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     Abstract: The combined effect of various parameters of gravity 
modulation on the onset of ferroconvection is studied for both 
linear and non-linear stability. The effect of various parameters of 
ferroconvection is studied for linear stability analysis. The 
resulting seven-mode generalized Lorenz model obtained in 
non-linear stability analysis is solved using Runge -Kutta-Felberg 
45 method to analyze the heat transfer. Consequently the 
individual effect of gravity modulation on heat transport has been 
investigated. Further, the effect of physical parameters on heat 
transport has been analyzed and depicted graphically. The 
low-frequency gravity modulation is observed to get an effective 
influence on the stability of the system. Therefore ferro convection 
can be advanced or delayed by controlling different governing 
parameters. It shows that the influence of gravity modulation 
stabilizes system. 
       Keywords: Gravity modulation, Ferromagnetic liquids, 
Ferroconvection, Variable viscosity, Generalized Lorenz model, 
Heat transport. 

I.   INTRODUCTION 

Ferromagnetic fluids are magnetic liquids forming a stable 
colloidal suspension in a carrier liquid with dispersed 
magnetic nanoparticles. Without an external magnetic field 
applied, the orientations of the particle's magnetic   moments 
are random, leading to a vanishing macroscopic 
magnetization. Neuringer and Rosensweig (1964) presented 
the first continuum description of magnetic fluid by applying 
a vertical magnetic field. Finlayson (1970) discussed the 
convective instability of a magnetic fluid for a liquid surface 
heated from below. More research has been dedicated in 
recent decades to the study of ferrofluid convection 
mechanisms. Moreover, due to its technical applications, heat 
transfer by magnetic fluids has been one of the leading areas 
of scientific study.  For associated heat transfer applications, 
ferrofluids are useful as they can be regulated by an 
externally acting 
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magnetic field, because of the concept that the advantage 
of ferroconvection could significantly improve heat transfer. 
A few interesting applications of the ferrofluid namely 
engine cooling, loudspeakers, and transmission lines have 
shown that the magnetic strength drastically changes the 
critical values associated with ferroconvective instability. 
Many researchers studied nonlinear convection in different 
viscoelastic liquids. Rudraiah et al. (1989) and  Kim et al. 
(2003) discussed thermal convection saturated with 
viscoelastic fluid in a porous layer. Bhadauria (2005) and 
Bhadauria et al. (2006) analyzed the modulation of gravity on 
a liquid surface. Malashetty et al. (2006) and Shivakumara et 
al. (2006) studied the influence of thermal instability on the 
onset of convection in a porous layer saturated with 
viscoelastic fluid. On the other hand, a lot of attention has 
been paid in recent times to the heat convection induced by 
gravitational forces. Saravanan et al. (2009) studied the effect 
of gravity modulation in porous media. The effect on the 
onset of thermal convection in a liquid and porous surface is 
reported by Malashetty et al. (2011).  Siddheshwar et al. 
(2012) performed a Rayleigh- Bénard magneto convection of 
local non-linear stability study using the Ginzburg Landau 
equation for stationary temperature / gravity modulated 
convection mode in a rotating viscous fluid surface. Nisha et 
al. (2013) studied ferrofluid stability when the fluid layer is 
heated from below by a periodical body force. They used 
Darcy law modified to define the movement of fluids. 
Bhadauria et al. (2014) studied the oscillatory convection 
mode for a nonlinear case and calculated heat transport. The 
effect on heat transfer of viscoelastic fluid relaxation was 
discussed. The weakly nonlinear double-diffusive magneto 
convection under gravity modulation was studied by 
Bhadauria et al. (2015).  In an electrically conducting 
two-component fluid surface, they studied that the gravity 
field varies with time in a sinusoidal way of 
thermo-convective instability. Sameena et al. (2016) 
discussed the influence of gravity fluctuating with a saturated 
porous surface for couple stress liquid. Vasudha et al. (2016) 
discussed the influence of gravity modulation and internal 
heat generation for micro-polar fluid. Maria et al.  (2018) 
used a method called Maxwell-Cattaneo law to study the 
effect of internal heat generation and gravity modulation on 
natural convection of in a couple stress fluids. In our 
problem, we analyze   the effect of variable viscosity and 
gravity modulation in viscoelastic ferromagnetic liquids  
using generalized Khayat-Lorenz 
model for flow, magnetic potential 
and amplitudes of temperature. 
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The paper is organized as follows. Section II describes 
mathematical model, Section III , the governing equations, 
Section IV, the generalized Khayat-Lorenz method, Section 
V, linear stability analysis, Section VI,  heat transport. 
Results and analysis are provided in section VII. Concluding 
remarks are given in section VIII. 

II. MATHEMATICAL MODEL 

   Consider an infinite horizontal layer of ferromagnetic 
liquid confined between two boundaries at  z = 0 and z = d 
subjected to  an externally applied magnetic field    and a 
gravitational force,  g = (0, 0, − g(t)), where  g(t) = go (1 + ε 

cosω t ),   , gravity mean, ε, small amplitude,  ω, frequency 
and  t, time. The lower and upper boundaries are held at 
constant temperatures T0 + ∆T and T0 respectively. (See 
figure 1).  

 

III. GOVERNING EQUATIONS 

The governing equations of ferromagnetic liquids for gravity 
modulation are 
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Where the velocity v, temperature     and magnetic scalar 
potential     are the non - dimensional perturbations. Here 
        + v.  f, is a material derivative,      , effective 
pressure and magnetic force              +           

The Rayleigh number Ra =  
            

    
,   the Prandtl number, 

Pr = 
  

       
 , the buoyancy magnetization parameter,   = 

    
   

  

             
  , the non- buoyancy magnetization parameter, 

  =  
    

         
  

 . 

IV. GENERALIZED KHAYAT-LORENZ MODEL 

  For simplicity, an analysis is restricted to two-dimensional 
flows. In specific, in the x-direction and periodic wave 
number k laterally, we suppose a two-dimensional system 
depicting parallel convection along the y-axis. Non-linear 
stability  is performed to study the effect of various physical 
parameters of ferroconvection. The velocity field is 

expressed in terms of stream function    and  v =  
 

  
   

 

  
   

and hence the set of Eqs. (2) – (4) on eliminating the pressure 
and nondimensionalizing as in Lorenz et al. [16]. 
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We consider the following boundary condition for 
temperature, stream function, scalar magnetic potential and 
M . 

    =   =      
  

  
          z = (0, 1)          (10)                                                                                                                                                       

Finite amplitude convection in ferromagnetic liquid is 
studied by applying double Fourier series and is given in Eqs. 
(11) - (14) , 

   =                                              
          + A ( )                                                       (11) 
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  M =                                               
         + D ( )                                                        (13) 
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         + E ( )                                                        (14) 

Where M is determined by the form of . In Eq. (12), the 
term C ( ) reflects a small change to the temperature field in 
the convection scale. 

Projecting  Eqs. (5) - (9) onto modes (11) - (14), we have the 
following seven-dimensional system of equations. 
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Eqs. (15) - (21) are the generalized seven-mode 
Khayat-Lorenz system. The magnetic amplitudes are 

solved by        = 
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V.  LINEAR STABILITY ANALYSIS 

The linearized version of Eqs. (15) - (16) are considered to 
study linear stability theory. 
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A non- trivial solution of the Eqs. (22) & (23), we require 
    taking the form, 
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We are now discussing non-linear stability to determine the 
influence of physical parameters on the ferro convection of 
finite amplitude and to understand heat transport. 

VI. HEAT TRANSPORT 

We now study heat transport for gravity modulation, using 
Nusselt number Nu, 
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Replacing Eq. (12) with Eq. (25) and doing the 
integration, the phrase       appears as follows 
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                                                                    (26)                                                                                                                              

VII.   RESULTS AND DISCUSSION 

The convergence is obtained by using algebra package of 
Mathematica 12.0 to compute numerically, the minimum 
value of      corresponding     , for various parameters 
V,      and    . In the case of linear stability analysis, Fig. 
1(a) is the plot of      versus V for     = 1, varying with   . 
From this graph, we can observe that when increasing the 
viscosity parameter V and non- buoyancy magnetization 
parameter     are to decrease    . Thus the system 
destabilizes. Fig. 1(b) is the plot of     versus V for     = 1, 
varying with    . From the graph, we see that when the 
viscosity parameter V and non- buoyancy magnetization 
parameter                   increases. Therefore, we 
conclude that the system stabilizes. Fig. 2(a) is the plot of 
     versus V for     = 1, varying with   . Fig. 2(b) is the 
graph of     against V for     = 1, varying with   .  From 
these two graphs, we can observe the same effect as in the 
case of Fig.1 (a) and (b). Thus Figs. 1 to 2 shows that 
increasing in magnetization parameter               
with     , its destabilizing the system and stabilizes in the 
case of    . 
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  (b) 
Figure 1. Variation  of               on  V  by   varing 

    
and with a fixed  value of     = 1. 

 

(a) 

 

                                                          (b) 

Figure 2. Variation  of               on  V  by   varing 
    

and with a fixed  value of     = 1. 
 

Table 1: Critical values of  for various values of variable 
viscosity with different values of    with a fixed value of  

   = 1. 
       = 1  

       = 1 
      = 1  
      = 10 

     = 10  
      = 1 

V          
  -0.1       2.50619       2.33166       2.99772 

0 2.51404 2.33931 3.00248 
0.1 2.52322 2.34741 3.00752 

 
 
 
 

Table 2: Critical wave number   , for different values of 
buoyancy and non-buoyancy parameters. 

For non-linear stability analysis, the minimal representation 
of the Fourier series provides a Lorenz model for variable 
viscosity using a chaotic problem system. In this paper, we 
discuss natural convection with gravity modulation in the 
ferromagnetic liquid by using a nonlinear stability analysis. is 
the non-dimensional stress relaxation parameter ,  , is the 
elastic ratio and  , control parameter, represents competing 
for temperature influences and instability elasticity. Runge - 
Kutta Fehlberg 45 adaptive step method- size is solved. The 
initial conditions are used to integrate the Eqs. (15) - (21) 
now become,  

  (0) =   (0) =   (0) =   (0) = Z (0) =   (0) =   (0) = 5. 
 
We consider seven modes of Khayat-Lorenz mode in the heat 
transport estimation. The distinct parameter of Nu versus   
shown as a result of choices that were set for considering 
parameters. The corresponding results are shown in figs. 3 - 
7.  For viscoelastic liquids, Prandtl numbers can be much 
greater or equal to 10. Buoyancy and non – buoyancy 
parameter could be          -    ,     1. Therefore in the 
present paper, the values of the parameters      ,    
  , Pr = 10 and    = 28 are chosen for numerical 
calculations. Figs. 3 - 7 show the effects of        , Pr and 
   on the Nusselt number with time with   for different 
variable viscosity V. Figure 3(a) to (c) are the Nu against 
time   plots for V= - 0.1, V = 0 and V= 0.1 with fixed values 
other parameters such as         =1, P r = 10    
 ,     ,    = 5 and   = 5. From the graph it can be 
observed that, when increasing amplitude  = 0 to   = 0.1 and 
varying the viscosity V, the effect of the gravity modulation, 
is to decrease the heat transport. The results of Siddheshwar 
et al. [16] will be recovered for viscoelastic liquids. Fig. 4 (a) 
to (c) are the plots of Nu against   for various values for V, 
varying buoyancy magnetization parameter     with fixed 
values of         =1, P r =10       ,    = 5 and   = 5. 
It can seen from the graph that when increasing the value of  
   = 1 to10 and amplitude  =0 to =0.1, by varying the 
viscosity V, the effect of the gravity modulation, is to 
decrease the heat transport. Similarly figs. 5 - 7 are the plots 
for other varying parameters such as   , Pr and    .  From 
these graphs, we can observe the 
same effect as in the case of fig. 3 
& fig 4.  

   = 1 

          = 1           = 5         = 10 

V                      

-0.
5 

559.37
5 

2.4785
4 

439.27
9 

2.3719
7 

412.56
1 

2.3048
2 

-0.4 544.103 2.48495 427.424 2.37796 401.515 2.31102 

-0.3 528.821 2.49167 415.560 2.38426 390.460 2.31754 

-0.2 513.527 2.49874 403.686 2.39089 379.395 2.32441 

-0.1 498.223 2.50611 391.803 2.39789 368.320 2.33166 

0 482.903 2.51404 379.901 2.40527 357.235 2.33931 

0.1 467.571 2.52232 368.004 2.41309 346.137 2.34741 

0.2 452.223 2.53109 356.086 2.42136 335.026 2.35598 

0.3 436.859 2.54037 344.154 2.43015 323.901 2.36509 

0.4 421.477 2.55022 332.206 2.43949 312.760 2.37478 

0.5 406.075 2.56070 320.235 2.44945 301.603 2.38511 
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(a) 

 
(b) 

 

 
(c) 

Figure 3: Variation of   Nu(  ) on    for ( a) Variable 
viscosity 

               (V) = - 0.1 (b) Variable viscosity (V) = 0                              
                                 (c)  Variable viscosity (V) = 0.1. 

 
(a) 

 
  (b) 

 

 
(c) 

 

Figure 4: Variation of   Nu (  ) on     by varying 
                                 ( a) Variable viscosity (V) = -0.1 
                      (b) Variable viscosity (V) = 0   
                      (c) Variable viscosity (V) = 0.1. 

 
(a) 

 
(b) 
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(c) 

 

         Figure 5: Variation of   Nu (  ) on     by varying      
                                (a) Variable viscosity (V) = - 0.1 
                                              (b) Variable viscosity (V) = 0   
                                              (c) Variable viscosity (V) = 0.1 

 
(a) 

    

 
(b) 

 

 
(c) 

           Figure 6: Variation of   Nu (  ) on     by varying   
                            (a) Variable viscosity (V) = - 0.1 
                                          (b) Variable viscosity (V) = 0    
                                          (c) Variable viscosity (V) = 0.1. 

                                          

 
     (a) 

 
(b) 

 
     (c) 

 

     Figure 7: Variation of   Nu (  ) on     by varying      
                                (a) Variable viscosity (V) = - 0.1 
                                           (b) Variable viscosity (V) = 0    
                                           (c) Variable viscosity (V) = 0.1 
 

VIII. CONCLUSION 

The effect of gravity modulation in a ferromagnetic liquid on 
the onset of ferro convection has been analyzed by 
performing nonlinear stability analysis using Generalized 
Khayat-Lorenz Model. The conclusions are drawn as 
follows: 
• Subcritical instability appears for low frequency due to the    
  modulation of gravity. 
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•Variable viscosity parameter enhances the destabilizing    
   effect of  small frequency gravity modulation, while the   
    effect  is to augment the stabilizing effect of  gravity    
     modulation for moderate and large frequencies. 
• Gravity modulation and the magnetic mechanism have   
 mutually antagonistic effect on the ferroconvection provided 
the gravity modulation frequency is small as well as 
moderate.  
• In the presence of variable viscosity, gravity modulation  
   may advance or delay ferroconvection. 
• The effect of applied gravity modulation will control the  
  convective instability in a ferromagnetic liquid. 
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