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Abstract: In present communication We proposed two new
measure of average charge for miscellaneous set of questions
under non-additivity and studied their properties These measures
includes the earlier studied measures as limiting and particular
cases .A relation between these measures have been established. it
showsthat the average chargesareupper bounds of non-additive
mean value entropies.
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. INTRODUCTION

F)I card[ 7] established applications of information theory

in questionnaire theory. Picard and Campbell[2] established
relation between noiseless coding theory and information
theory with a charging method supported the decision of
gueries. Duncan[4] have Generalized the Kraft’s inequality
for miscellaneous set of questions . Based on the charging
method supported for a subject of decision, a generalized
coding theorem has been proven by Duncan[4] for
miscellaneous set of questions, according to this theorem
Claude E. Shannon entropy is the lower bound for average
charge. B.D. Sharmaand Asha Garg[11] have established
the charge of order t by using the additive property of
measure of mean charge and they have proved that Renyi’s
measure of order & [8] is lower bound for this measure
which they named charge of order t .The measures given by
C.E Shannon and Renyi are both additive for independent
probability distributions and Harvda and Charvat[6] stidied
non-additive measures and which are later studied by
Darcozy[3]. We can see some examples from biological and
social sciences for non-additivity property of measures .Take
into account 2 medicine and which will cure at completely
different times the ailments and from that someone suffer.
however the medicine and along might not cure someone
plagued by each the ailments and . There will many samples
of this sort taken from social systems. so we want to
contemplate non-additive systems.
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With a system we are able to correlate a quantitative
measure to get a number of its properties. The measure that
we have atendency to associate is also additive, non-additive
and also the like. If 1 could be a non-additive measure, then

the non-additive system ought to think about the distinction
#(AB) = p(A) — 1(B)

where A and B are two independent system. Define index

n as

1(AB) — u(A) — u(B)

H(A)u(B)

Thisindex is taken to describe the non-additive system. This
index have two properties, first this index is symmetric in
given systems and secondly it is lessening to zero for an
additive system. Harvda and Charvat[6] considered this
system. Alternative systems are also there however wetend to
impound our interest to the current system. Sharma and
Mittal[10] established two information measures which are
non-additive and contain Renyi’s measure of order a[8] as
well as Harvda Charvat Darcozy measures of type b as
particular cases.

In this paper, by taking the mean charge for miscellaneous
set of questions to be non-additive, we proposed new
measures of average charge which contain the average charge
defined by Ducan[4] and the charge function given by Sharma
and Garg[11] aslimiting caseand theorem which gives|lower
bounds for these new measures of charge have been proved.

77:

[I. METHODOLOGY

Let S=(s,S,,...,S) be fixed state space having
probability distribution E = (e,,e,,...,6,) such that the
probability of true state S; is
e, (j=12..k) ad

k

_ 1ej =1;¢ 20, (j=12..k).

J=
Let Q beset of questionson Sand N, indicate the number

of questions of decison O needed to find the
state S; .For N;; number of miscellaneous questions of

decision 0(0 =1, 2,...,K), following inequality is given by

Duncan[4]
k ©
STlo™ <
j=1 6=1
If 10g, (0) isthe charge for each query of decision
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0, R (Q) isthe arbitrary charge then the estimated charge
for Q isgiven by
k o
ACL(Q=>>en;log,s.

j=1 5=1
Random charge for Qs given by

RI(Q)= f(longjd”'ﬂj

Where, f :[1, oo > R, be continuous, strictly increasing
function and the generalized mean charge for given set of
questions Q may be expressed as

k o0
Gl (Q) = fl[Zej f(an IogchH (1)

j=1 5-1
If N, =nN,5 =...=N_; =Ny (say), then Equation (1)
reducesto AC. (Q)

G (Q) =Y n,log, 5 = AC.(Q).

Also , if wetake

f(y)=f,(y)=py+q;
k o

then G.' (Q)=>.> p;n,;log, s =AC,(Q).

j=16=1
Now consider two independent state space

S=(s,S,,....s) ad S =(s,S,,...,S;) with
associated probability distributions E = (g,,&,,...,6 ) and
W = (W, W,,...,W,) such that

p#0, vye[l o

L
>0, >e=1,(1=12,.,L) and
I=1

:
W20, > w=1, (t=12,..T)
t=1

Since Sand S are independent the probability of the pair
(s,s)isew(1=12..,Lt=12..T).
Let PW be the probability distribution on
SxS{gW,,eW,,....e W, ,&W,,&,W, ..., W, ...,
e w,eWw,,..,e W}
and let the valid heterogeneous questionnaire Q, and Q,
exisson S and S, which use precisely
m;(=12,...,.L) and ns(t=12,...,T) questions of
resolution O respectively to determine S, and St A
guestionnaire say Q, may now be developed from the above
two questionnaireon Sand S’ inwhich
m,; +n;(1=12,..,L;t=12,...T) questionsof
resolution & are required to determine the pair (S, S, ).
Now, because a questionnairefor (S, ) existswith

M + N5 questionsof resolutiond (J =1, 2,...), we have
the inequality
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o0

ZL:iH5*(m5+nw) <1

I=1 t=1 6=1
Nowif AL, C(Q) isafunction of mean charge for the
given set of questions Q, then following two case arises.

Firstly,
ALC(Q) = ALC(Q) + A, C(Q,) @)

Sharmaand Garg [7] studied the mean charge

m oo
AC(Q) =)D en,log, s )
i=1 5=1
and also characterize the charge of order t

A'C(Q) = %Iogz(zm:q ﬁé‘“m j O<t<ow. (4
i= 5=1

Secondly, A, C(Q) satisfies,

AenC(Q) = AC(Q) + AyC(Q,) + PALC(Q) AL C(Q,)

©)

and the mean value property
L ©

ALC(Q) = f ‘{Z p; f(g(z n; log, SDJ (6)
=1 5=1

L

where g(z N, log, 5] is 17 -non-additive function of
1=1

random charge based on a Iog2 O charging scheme.

1. CHARACTERIZATION OF NON-ADDITIVE
MEASURESOF AVERAGE CHARGE

Next we characterized two new measures of mean charge for
miscellaneous set of questions by using the non-additivity
condition of measure of mean charge. We al so discuss special
cases of these measures and a theorem which defines the
lower bound for these functions is given

First of all we shall determine the non-additive charge

function g of the charging method depends upon log 50
which uses exactly N;; questions of decision O tofind the

state SJ- which satisfies the non-additive condition.

g(z n,log, 5+ Y m;log, 5] = g(z n, log, 5) + g(z m; log, 5}
o=1 o=1 o=1 o=1

+ ng(Z n, log, 5}9{2 m; log, 5} n=0 (7)
5=1 5=1
taking

D nslog, 5=V, > m;log, 5 =w.
5-1 5-1
D.nslog,=n, > m;log,5=m,

5=1 5=1

then, (7) takes the form
g(v.+w) = g(v) + g(w) + 7g(v)h(w)
Taking @(V) =1+ ng(V.) , we get
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P(v+ W) = g(v)p(w) ®)

The non-zero general solution of (8) , isgiven by

p=2 "

where a,b # 1 are arbitrary constants.

hence
1-b
S

2 -
g(V)=T, n#0 ©)

By taking
1-b

77:(2(aj -1),b#1lasn=0
when b — 1, the function g(V) reducesto additive one,
and in general form it can taken as
=)
N e/ -1

1-b

, bzl
NG

g(v) = (10)

Tofind A.'C(Q) , put thevalue of g(V) from (10) in (6)
1b
and t using (5) with7 = (N( é J -1),b#1 ,wehave

2(%](n.+m) B

A5,

L T

P2 ewf

=1 t=1

[
N PR pa—
N
1-b H“l
n &
{2(&)—1}1 ZL:plf N — -1
NG
N -1
(11)

Take
W={w, my;=m;, (t=12,..T),

L
E=(e.e,..€). €20 > ¢ =1in(11)toget
1=1

[l;abj(nwm[)

154

f ZL:ejf
1=1
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L), )
=f1 ZL:elf %‘ 2(%}“
1=1 2(?] _1
1-b
+2[aj -1
1-b
2[7J—1
or
h, | eh 2(%%_
d A
P ] o S5
=f ZL:e]f 2 o -1 2[1aj +2lb -1
S P A% g
(12)
Where
(@jnl (i;](nﬁm)
202l 1 2 -
hy, B = f 5 (13)
2 a1 221

Hardy Littlewood and Polya[5], showed that hmﬁ and f,
satisfies following relation

hy, (V) = f, (W) (V) + (W) (14)
where f (W) and f (W) areindependent of V.
Making use of equation (13) and (14), we get
g(v+w) = f,(Wag(v) + f,(w) (15)
where
1-b
A g
ag\Vv) = f| —— (16)
A
or
G(v+w) = f,(W)G(V) + G(w) 7
where
G(v) =g(v)-¢ (18)

and C, isaconstant.
By symmetry of (17), we have

f; (WG(V) +G(W) = f,(VGW) +G(v) (19)
There are two possibilities, f,(V)=1and f,(v) #=1.
Casel. f,(Vv) =1, thenthe general solution of (19) takes
the form

G(v) =c,v.

where C,isan arbitrary constant.
Making use of equation (18) and (16), in equation(20) , we
have

(20)
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Ao
fl —=——|=c +CV

which implies

f(n,log, 6) =

(1+(2la —1)Zn log, J

(21)
Casell If f (V) #1, By Hardy Littlewood and Polya[5] the
general continuous solutions are given by
f,(v) =0 foral v, whichweignore

and f,(v) =2 (22)
where t = O isan arbitrary constant.
Making use of (22) and (18), (16) gives
1-b
f A v
228/ -1
which gives
f(3n, log, 8) =
5=1
o
[(22 =)D nylog, 5+ -1
=c, + =L
K
bx1Lt+0
(23)

Withthe help of valuesof f givenin(21) and (23) we define
following two non-additive measures of charge

1-a a-b)y iﬂnm"o’gz&
C(lab) (Q) (2 b _1)71 a 35a -1 ,
a=z0b=1
(24)
b a-b) |ngzq Hgmlﬁ
(tab)(Q) (za _1)71 at [ _1’
at=0b=1
(25)

These functions for charging method depends upon log 50
symbolized by C&*” (Q) and C&* (Q) which we call
non-additive charge of type (@,b) of order 1 and t
respectively.

The above discussion can be stated in the form of following
theorem.
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Theorem 1. The mean charges defined in (4) of a set of
questions Q (which uses exactly N5 questions of resolution
O to find the Ith state) defined on the state space
S=(s,S,,.-,S ) with probability distribution

E=(e.&,..

L o
ZH&P""’ <1 and non-additivity relation are defined in
=1 6=1

(24) and (25).

Theorem?2. Let S=(S,S,,...,

and E=(e,e,,...,6,) beadiscrete probability
distribution. If Q isavalid miscellaneous set of questions

L
6) & =0, ZQ =1 satisfying
=

S,,) beafinite state space

and C(Q) isthe random charge depends upon l0g,, o for
each question of resolution ¢ , then

@  Ce*(Q=Z(Eab) (26)
here equal signoccur iff N; =0, V §>m. and
& = lm[f”“
6=2
and where
(—)Zelogze
Z(Eab)=>—
2a -1
a-z0b=1
@i  CI(Q=Z(Eab), (27)

here equal sign occur iff
ns =0,V d>mand

& _[[5™ G(=12..m
28"

=

a=(1+t)™"

where
and

azlb=#1,a>0b>0
(i) Ducan[4] has shown that

Zze‘inls |092 oz _Zei |092 €.

i=1 5=1
here equal sign holds iff

ns; =0,V 6> mand

Proof .

(29)
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&

ﬁ&’”‘ﬁ; i=12,..m

0=2

1-b
Now (2( 8/ -1)>0if b<land
1-b

(2[aj ~D<0 ifb>1
Hence by simple calculations, we have

1;;)2"‘:5: pins log, & %i pi log, Py
2 % -1 2% -1
b > b , b=#1
22 -1 N2 -1
which gives the required result.
Proof (ii)

Ift=0and a=1, theresult can be proved in
similar way asin part (i). For valuesother than 0 and 1
we use Holder’s inequality

(Z xi"] [Z yf‘j <Xy, (29
i=1 i=1 i=1

where pt+q ' =1and p<1.
choosing

p=-t, q=(1-a), x ="' [[6™ ad
o=1
y, =€"" in(29) and taking power (1—b)/a on
)
both sides and withthefact (2 7 —1) > O for
%)

b<land (2" *’ —1) <0 for b>laccording as
b <1 we get result (27) with simple cal culations.

IV. RESULT ANALYSISAND DISCUSSION

The proposed new measures of average charge depends
upon parametric values in opposition to average charge
defined by Ducan and the charge of order t studied by B.D,
Sharma and Asha Garg. Therefore theorem 2 is generali-

zation of results given by Ducan ,Sharmaand Garg. The
following points justify this.

Llim CE* (Q) = & (Q) (30)
2. limC&*(Q) =
L o (31)
= an|5|0925: ACE(Q)
=1 =1
This isthe average charge given by Ducan[4]
; (t,a,b) _
3. I!!rﬁn1 CL*(Q) =
1 L 0 . .
=7log)| e [6™ |=C:'(@Q
=1 5-1
(32)

This isthechargeof order t givenby B.D. Sharmaand Asha
Garg[11].

4. If ng =N, =...= N5 = Ns(say), then equations
(30) and (31) becomes
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1-b\<& .
2[ 2 ) _1 2[?J;ndlogzb _1

when b — 1 then above expression will becomes
> n,log,s.
5=1

Henceitisclear that C&*” (Q) and C*” (Q)aretype
b generalizations of

L o
CE (Q) = Zzej Ms Iog2 o
I=1 6=1
and
L

c'@ :%mg{zq ﬁa‘”'f*j

=1 s=1
respectively.

V. CONCLUSION

We have successfully introduced two new information
measures of order 1 and type @ and of order @ and type b
and gives their application in questionnaire theory by
introducing anew measure of average charge, Asaconclusion
we remarked that these new measures of average charges are
new measures for which it is worthwhile to consider further
applications in fuzzy theory, intuistic fuzzy theory, soft fuzzy
set theory etc .
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