbitrary , we obtained that
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log vﬁlv]cog(r)

v < Pk (fog)
log vy, Vf(r)

A

lim sup

Tr—00

(14)

Similarly, from (4) and (5) asfor r — oothat
log vi ' Vrog (r) _ pk (fog) — ¢
log vi've(r) = pE(f) +¢

Ase(> 0), isarbitrary , we obtained that
log vglvfog(r) > p,’;*(fog)
logvitve(m) T pE ()

lim sup

r—oo

(15)

Now combining (13),(14) and (15) we obtained
that

= {ﬂﬁ*(ﬂ)g) pﬁ*(ng)}
VA AC))
L+
Pr (fog)
PTATS (16)
Hence theorem follows from (12) and (16).

log vy, tv.,, (r
< lim su M
roe  log vy tupe(r)

Theorem I1.2.Let f (z), g(z)and h(z)be an entire function.
Alsolet 0 < 25 (fog) < pk (fog) < o and
0<2; () <pr (f) < oo,

Then,
2% (fog) _ | . 109 Vi vrog (™) _ A (fog)
pr(f) — ree loguitup(r) T 2K (f)

log v vreg (1) _ p; (fog)
logvitve(r) = AL ()
Proof. The conclusion of the above theorem can be carried
out from (2),(5),(9) and (3),(6),(10) after applying the same
technique of Theorem 11.1, and from (2),(7),(13) and
(1,(6),(14) after applying the same technique of Theorem
[1.1. Thus the above theorem follows from (9),(10),(13) and
(24).

< lim sup

T—00

Theorem 1.3 Let f (2), g(z)and h(z)be an entire function.
Alsolet 0 < 2L (fog) < pk (fog) < o and
0 <2 (f) < pk (f) <,
Then,
log vi'vyog (1) _ pii (fog)

log vi've(r) — pi ()
log vy ' vpog (1)

log vy 'vp (1)
Proof. From the definition of relative L™ order of f (z)for
e>0,a8r - ©

log v, vrog (1) = (ph (f) — €) log[r expL ()]

log vi, " Vrog(r) < (pk (fog) + €) [logr + L(n)](17)

lim inf

T—00

< lim sup

From (8) and (17) for r — oo, we get that
log vy 'vrog(r) _ pr; (fog) +¢
log vi'vy(r) ~ pk(f)—e
As (> 0) arbitrary, we obtained that
log vﬁlvfog(r) < pﬁ*(fog)
log vy 've(r) T pf (F)
Againfor asequenceas r — oo,
log vy o (1) 2 (pk (fog) —€) [logr + L(1)]  (19)
Now combining (5) and (19), we get the resultforr — oo,

lim inf (18)
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log vy, vrog(r) S pk (fog) — € l0g!1v; M vpoq (1) - X, (fog) — ¢
log vi've(r) ~ pi(f) +e logPv v (r) ~ pi (f) +
Ase(> 0) arbitrary, we obtained that Ase(> 0), we obtained that
. 10g v 'Wrog () _ pk'(fog), o logPlptueeg () 2R (fog)
lim sup = oo, = pF () PO lim inf = T, = E () (29)
Hence, we obtained result from (18) and (20). Again from (23) and (26) asr — o
Theorem I1.4.Let f (z), g(z)and h(z)be an entire function. log® v M vpg (1) - I (fog) + ¢
Alsol?*t 0< R%_L([og) < pr; (fog) < o and logPlvlve(r) = () —e¢
?h< A (f) < Py (f) < o0, As e(> 0) arbitrary, we obtained that
_en, i i log[Z]yglvag(r) I;‘:(fog)
5, (fog) < lim inf lOg[Z]Vi:lvfog(r) hr;laclx?f logZlvytve(r)y = ZE (P (30)
) T e logBv o (@) Similarly, from(21) and (28 f
_ (B (fog) B (fog) milarly. from(21) and (28), we get for 7 = co
smi /T%l*(f) ’ p—ﬁ*(f) log Up vfog(r) < Pn (fog) +é&
% (fog) ph (fog) logPlv; vy (r) = oy (f) — e
=m T s Ase(> 0), we obtained that
h (]2] _1ph ) - lim inf 10g121v; v 06 (r) < pE (fog) 31
< lim sup g™ Vi Yrog ™) ph_(ng) L gl top(r) Pk () (31)
T e logPlvitve(r)y TR
Proof: From the definition 1.2, the composition function =~ Now combining (29),(30) and (31) we get that
fog fore > 0and r - oo A (fog) _ . . 10gPvivpos(r)
v = 2,1
_ o pr (f) roo logtlvytve(r)
[2]-1 L e *
logvy vgeg(r) < (Pf (fog) + €)log [r expL(r)] < min {A,Ll (fog) ok (fog)} (32)
. - NG AGR)
log®vy s, (1) < (P (fog) + €) [logr + L(1)]
(21) Now, from (22) and (27) for r — o
and log®vi vpog (1) _ 25 (fog) —
- logPlv; v, (r) — () +
l0g[2]v,;1vfog(r) > (/'l’;1 (fog) — s) [logr + L(r)] 9% vr () n()+e
(22), ¢ Ase(> 0), isarbitrary , we obtained that
Againforr - o i 0glvj M vrog @) _ 7 (fog) (33
. M SUP g,y = 2 () )
log[z]v,jlvfog(r) < (% (fog) + €) [logr + L(r)]
rom an it follows for r — oothat
(23) From (21) and (26) it follows f h
and log" vy vyoy (r) _ pE (fog) + ¢
. [2]-1 - L —
log?1v; vy (r) = (BE (fog) — €) [logr + L(1)] gy () () e
(24) Ase(> 0), isarbitrary , we obtained that
[2],,—-1 —L*
From the definition 1.2, the function f (z)for e > 0 andr - lim sup 2% h 20s™) _ P 09) 34y
[e'e) r—0 loQ[Z]Vhlvf(r) /1%1 0))
_ o From (24) and (25) forr — o
logPlv v (r) < (pk +¢) [logr + L(r 25 _ o
g U f( ) (Ph D) ) [log @] (25) lOg[Z]Uhlvfog(T) . pﬁ (fog) — ¢
and loglv; v (r) — pE(f)+e
log[z]vglvf(r) > (/Tﬁ*(f) _ 5) [logr + L(r)] (26) Ase(> 0), isa[t:itrary , we o*btained that
lim sup 109 %1 1v109(r) > P (*fog)(35)
Againfor r — oo roo logPlvptorm) T B
log[z]vglvf ) < (&* ) + e) logr + L(r)] (27) tl\rllgtw combining (33),(34) and (35) we obtained
yL* =L* [2],,-1
and max {Ah_L(ng) ’ph_L(*ng)} < limsup —log vh_ff 29 ™)
A () 7 oy () row  logluy vy (1)
log?lvy;tve(r) = (ﬁﬁ (f) — €) [logr + L(1)] (28) < ﬁéLg{;)g)
h
From (22) and (25) it follows for sufficiently large value of  (36)
r that
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Hence, we get the result from (32) and (36).

Theorem I1.5.Let f (z), g(z)and h(z)be an entire function.
Alsolet 0 < 15 (fog) < pk (fog) < o and
0 < A4 (f) < pjp (f) < oo,
then,
I (fo logPlvi v, (r
7’;(]( 9) < lim inf ~Z__Yn_Yrogl") [2]“_1“’9( )
Pr (9) o logtHu Ty, (r)
. {/1%1 (fog) ph (ng)}
S miny—- o
A (@) Py (9)
{/’li (fog) ph (ng)}
S maxy— o
(@) oy (9)
loglv-tv., (r) pE (fo
< lim sup g h_lfog( ) < ph_LEf g)
row logPlug vy (1) A (9)
Proof.The conclusion of the above can be obtained
after applying the same technique of Theoreml|.4

[1l. CONCLUSION

In this paper we obtained the results by using the results
obtained by Prananik and derived the proof of L -order,
relative L -lower order, relative L -hyper order of entire
functions.
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