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Abstract. In this communication, we establish new fixed point
theorem in G,-metric spaces. Moreover we examine the results for
existence as well as uniqueness, which are related to the G-metric
space. Our results generalize distinguished results and the
mapping satisfying such contraction mention in the literature. In
this sense, our results provide extension aswell asimprovement in
theresults of Gy-metric space. Also, we give some examples which
verify our results.
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I. INTRODUCTION

The fixed point theory is very significant and practical in
mathematics. Due to its important and simplicity, severa
authors extended it many different results of fixed point
theory. Amini [2] generalized its results in quasi contraction
maps and also identifies various results of fixed point theory.
TV. An [3] expressed the results of stone type theorem on
b-metric space and alow some deep understanding of Fuzzy
b-metric, set valued quasi contractions and Suzuki-type fixed
point results, as we can see in [8,9]. Nashine and Kadelburg
[5] found some results over contraction mapping which are
loyal for all notionsin metric spaces. Arshad [4] derived some
different results of metric spaces which plays very important
role in fixed point in b-metric spaces. Subsequently, many
authors extend and generalized these theorems in different
directions. In this article, we give a new generalize metric
spaces introduce by Hussain et a.[6,7] and that covers a huge
class of topological spaces including dislocated metric spaces
with Fatou's property, G,-spaces, b-metric spaces, generalize
metric spaces.

In thiswork, we establish some results of [1] for generaize
Gy-metric spaces, of course three variable x, y, z will be
consider for solution. Also, the obtained results are supported
by an application and examples for the existence and
uniqueness solution for integral type problems.
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. PRELIMINARIES

Definition.1 let X be a non-empty set and s>1 beagiven
real number. A function d":ExE — * is called b-metric

[1, 2, 3] if it satisfies the following properties for each
u,v,weE

a d@uv=0su=v;

b. d'(uv)=d (v,u);

c. d'(uw=s[duv)+duw]
The pair (E,d") iscalled ab-metric space.

Examplel Let E=I,(;) with O<p<£ where
s

NG )={{Un}ci :§|Un|p<oo} defined :ExE—; * as
n=1
* X p }/p *
d (u,v)=(2|un—vn| ) where u={u },v={v,} then d
n=1

isa b -metric space with coefficient s= 2%’.

2. Let E=Lp[o,ﬂ be the set of al rea function
. 1 1, p . 1
u (t),te[o,g} such that j|u (t)| <o with 0< P<3

0

. . 1, T

define d :ExE —; “asd (u,v):(”u (t)-v (1) j
0

Then d* is b-metric with coefficient s= 2%. If we take

s=1 then the results similar goesto b -metric space with the
concept of metric space for more details see [8, 9, 10]

Definition.2 Let (E,d*) be a b -metric space. A sequence
{u,} in E iscalled

(i) Cauchy iff d"(u,v)—>0asl,k—>w;

(i)Convergent  iff  there  exists
thatd” (u,,u) >0 asn—w ie limu, =u;

n—w

uekE such

(iii)The b-metric space (E,d) is complete [12] if every
Cauchy sequence is convergent.

[11.MAIN RESULTS

In this section we collect the previous information and to
show the generalization of G,-metric spaces also extended
some results of fixed point results

Published By:

Blue Eyes Intelligence Engineering
& Sciences Publication (BEIESP)
© Copyright: All rights reserved.



https://www.openaccess.nl/en/open-publications
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://crossmark.crossref.org/dialog/?doi=10.35940/ijitee.B7502.019320&domain=www.ijitee.org

New Fixed Point ResultsIn Generalized G,-Metric Spaces

Definition.3 Let (E,d) be a G-metric space. A sequence
{u,} in E issaidtobe

(i) Cauchy iff G(u,u,,u,)—>0 asl,k,p—w;

(iiConvergent iff there exists ueE such that

G(u,uu)—>o0 asl > Qe limy =u;

(iii) If every Cauchy sequence is convergent then G-metric
space (E,d)iscomplete.

Definition4 Let E be a non-empty  set

and G, 1 Ex ExE—{Oéj A mapping

Gy tEx Ean[O,}) for s=0all u,v,we E satisfies the
S

following condition.
(G,1):G(u,v,w) =0iff u=v=w;
(G,2): 0<G(u,v,w)forall u, v,we E withu=v;
(G,3): G(u,u,u) <G(u,v,w)foral u, v,we E
withv = w;
(G,4): G(u,v,w)=G(u,w,v) = G(v,w,u) = G(v,w,u) =

(symmetry in al three variables);

(G,5): G(u,v,w) <G(u,a,a)+G(a,v,w)for al

u, v, w, ackE.

Then G is called a G-metric on E and (E, d) is called a
G-metric space.

Remark.1 If we takes=0 then interval will convert into
infinity.

Remark2 If G(u,v,w)=s for s>1 is G, -metric space.

Example.2 Let E=C([a,b],; *) be the set of al real

valued functions define on [a, b]. E is complete extended
G, -metric space,

~ U ()=, (8)|+uy (8) = v, (1) + ?
G*”’V’W)‘Sfi%{va o (1) v (1) (1)
where 7 (U, v, W) = ut)] + |v(t)| + wt)| + 3 and

y ExExE—; "

Theoreml Let (E,d) be a complete extended G, -metric
space such that G,
Let f : E > E satisfying

G (T.T,.T,) <G, (xy.2) VX y,ze E (1)

Where se[0,]] be such that for

is a continuous function.

each x,€E ,

lim 7(x, xk,xp)<— here x, =T"%,, N=12,3... . Then

1.k, p—>o

T hasafixed point 4, sinceforeachyeE, T"y > 4.

Proof: Let X, € E then by the definition of iteration
scheme

X, =%, % = f(x)=f(Tx)=
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According equation (1), we proceeds the approximation
then we have

G, (X1 %.1:%.2) <SG, (%, %, %) @
7Ex,xk,xp;S”Gy(>%,&,xz)+
G, (%X X, ) S47(% %0 % )7 (X1 %0 X, ) ST, (%0, %0 %, ) +
+7 (X2 %0 %5 ) 7 (X X0 % ) STIG, (X0, X, )

Therefore the series is”]ﬂ[e(x,xk) is convergent.

n=1 i=1
Moreover,
G, (%% %) <G, (%%, %) {[a —a]+[a —x ]}
Let us assume {x,} be any sequence. Since E is complete.
Letx > ReE
TR X,%)+G (&,Rm)}
G (TRRR TR, R R (
(RRR)<(RRR) A%

<y(TRR R){Gy (RX 1% 1)+G, (X, % R)}

+Gy(x,,R,xk)

Gy(TR,R,R)sOas I,k — o0 ,then Gy(TR,R,R):

Here %quence{x} has a fixed point R as we can see the
results of Kamran et a. [1] using equation (1)

Example3. G (xY,z):ExExE—; " and as.
Gy(x,y,z)z(x—y—z)z, where  y(X,y,Z)=Xx+y+2z+3
then G, is called extended G, -metric on E . Let us define

T:-E—>E by Tx= le we have
x+l +1 +1 z+1
G, (Tx,Ty,Tz)={ y j [y j} <SG, (xY,2)
1
note that for eachx e E, T' x_ o
B o Xx+1 y+1 z+1
||<“,mx 7(T X TEx, TP )—Ivi’lmw( o + PRI +3)<4

Hence T has afixed point.

IV APPLICATION

Consider the function
b
7(t)=]G(t,y(s))ds (3
Where k: Ex¥ —>[0,oo) is continuous function where

E =[a,b]now, define the functions: E — E express it by
b

Sy (t)=]G(t,y(s))ds 4

Mention in equation (2) has a fixed point solution thus we
must say T has a solution.
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Theorem.2 Consider the integral [0, 1] where /1e[0,1] theory.

such that for every se[01] and u,u,cE we have

G(S,ul(s),uz(s))sﬁ[ul(s)—uz(s)] then T has a fixed

pointinE .
Proof: Here for al xeE therefore

EOIE lf|G(t, S,Uy,U, )|ds séﬂul(s) ~u,(9)|ds

<2|u(9) - (9)
It follows that for all x,y,ze E,
G, (TxTy,Tz) < AG(x,Y,2). 5)
Hence T has afixed point, where|u, —u,| =u € E.

In the similar way we can also show the results of Voltera
and Fredholm integral type solution.
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