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Abstract: In this paper the concepts of Pairwise(r” T ) fuzzy
fine dually open cover, Pairwise (T, ,ij) fuzzy fine dually
compact spacesand Pairwise(r” ,ij)fuzzy fine connected spaces
are introduced and also an equivalent statement on Pairwise
(T, T ) fuzzy fine dually compact spaces is established.

Keywords. Fuzzy fine bi-topological spaces, Pairwise(r” ,ij)
fuzzy fine dually open cover, Pairwise(‘rif Ty ) fuzzy fine dually
compact spacesand Pairwise(‘rif T ) fuzzy fine connected spaces

2010 Mathematics Subject Classification: 54A40, 03E72.

l. INTRODUCTION

Zadeh [9] presented the idea of Fuzzy set in 1965. In 1968,
Chang [5] considered the idea of fuzzy topological space. In
1963 Kelly [6], first characterized the idea of bitopological
spaces. Powar and Rajak [8] have presented a space hamely
fine space which is a generalization of a topological space.
The idea of Fine fuzzy topological space was characterized
by Amudhambigai and Rowthri [4]. Fletcher [8] set up the
idea of strong Pairwise compactness In this paper the ideas
of fuzzy fine bi-topological space, Pairwise(T”,ij) fuzzy

fine dualy open cover, Pairwise(nf,'rjf)fuzzy fine dualy

compact spacesare presented and furthermore some
equivalent statements on Pairwise (T, ,ij)fuzzy fine dually

compact spaces is established.

1. PRELIMINARIES

In this section the fundamental and necessary definitions
required for this paper are discussed.

Definition 2.1[5]A fuzzy topology on a set X is a collection
6 of fuzzy setsin X satisfying:

(1) Oedandles

2 If pandy belongsto &, then does uAy and

3 If u; belongs to 6 for each i € J, then so does
V.

If 6 isafuzzy topology on X, then the pair (X, 6) is
called a fuzzy topologica space. The members of §
arecalled fuzzy open sets. Fuzzy sets of the form (1—p),
where p isafuzzy open set, are called fuzzy closed sets.
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Definition 2.2[7]Let (X, T) be a topological space. We
define T(A,) = T,(say) ={ G, #X) : G, | A, # ¢, for
A ETand A # ¢, X for some o €J, where Jis the indexed
set }. Now, wedefine T,={ ¢, X, Y__,{T,1}}. Theabove
collection T, of subsets of X is called the fine collection of
subsets of X and (X, T, T,) is said to be the fine spaceX

generated by the topology T onX.
Definition 2.3[3] A fuzzy bitopological space is a triple
(X,T,,T,) where X is a set T, and T, are any two fuzzy

topologies on X.

Definition 2.4[8]A bi-topological space (X, P, P ,) issaid
to be Pairwise dually compact if each Pairwise open cover
Uof X has a finite subcollectionV of U such that { Pj
int(V):v evn?,,i€{1,2}} coversX.

Definition 2.5[4] Let (X, T) be afuzzy topologica
space. Let T(A )= T,={ p,€1°, u, # 1, : p, 92, for each
A ET and o, # Oy 1y for some a € J, where J is an
indexed set }. Then the collection T ={ 0, 1,} Y, {T, }of
fuzzy setsis caled the fine fuzzy collection and (X, T,T,)

is said to be the fine fuzzy topologica space. The members
of T are called fine fuzzy open sets and the complement of a

fine fuzzy open set is called a fine fuzzy closed set.

PAIRWISE (T 'ij ) FUZZYFINE DUALLY
COMPACT

In this section the concepts of fuzzy fine bi-topological
spaces, Pairwise (T, Ty) fuzzy fine dualy open cover,

Pairwise (T, Ty) fuzzy fine dually compact spacesare

discussed. Also some of itsinteresting properties are studied.
Definition 3.1Let (X,T,,T,) be a fuzzy bi-topological

space. Let T (1,)=T;, (say) ={ pn, €1, p, # 1, :p,qAa,for
each A ET and ., # 0, 1, for somex € J, where J is an
indexed set }, i = 1, 2. Then the collectionT =( 0, 1y }
Y, (T, } fori=1, 2of fuzzy setsis called the fuzzy fine bi-
collection and (X,T,,T,,T,
finebi-topological space. Each member of Tﬂis caled ar, -

¢, T,;) is sad to be the fuzzy

fuzzy fine open set and each member of TzfiS caled aT,-
fuzzy fine open set.
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Example 3.1Let X ={ a b}.Lety u u,u,,p € I be definedP€finition 3.7Let (X,T,T,,T,;,T,,) be a fuzzy finebi-
asfollowsul(a) =0, ul(b) =1; uz(a) =1, uz(b) = 0;u3(a) = 0.5topological space. A cover PO ={ )\ € 1% 2 ET, O A €
i, (b) = ©; 0, (@ = 0, 0, (b) = 0.5 and " (@ = 0.5, b (b) =T, } is said to be a fuzzy fine step refinement of a Pairwise
0.5.Define le{ Oxylx,ul,uz,u3.u4.u5} and T, = { Oxylx,uy(Tif'Tif) fuzzy fine dualy open cover PO of
w, - Clearly, T and T, are fuzzy topologies and(X, T, T,) I X,T,,T,,T,,,T,, ) if for each & of PO | there exists a |1

caled a fuzzy bi-topological space.Then T =( 0y , 1, JofPO suchthat L <.

Y, (T, } fori=1, 2 of fuzzy setsis afuzzy fine bi-collection

AloPC ={ 1 —7r elX: ET,Or L ET, } is

and hence (X,T,,T,,T,,T,) is afuzzy fine bi-topologicalyiq tg pe a fuzzy fine step refinement of aPairwise(T, ,T,)

space.
Definition 3.2Let (X,T,,T,,T,

f

topological space. For any A € ke , the fuzzy fine bi-interior an

fuzzy fine bi-closure are respectively defined as follows:
Fint. (L) = v{p:each pel”isaT ;-fuzzy fine open
setfori=1,2and u<A } and
Folp (A)= A{pieach pe I X isaT -fuzzy fine closed
setfori=1,2and u>A}.

Definition 3.3Let (X,T,,T,,T;,T,;) be a fuzzy finebi-

f
topological space. Any A € 1% is said to be a T, T, fuzzy
finedually open setif there exists a ij -fuzzy fine open set

we X such that A = Fintp (), wherei, j = 1, 2 andi #j.
The complement of a ((T, ,ij)fuzzy fine dually open set is
cdled a (r”,ij)fuzzy fine dually closed set.
Definition 3.4Let (X,T,,T,,T,;,T,;) be a fuzzy finebi-
topological space. Any L € I* is said to be a Pairwise
T Ty ) fuzzy finedually open setif pisa (T, Ti) fuzzy fine
dually open set for i, j = 1, 2 and foreachh € T, pgh.
The complement of aPairwise(T, T ) fuzzy fine dually open
setiscaled aPairwise(r”,ij)fuzzyfineduallyclosed Set.
Definition 3.5Let (X,T,,T,,T,;,T,;) be a fuzzy finebi-
topological space. A Pairwise(T, ,ij)fuzzy finedually open
cover of (X,T,T,,T,;,,T,,) is the collectionPO = { T
each u, € 1Xis aPairwise(ﬁf,ij)fuzzy fine dualyopen set
and o € Jisanindexed set} suchthaty _;u, =1x.
AlsoPCc={ vy, :eachy, € IXis a Pairwise(T, ,T,)

fuzzy fine duallyclosed set and o € Jis an indexed set } is
said to be aPairWise(r” ,ij)fuzzy fine duallyclosed cover of

(X, T T Ty, T ) i Agey 76 = Ox -

Definition  3.6A  fuzzy  finebi-topological  space
(X,T,,T,,T,;,T,;) is caleda Parwise (T Ty) fuzzy
finedually compact spaceif for eachPairwise (r”,ij)fuzzy

fine duallyopen cover{ W, each u € |X isaPairwise(T, T

fuzzy fine dually open set and a € Jis an indexed set } of
(X,T,,T,,T,;,T,, ), there exists a finite subset J, of Jsuch

that VoceJo Mo = 1X .
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fuzzy fine dualy closed cover PC of (X,T,,T,,T,;,T,;) if

Jor each 1, —\ of PO ; there exists al, — |1 of PC such that

L-A<L-n.

Proposition 3.1For anyfuzzy finebi-topological space
(X,T,,T,,T,;,T,; ), thefollowing statements are equivalent:
O (XT.T,T,,T,) isa Parwise (1, ,T,) fuzzy fine

dually compact space.
(2)  EachPairwise(T, ,ij)fuzzy fine duallyopen cover of

(X,T,,T,,T,;,T,, ) hasafinite fuzzy fine step refinement.
©)
coverPC = { p,: exch y el*is a Pajrwise(ﬁf,ij)fuzzy
fine dualy closed set }of (X,T,,T,,T,,,T,, ) there exists a
finite subset J, of J such that A, Fcl; (u,)=0y

EachPairwise (T Ty) fuzzy fine dualyclosed

whenever 1, —p, €Ty i € {1,2}.
Proof (1)=(2) The proof is obvious, since on a Pairwise
. Ty) fuzzy fine dually compact space, eachPairwise

. Ty) fuzzy fine duallyopen cover has a finite step
refinement.

(2 = (3 Let P = { p,:eachp, € 1% is
aPairwise (T, ,ij)fuzzy fine duallyclosed set } be aPairwise
(T, ,ij)fuzzy fine dualyclosed cover of (X,T,,T,,T;;,T,;)
such that A, _pu, = Oy . Then PO = { 1 —p :each 1 -
u, €1 isaPairwise(T, ,ij)fuzzy fine dually open set} isa
Pairwise . Ty) fuzzy fine duallyopen cover of
(X,T,,T,,T;,T,,) - By (2), there is a finite fuzzy step
refinement PO ; of POand there exists y € 1X of PO 1 and
1~ u, € Tj;of PO such that y, <1y —p, . ThusFel; (u,)

< 1g -7, SINCe A gey (x—7,) = 0, Which in tum

impliesA g, (Fely, (1)) = Oy -

Q)= ():Let PO = { ), :each ) eI* is a Parwise
(r”,ij)fuzzy fine dually open set } is a Pairwise('rif,ij)
fuzzy fine dualy open cover of (X, T,,T,,T,;,T,;) - SoPC
={ 1, -1,:each ) el* is a Parwise (1,,T,) fuzzy fine
dualy closed set} isa
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Pairwise T Ty) fuzzy fine dualy closed cover of
(X,T,,T,,T;;,T,;) - By (3), there exists afinite subset J,
of J such that /\OLEJOFCITif (A, —2,) =0, whenever
AT ief{12}.

Now 1 —n,., Fdy (L—2,) =L
Voey Finty (1) =1 ThUS(X, T, T, T, T, ) is @ Pairwise
(T Ty ) fuzzy finedually compact space.
Definition 3.8Let (X, T,T,,T;;, T,)
(Y,S.,S,.S;,S,;) be any two fuzzy fine bi-topological
spaces. A functionf X, T, T,, T, T,)
(Y,S.,S,,S;,S,;) is caled Parwise (T Ty) fuzzy fine
dualy continuous if for each fuzzy fine open set Ain
(Y,8.,S,.S;,S,;) . the inverse image f~'(4) is Pairwise
(pf,ij)fuzzyfinedually openin (X,T,,T,, T, T, ) -
Definition 3.9Let X, T,T,,T;;,T,;)
Y,S.,S,.S;,S,;) beany two fuzzy fine bi-topological
Spaces. A (X1T11T21T1f 'T2f)

Y,S.,S,.S;,S,;) is caled Parwise (T, Ty) fuzzy fine
dually homeomorphism if f is bijective andPairwise(T, )

Then

and

-

and

functionf -

fuzzy fine dually bicontinuous.
Proposition 3.2Let (X, T,T,,T;, Ty)

,S.,S,.S;,S,;) be any two fuzzy fine bi-topological
Spaces‘ Iff : (X'Tl'TZ’Tlf'TZf) - (Y'SJSZ’SH'SN) iS
Pairwise . Ty) fuzzy fine dually homeomorphism and
(X,T,,T,,T;;,T,; ) be a Pairwise(T, ,ij)fuzzy fine dually
compact space then (Y,S,S,,S;,S,;) is a Parwise
(T Ty ) fuzzy fine dually compact space.

and

ProofLet{ 1, each p, €l is aPairwisea'if,ij)fuzzy fine

duallyopen set and o, € Jis an indexed set } be a fuzzy fine
open covering of (Y,S,S,,S;,S,;) such that V, ¢y
1Y. Since f is Parwise T Ty) fuzzy fine dudly

homeomorphism, f~(u,) € I¥ is a Pairwise (T, Ty) fuzzy
(X, T, T, Ty, Tyg) - -Since
(X,T,,T,,T,;,T,,) is Parwise (T Tye) fuzzy finedually

fine dually open set in

compact,Vq e j e = 1x,there exists a finite subset J of J

such  that Ve, f'l(p.a) =1,. since f is onto,
-1 — . . —

f(Vaeyo £ (1)) =£(1,) which gives Ve, 1, =1, .

Hence (Y,S,S,,S;,S,) is a Parwise (T, Ty) fuzzyfine
dually compact space.

PAIRWISE (T” ’ij ) FUZZY FINE
CONNECTED SPACES

V.

In this section the concepts of Pairwise (T, ,ij)fuzzy fine
connected space and Pairwise (T Ty) fuzzy fine c-
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bicontinuous function are introduced. Also some of their
interesting Properties are discussed.

Definition 4.1 A fuzzy fine bi-topological space
(X,T,,T,,T,;,T,,) is said to be a Pairwise (T, T, fuzzy
fine  connected  space if  for A, uel”,
(Andy, (y))v(cIT" (A)Au)=0, where i, j = 1, 2 and
i#j. Then A,u and 1, — 4,1, —y are sad to be a
Pairwise (T, ,ij)fuzzy fineseparated sets and are said to be

aPairwise (T,

T fuzzy fine connected sets respectively.

A non-Pairwise (T, T ) fuzzy fine connected Space is called
aPairwise T Ty) fuzzy fine disconnected space.
Proposition 4.1 Let (X,T,,T,,T;;,T,;) be any fuzzy fine
bi-topological space. Then thefollowing conditions are
equivalent:

(1) (X,T,T,, T, T,,) is @ Parwise (T, Te) fuzzy fine
disconnected space.

(21, =av uWhere gy, AisaT,-fuzzy opensetand ,isa
T,-fuzzy open set.

(A1, =1v yWhere gy, iisarT,-fuzzy closed set and 4 is
a T,-fuzzy closed set.
ProofObvious from the definition.
Proposition 4.2 Let (X,T,,T,,T,
topological space. Then forany Pairwise (T, ,ij)fuzzy fine

¢ T, ) be a fuzzy fine bi-
connected set , < | X, there exists a Pairwise (T, ,ij)fuzzy
fine separated sets 1and 4 inl* suchthat y <A ory < u

Proof Let 4,4 e be any two Pairwise (T, T,)fuzzy fine

separated sets. Then by Definition 4.1,
(Andy, (u))v(cIT" (A)Au)=0,where i, j = 1, 2 and

i # j. Now Consider,

(7 AR Ay, (7 )V (@, (7 A Ay A ) <

(A A, (1) v (e, () A p) =0y

= ((rr)ndy (yrm)v @y, (¥ A2 Ay A p)) =0y
= ((r A ady (yAm)) =0y 00 (dy (¥ A Ay Ap)) =0y
=>yAA=0, o yAu=0,

=y<l, -4 o y<l, —u

Since
A+pudl, L, —Anpandl, —un i
=y<A o y=<u

Proposition 4.3 Let (X,T,,T,,T,,,T,,) beafuzzy fine bi-
topological space if 1 €| *is a Pairwise (T,,T,) fuzzy fine
connected set and A<p<dy () ady (A) then , is
aPairwise (T, Ty) fuzzy fine connected set.

ProofSuppose u € | * is not a Pairwise (T Ty) fuzzy fine
connected set. Then u=yAd , where y,5el” and
p+ A ¢ Lsuchthat (y acly (5)) v (cly, () A8) =0,
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Since 1el” is Pairwise (T, T,) fuzzy fine connected,
ByProposition 4.1, 1<y or A1<s . Suppose <y T.hen
S<SA(yvE)=6Aussnd, (2)=0,. Therefore, s—o,.
Similarly we can prove 5, -q,. But thisis the contradiction
to the fact that u+A ¢ 1, . Hence uel™is a Pairwise
(T, T,;) fuzzy fine connected set.

Definition 4.2 Let (X, T, T,,T;;, T,)
(Y,S.,S,,S;,S,; ) be any two fuzzy fine bi-topological
spaces. A function f X, T, T,,T;,T,;,) —
(Y,S.,S,.S;,S,;) iscaled a Pairwise (T, T fuzzy fine
c-continuous if for each fuzzy fine connected open set 2in
(Y,S.,S,.S;,S,;) the inverse image (1) is Pairwise
(T, ,ij)fuzzyfine connected openin (X,T,,T,, T, , T, ) -
Definition 4.3 Let (X, T, T,,T;;,T,;)
(Y,S.,S,,S;,S,;) beany two fuzzy fine bi-topological
spaces. A function f X, T, T,,T;.T,,) —
(Y,S.,S,,S;,S,;) is caled a Pairwise (Tif,ij)fuzzy fine
c-homeomorphism if f is bijective and Pairwise (T Ty)

and

and

fuzzy fine c-bicontinuous.
Proposition 4.4 Let X, T, T,,T;;, Ty)

Y,S.,S,.S;,S,;) be any two fuzzy fine bi-topological
spaces. A function f X, T,T,,T;. T,y) —
(Y,S.,S,,S;,S,) is a Parwise (T Ty) fuzzy fine c-
homeomorphism and (X,T,,T,,T,;,T,;) be a Parwise
(Tif'ij)
,S.,S,.S;,S,;) is a Parwise (T, Ty) fuzzy fine
connectedspace.

Proof Let f:(X,T, T, Ty Tor) = (¥,5,5,,S,, S,y ) be
a Pairwise (T Ty) fuzzy fine c-homeomorphism and let
(X,T,,T,,T;,T,;) be a Parwise (T Ty) fuzzy fine
connected space. Assume that (Y,S,S,,S;,S,) is a
Pairwise (T Ty) fuzzy fine disconnected space.Then

and

fuzzy fine connected space  then

1, =y v swhereyisa T -fuzzy fine open and § is a 1,fuzzy
fine openin (v,S,S,,S;,S,; ) -Since f isPairwise('Ef,ij)
fuzzy fine dually homeomorphism, f-1(;) is T,-fuzzy fine
openand f -(s5)is T,-fuzzy fineopenin(X,T,,T,,T;;,T,;)
.Hence 1, = f *(y)v f (5), where

f1()q f(s) . Hence (X,T,,T,,T,;,T,;) is a pairwise
T Ty) fuzzy fine disconnected space. But this leads to a
contradiction. Therefore (Y,S,S,,S;,S,;) is a Parwise
(T Ty ) fuzzy fine connected space.

V. CONCLUSION

In this paper, we discussed some properties on Pairwise
(T Ty ) fuzzy fine dually compact spaces. We can extend the

work in fuzzy Peano space.
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